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APL

® 3 concise mathematical notation

e oriented towards manipulation of arrays
® an interactive computer language
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APL sympbols 1nclude many not
found on ordinary Keyboards,

These are typed by use of the
option” or Coption-shift’
combination, together with one
of the regular keys:

For example, |option|+|H|= A

APL*=PLOS Unified Keyboard

¢ ™
o . = - = = = = # W M * = | |Backsp
Tab [ 2w e el ~|[TI+]||(lefl*x]l=]||+]|]F
Option (defKey (=
CapsLk|[ @ r L WA o I aoll ¢ F || Feturn
Shift c = nffu Ll T I Al =[] 7 Shift

Option || Shift| | Tab £ IR

| ey

CapsLk Fi} Return

Enter




APL_Intro 8/26/97 page 3

This keyboard diagram may be
displayed at any time by selecting
“APL Keyboard® from the & menu:

(Limtorivngtel, thea
COTHIRS TS -

RS CTRNIRF LN, WIS
LS TS L SOees,
Wild sol il ths
A

AL any time, the system 15 elther in

® immediate execution mode
(ekpressions entered will be evalusied and
FrspiFlred

® cdil mode
(LS Wien eniering or revising & fnciion,
For exannie)
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/mmediate execution mode. |

Example:
36 x § «— low flwe fais
180 Computer displars this

(Nate that whal wou Lepe 15 sulomaticallly
FITENLED, WhAIle Lhe comaiiler qisnigs Hhe
result @2 Lhe fett margin, S

Right-to-lert evaluation: |

Contrary to usual practice, in APL ther“e 15
no hierarchy of operations;

Instead, all expressions are evaluated from
right to left within parentheses,

2 X5+ 3 . somess x5+

16

Q -5 -2 «  sameas @ -r5-0

(9 -5) -2

page 4



APL_Intro 8/26/97 page 5

APL statements are of 2 types:

® assignment statements
V ¢ B fnofe that eguais s
LEET PO COMmnErisan, nol
P FSSiFend L
® Dranching statements
> 5 (Rere, 5 is g line number
WL & user—gelined
FLICLian )

FUNCLions, whelher primilive or
USer—aerined, are eiiner:

e monadic (single argument)
[2.47 (the reifing " function)
3

® Jvadic  (two arguments)
303 T 2.47 Fihe manimin
3.15 Flnction)
fNpte Bhat Pwo Fnclions, one monadic and one
dladic, are represented b1 the same symbol [
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Liser—aerined 7Tunctions mayv afse be
defined to have NQ argumenis ( ‘nifadic "/

Mote that an argument mavy be a wvector, 1.e.,
F(%,, ®p ¥, ... X, ) may be defined as a function
of a smgle wvector argument X = (%, ®a, %=, . %)

Hediucliion oF vecliors

The "slash” ( / ) preceded by a dvadic function,
has the effect of inserting the dyadic function
between each pair of consecutive entries of the
vector which follows:

+ /3405 fecuilsient fo 3+4 +5
12

That is, +/X is APL notation for X X;
[Nate that the “dnwde " function is = )
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Cher examples of reduction.

Xe€d 2 4
x / X
10
[ / X
5
-/ X
r
v/ 388181 fHogical or'
1

Further examples of reduction of a vector X
& mean value of X
(+/K) = o
® variance of X
(+/ (K= (+/K) =0 )%2) = o¥
& number of elements which are even numbers
+/ W= 2xLRK=2
¢ number of times that the largest element appears

+/ K= T/K
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Compression oFf veclors:|

The "slash” also is used to "compress” veclors,
with a logical (zero—-one) vector of the same
length on the left and the vector on the right;

XRe€o 2 8 4

1818/ X%
o0 B

W 5  «  srexpression with s fogrosl value
B1081

[:H < 5 ) / H — Ssefells eiormenls oF K iass B S
2 4

safection or elements ol @ vector, Using
COMPrEession:

U « 718p1008 FETINTH I Gemerate vector
(U < (+/U)+18 )/  elements s sversge
(U = 2xLU=2)/U S ST \Eied elerments
H € ?2@ P 1 BB FERITH ) esrsaEie X

(X € U)/¥ alerrents of X which are i v
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FXpansion or vectors

Similar to compression, but lengthens the wector,

inserting zeroes (if numeric vector) or blanks
(if character vector) where indicated:

x€d 2 8 4

11181 \NK
5 2 8 B 4 Qx_—’}i?ﬁcmﬁmf SiEsh"

(Aarbar ol 75 mr the fogical wactor must sousl B langis
of Eie eclor oy Lhe rraiils

Generalized /nner FProducts)

The usual inner product of 2 vectors combines
the operations of multiplication and addition:
et = UxV, + UoxV, + 0+ U gY,

This could be expressed in APL as the "plus”
reduction of the element-by-element product
of U and V: + / Ux U

An alternate, equivalent notation is

U+.xU
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Instead of "+" and "x", any two dyadic functions
which operate on scalars will do.
For example,

41

12

el 5 2
X+ k1 2 3 Qe 8"+ 5% 2F

Fia Ihe axnananl fan Funel i)
Yeq4 6 3

SN — (ohecking wielfier X dominaies Vi
e i lagiest ena)

R[.+Y

Generalized Outer Product |

It U 15 avector of length m,

Y 15 a wector of length n,
and & 15 any scalar dyadic function,
then the QUTER PRODUCT U o.#% is

an  mxn matrix, whose element in row 1, column ]
is ULi]ev[]]
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EFxample of generalized outer prodtict:

Ue 3 2 B
Ue 1 B8 3 7

U-.xU

5 B 15 35 ror exameie, LA i
2 8 6 14

8 B8 24 36

Crealing 1aeniity & lower—Iriangiiar
Mmalrices:

(13) -.= (13)
1 B8 B
B 1 B
B B 1
(13) <.2 (1\3)
B 0
1 @
1 1
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Compiting & fuelidean aisiance mairix:
Let X(ifand ¥/ i/ be the (x, )/ coordinates

ar point #7j

X €18 38 56

Y « 48 o8 20

( ((Ke.=R)*2) + (Yo.-¥)*2 )*B.5
% 22.361 44.721 | : 2
22.361 B 36. 656 TR

rE T o AL codiirer S

44.721 36.836 0

Creating Arrays)

Arrays may be created by using the "reshape”
function, p.

