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Suppose (el we wish fo sefect the locstion of &
Fingle 1Iscifily, gnywhiere in the plane, o serve
& st of demsnd points

GIven, for each of demand points j=1,2, .n:
E:r:j , il coordinates of the point
Bi cost per umt volume per unit distance

W volume of shipments per unit time

IFind coordinates of the source facility, (x,y), which will
minimize the total shipping cost per unit time:

i 2 2
Minimize Clx,y) = _21 BJWJ'\/(H—HJJ + Ly =y
1=
SESIMIIG SISl -Tine
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Tie together in a knot ("X") n strings of equal length L

ket with
welght W at the end of
S string 1.

Yarignon
Frame | 4 ( Dpetails )
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The function:

C(x,y)=ZBW’\/E:x: =K | +[*;.f—*;.fj3l2

is convex in (:s:,y}
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A pecessary condition for (X™ Y™ ) to minimize

C[H,"}f’) = % BJWJA\/[H_}H)E + [=},= ~ "}-"j:'E
j=1

15 -
9 XY =0
) ax
9 c Yy =0
a

e

That is, (X™,¥™) should be a "stationary point” of
the function C.
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This condition vields the equations

e

L (k) ()

which, unfortunately, we cannot solve analytically
for the values of X™ and ¥~ |
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FOrT CORERIERCE, RIS F RSlance Finelion for
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di(X, ) = A (X = %2 + (Y - y,)?

Z” Biw (X - %) _
S YT
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FBTIENGE LEITIS

. n
x*z

By Z BJWJHJ

dy(XT YT
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dy (XY

di(x"y")
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We will use a
‘successive
substitution”
method using
these equations
tofind X* & Y*
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Suppose, at iteration ¥k, we have an
approximate solution (X¥ Y¥).
We obtain an improved approximate solution

('K ]'.-'.'."'1’111]'.-'.'."'1 } b}."

Pk & By,
ket _ P AOEYE) e i YE)

N BW 1 BW

Z 171 2 ]

=1 di(xEvE) =1 di(xEYE)
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Weiszfeld Algorithm |

Starting with an initial "guess" (X°,Y?),
we will generate a sequence of approximate
solutions, (X' Y'), (X%Y?), (X3Y?), ...
which converge to the optimal facility
location (X* Y*).

We terminate the method when two successive
approximate solutions are "close enough”,

i.e.,
yvk+l _Xk‘ . ‘Y]Hl _Yk ¢ £ =0
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Starting Point | & gﬂa?a?’;fﬁfg‘mg aclcliets /s ihe
FlErgge af e cusiomer
SO IFLES,
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Customer | |1 2 3 4

Location [(03) (24 (33 (10|

il
0 _EBJW]'}{]' _ %0+ 2%2+3x4+2% 1
AT =3 = = 2.25
ZB]W] ] + 2 t 3 + 2
j=1
il
o By 3eou4e3uEeon]
yO = = =25
Z B]W] ] T 2 + 3 + 2
j=1
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Now compuite distance rrom (A ﬂf ¥E) to each

CLStomer.
dfﬂ/ %—O it %—32 - 2305
o %—2 it %—42 - 1521
d= E—q]ﬂ %—3]2 ~ 1.820
d,e E—*]]i %—of - 2795
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Sapping Cost
___________________ 102.305)+ 2(1.521)
| + 3(1.82)+ 2(2.795)
= 16.397
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AN our SUccessive substituiion metiiod
o (we hopell obiain a better approximale

salition.
5 WA 1}{ﬂ+2>{2+3}{4+2}{1
wl = ] dj _dy dy dz  dg4 L 10573 — 5599
ij 1 L 2435 L 72 4113
J_ _J dy do dz  d4
5 Wit 1}{5+2}{51+3}{3+2}{D
wl = ] dj _ dy dy dz dg - 11.006 - 9 795
ZWj 1l . 24,353 2 4113
]

“d; dy dp dz dy
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drelance ol

customer J 9, :\/[Z-EZZ_KJ]EJ’ 2.798-Yf
d,=2.530

d,= 1.310

d.= 1.492
d,= 3.185

Shinoing cost |

102.53)+201.31)+3(1.492)
+ 2(3.185)

= 15.996 < 16.397

regiciion of 2 4%
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Iteration # 1

Facility location at ¥= 2.25, ¥= 2.5

Digtances to demand phtai

i 1 b pE] 4
Iril 2.20489 1.52069 1.,82003 2.79502
WILil=Dli] 2.30489 3.04138 5.460028 5.53017F

Total cozt iz 16.3965

Hew location iz at X= Z.41659, ¥= 2.79785
Eectilinear diszgtance moved iz 0.4644326
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Iteration # 2

Facility location at ¥= Z2.41659, Y= Z2.73785

Diztances to demand pte:

i 1 2 3 4
Olil 2.42502 1.27229 1.59626 2.13603
WILil=D[i] 2.42502 2.54457 4.722879 6.27206

Total cost iz 16.0305

Hew location iz at XM= 2.51012, Y= 2.92419

Eectilinear distance moved iz 0.21927
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Iteration # 3

Facility location at H= 2.51012, Y= 2.92419
Dizgtances to demand pta:
i 1 z2 3 4
Olil 2.51426 1.19062 1.49181 23.2911
WTLil=D[il 2.51126 2.38126 4.47542 5.5322
Total cost iz 15.9501

Hew location iz at X= Z.5573238, T= Z.96949

Eectilinear diztance moved iz 0.0925647
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Iteration # 4

Facility location at XM= Z.55738, T= 2.96949
Diztances to demand pretd
i 1 2 3 4
OIil 2.55757 1.1716 1.44294 3.3531
WILil=D[il 2.55757 2.3234319 4.32881 6.7062
Total cost iz 15.9352
Hew location iz at X= 2.58231, Y= 2.92276

Eectilinear distance moved iz 0.0281954
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Facility location at ¥= 2.53231, Y= Z2.93276

Digtances to demand ptas
i 1 2 3 4

DIil 2.58237 1.17212 1.4178  23.3764T
WILil=D[i]l 2.58237 2.34424 4.25339 6.75294

Total cost iz 15.9329

Hew location iz at XM= 2.59667T, Y= 2.93523

Eectilinear distance moved iz 0.0162786
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Iteration # &

Facility location at X¥= Z2.59667, Y= Z2.93528
Diztances to demand ptet
i 1 2 3 4
OIil 2.99671 1.17715 1.40341 3F.335d44
WILil=DI[il 2.59671 2.35429 4.21023 6.77089
Total cost iz 15.9321

Hew location iz at XM= 2.60857, Y= 2.934732
Rectilinear distance moved iz 0.0094045 < 001 (Stgppmg criterion)
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The Optimal Location for the Supply Facility

g —
g 2
3 ol
5 Iz}h 2.60857, Y= 2.98472
1 4
0 4 | T T 1
] z 3 4 5

@D0enniz Bricker , U. of lowa, 1997



Webers 8/20/00 page 29

Path Followed by the Successive Substitution Method

2.9 4

éﬁﬁf SO T
284 = 2.60857, Y= 2.92473

2.7 4

2.6 -

2.3 = | | | |

2?} 2.3 2.4 2.5 2.6
Ka Ciwitis! guess (centroia
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