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THE ASSIGNMENT PROBLEM

Each of n reseurces must be assigned Lo one of

n Folvidies, and each activity 1s assigned
exactly one resource.

A cost Oy results if resource 7 15 assigned to
activity 7.

The objective 15 Lo minmimize the total cost of
assigning every resource to an activity,
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"8 formalation |

1 1f resource 115 assigned to activity ]
0 otherwise
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o Note that this |
2. Cy Xy is a special
P pecial case
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E Ry=1tori=l, 2, .0 | 4 ansportation
I _ problem (with
g Xy=1forj=1,2, ...n supplies &
X, €40,1}foralli &j | demands each
equal to 1)
fF Ao rasfrrciionm Fasl K is fhoe L

15 e lEced Wil 3 aonregeiieil)
FASiICEIon Be LR SO0 ion
wild il be inlegar!



Assignment Problem 10/1/97

L .L. Bricker

subject to

MR VE

Xi=1fori=1,2, ...n

1y

.
Il
—_

[ =
i

i=1forj=1,2, ...n

1y

._..
Il
—

Xye 40,1} foralli & j

FHETHREr oF BEsic \Warhshies is S
FRETHNSS OF oSS WET S es 15 9

D.L. Bricker

Page 4

Although AP
could be solved
by the simplex
method for TP,

all the basic
solutions are
highly degenerate,
which lessens the
efficiency of the
algorithm.

Froperties of the Assignment Frobl

For each i, exactly one assignment Xij=1 is made
For each j, exactly one assignment Xij=1 is made

Mherefore,

If anumber & isaddedto(orsubtracted from) every cost
inacertain row for column) of the matrix C,
then every feasible set of assignments will have 1ts cost

increased (or decreased) by 8,

and the optimal set of assignments remains optimall
Foravgmple, TPwe sad 8 forow 7, fhe fols! cost 15 wmoreased )

i n
2.8 Xyj=38 Z}iu = 8 (inrenedent of X
=1 i=1
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Fréperties of the Assignment Problem |

lf all costs Cij arenonnegative, and if there 15 a set of
assignments with total cost equal to zero,

then
that set of assignments must be optimal.

The "Hungarian Method " solves the assignment
problem by adding &/or subtracting quantities
in rows &/or columns until an assignment with
zero cost is found.

D.L. Bricker

Example |

Four machines are available to process four jobs.

The processing time for each machine/job

assignment 1S as follows: Sl
1 23 4
., A|4655
§5?456
S C (4764
Z D|53 47

What is the assignment {one job per machine)
which will minimize total processing timev
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From each row, subtract the smallest cost.
This introduces at least one zero into each row!
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From each column, subtract the smallest CDSt
If a column already has a zero, it 15 unchanged.
Otherwise, a zero 15 introduced into the column.
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Examining the cost matrix,
we can find an assignment
with total cost equal to

0 A zero:

A B [TRRCANTS Job

<=

3 A 1

g C B .

= [ C 4
D 3

Therefore, this must be
an optimal assignment!

D.L. Bricker

Sometimes, however, one cannot find a
zero-cost assignment after row- & column-

reduction. |

Fe

1 2 3 4

For example:
machine C canrof | q A 20
be assigned fo both | = B O 0
Jobs I & 4 se one | O C
job must He o3 3 1
assigned & machHine = D 0 0
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Hungarian Algorithm |

Convert to standard form, with

# rows = ¥ columns
Kow reduvction: find the smallest cost
in each row, and reduce all costs in that row
by this amount.

Cafimn reduction: find the smallest

cost in each column, and reduce all costs in
the column by this amount.

D.L. Bricker

Hungarian Algorithm

find the minimum number of lines

through rows &/or columns necessary to
cover all of the zeroes in the cost matrix.
If this equals n, STOP.

locate the smallest unlined cost, 7.

Subtract this cost from all unlined costs,
and add to costs at intersections of lines.
Return to step 3.
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Justification rfor step 4.

"Sublracl smaliest ynfined cost © From #5 unfined
casis gad o cosis g inferseciions of fines,

is equivalent to
Cublract L O from easch unlined row &
EFCST LTRET COiTN,

Add L fossch Fned row and sach lined
s

L. Bricker
Wublract L0 fromm esch unlined row &
LY LT SO,

Add LT fo esch fined row gnd esch lined
CEAT,
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Therefore, step 4 redistributes the zeroes
without changing the optimal assignment.
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Kow reduction

e

ATFCAINE

7 D T
AATFCAIRE

Lol s modify the origingl example somewhal, snd
rapagst e row and column redictions.
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As we saw earlier, there

- : T ot be determined |
1S N0 Zero-cost assignment Ol Fia Fact Lhat Ehe

possible with this matrix. reroes can be covered |
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locate the smallest unlined cost, F.

Subtract this cost from all unlined costs,
and add to costs at intersections of lines.

AATFCAIRE

FIIFEE
o K T=
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The new cost matrix The zeroes now

has a zero not covered require 4 lines

by a line: in order to cover
all of theml
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In fact, there are two different zero-cost
assignments, both of them optimal for this
problem:
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