The left argument of p 15 the shape desired, and
the right argument 1s scalar or array to be reshaped.
(The result is created, row by row, from the right
argurment.;

Re24p123436

H rk\-\___ The cheraciar P
3 4 ix giitsined by (Dptinn]+( P )
1 2

1 2
2 6
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Subiscrinling Arrays |

Subscripts are written within square brackes [ ]
Row subscripts and column subscripts are
separated by a sermicolon

Al2;3] is the element in row #2, column #3
Al1: ] isrow #*1 of the array
Al ] is column #3 of the array
Al ] are rows #* 183 of the array
Al 3] are the elements in row 1 and
calumns 283, 1., the 1x2 array [ A, Al

Examples or subscripting:
AHe24p12349506 78

H
1 2 3 4
5 6 7 8
AL1;2 4]
2 4
Al : 3 4]
3 4
7 8
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Indexing a vector by an vector: |

Let % be awector, and K a wvector of indices.
Then

VK] is the vector
VKT VIK[Z]], etc.
For example:
V « 111 222 333 444

Ke«<3 1 1 2 1 3
VILK]
333 111 111 222 111 333

a vector by a matrix: |

(et 7 be awector and A & matrix of subscripts.

Then Y[A] is a matrix whose size is that of A,
and whose entry in location [1;J] is V[A[lJ]]
For example:

V € 111 222 333 444

O « A« 2 3 p 2 3 3132
2 3 3

1 3 2

VLA
222 333 333
111 333 222
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Example: "Picture” of a matrix |

A
2 0 1 0
0 1 0 O
0 5 0 3
1+4 # 0
21 2 1
1 2 11
1 2 1 2
(" ' )[1+A £ 01
* X
*
* X

Reduction of matrices: |

O- A<2 3 p 16

Z 3
5 6 T T— s anerslor

+/[1]A
5 7 9 equilialant fo + £
+/[2]A

6 15 equivalent fo + /9

1
4
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Efxample  Given a matrix A of numbers, delete the
rows which are all zeroes,

A
3 2 1 0
4 0 0 1
0 0 0 O
2 0 1 3
AY . #0
1 1 0 1
(A v.# 0>/[11 A

Example Given a character matrix with a word in
each row, locate the row containing a
given word,

NAMES
JACK
JOHN
MARY

NAMES A.= 'JOHN'
0 1 0
(NAMES A,.= '"JOHN')>1L1

2
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Defining functions |

Type the symbol ¥ ("del”) followed by the

function header (specifying number of arguments
and whether result is returned)

Example: A function to evaluate the mean of a
vector

vz¢MEAN X

Eoth z and x are "dummy" variable names which will be
"locally" defined within the function.

Wwhen vou press the "return” key after typing the
function header, vou will enter "edit” mode, and
vou may then type the function definition:
vz¢MEAN X
[1] ze(+/X)+pX

After the function definition is complete, select
"exit editor” from the "Edit” menu.

You may then use the function as vou would a
primitive function:

MEAN 2 4 1 0
1.75
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The variable ¥ 1s a vector of integers.
wWrite an expression for:

a) the maximum value

b} the minimum value

c¢) the range of values

d} the mean value

e) the median value

f)  the number of elements exceeding the mean

g) the variance around the mean

h) the standard deviation

1) the number of times the largest number appears
i) the number of components which are odd numbers

C5 1s a character string.

wWrite an expression for determining how many times
each of the vowels (A E,1,0,U,Y) appear in the
character string.

Write an expression for the number of double letters
which appear in the character string. (For example,
"NO BOOKKEEPERS ALLOWED" contains 4 instances
of double letters.)
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what are the values of:

a) T+ xT
b) Ta=¥
c) TA>Y
d)} U+xT
el vv=U

DeMorgan has shown that m  can be computed by
the following alternating series:

*_ 1 —1_+1_—1_+1_—1_+
< 3 o /9 117
n—3 1 [

A Dx3xd  dx5x6 63748

no_ 1/ T I B IR B
& 3 1 2 3 4
Ard 3 ko 3K/ 3 xY
wWrite APL expressions for estimating 7 using the
first N terms of the series.
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Approximalion of & by firsi N terms of series:

T+ Zu N

=3 1 1
4 2x3xd  4x5x6 Bx7Ix8

| | |
_ _ + -
T 3“‘[2}{3;{4 Ax5%6 BRI }

Approximalion of & by rirsi N terms of series:

Pl e~3+4x =/ +(2x N x (1 + 2% 1N) 2+ 2x LN |
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%F_

] ] + T
3 4
3}{3 3}{5 S w7 35 ®rY |
[ + T

3}{3 3}{5 33}{? 34}{9

Approximalion of n by rirst N terms of series:

Pl « 6 % (+3=.5)x =/ (3= T+1t NIx-14+2% 1t N

The vector ¥ contains a list of a student’s
homework scores.

Write an expression for

a) the scores sorted into descending order

b) the average score, after dropping the 4
lowest scores
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Write functions C_to_F and F_to_C
wihich will comveri? Celsivs temperalures fo
Fahwrenherl temperaivures, and vice versa,
respectively.



