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Useful in forming linear & quadratic approximations of functions
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Suppose that the function 1 1:f R R→ has first & second
derivatives.  Then

( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

20 0 0 0 0

20 0 0 0

1' " ...
2
1' "
2

f x f x f x x x f x x x

f x f x x x f z x x

= + − + − +

= + − + −

for some ( )0 ,z x x∈

Equivalently,  letting 0x x d= + :

( ) ( ) ( ) ( )0 0 0 21' "
2

f x d f x f x d f z d+ = + +

where 0 ,    for some 0 1z x d= + α < α < .
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If ( ) ( )0" 0         &    ' 0f x x f x> ∀ = , 

i.e., the first derivative is zero at 0x and

the second derivative is positive everywhere,

then

( ) ( ) ( )( ) ( )20 0 010 "
2

f x f x f z x x f x= + + − >

That is, 0x is a strict minimizer of the function f .

Definition: The point x* is a critical point of a function f if f

is differentiable at x* and ( )' * 0f x = .
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Taylor’s Formula for functions of multiple variables

( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

0 0 0 0 2 0

0 0 0 2

1
2

1
2

T T

f x f x x x f x x x f z x x

f x d f x d f x d f z d

= + − ∇ + − ∇ −

+ = + ∇ + ∇

for some ( ) ( )0 1       where  0,1z x x= λ + − λ λ ∈ .
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Example: Quadratic Approximation of a function

Consider ( ) 1 22 3
1 2, x xf x x e += .

( )
1 2

1 2

2 3

1 2 2 3

2
,

3

x x

x x

e
f x x

e

+

+

 
∇ =  

 
and

( )
1 2 1 2

1 2 1 2

2 3 2 3
2

1 2 2 3 2 3

4 6
,

6 9

x x x x

x x x x

e e
f x x

e e

+ +

+ +

 
∇ =  

 
Let ( )0 2,1x = .  Then

( )0 7f x e= , ( )
7

0
7

2
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e

f x
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∇ =  

 
, & ( )

7 7
2 0

7 7

4 6
6 9
e e

f x
e e

 
∇ =  

 



Taylor’s  Series 09/02/03 page 6 of 20

Approximation by Taylor Series:

( ) [ ]
7 7

1 17 7 7
1 2 1 2 7 7

2 2

2 24 61, 2 ,3 2, 1
1 12 6 9

x xe e
f x x e e e x x

x xe e
− −    

 ≈ + + − −       − −    
At ( )0 2,1x = , the approximation is exact, i.e.,

( ) [ ]
7 7

7 7 7 7
7 7

0 04 612,1 2 ,3 0,0
0 02 6 9

e e
f e e e e

e e
     ≈ + + =          



Taylor’s  Series 09/02/03 page 7 of 20

If ( ) ( )2 00   & 0      &   0Td f x d x d f x∇ > ∀ ≠ ∇ = , 

i.e., the Hessian matrix ( )2 f x∇ is positive definite everywhere

and

the gradient ( )f x∇ is zero at 0x ,

then

( ) ( ) ( ) ( )( ) ( )0 0 2 0 010
2

f x f x x x f z x x f x= + + − ∇ − >

That is, ( ) ( )0 0if f x f x x x< ≠
so that 0x is a strict minimizer of f .
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( )1 2
1 1

, ,
n n

j T
n i i j

i j

f x x x A x x x Ax
= =

= =∑∑
For a given quadratic form, the matrix A is not uniquely

determined, but we can choose A to be the unique symmetric

matrix ( )21
2

A f x= ∇ .

EXAMPLE:

[ ]

[ ]

12 2
1 1 2 2 1 2

2

1
1 2

2

11 23 ,
1 32
1 1

,
0 3

T

T

x
x x x x x x

x

x
x x

x

    + + =      
  

=   
   

Notation:
j
iA = element of

matrix A in row i

& column j



Taylor’s  Series 09/02/03 page 9 of 20

Which of the following are quadratic forms?

?
2

1 2

?
2
1 1 2

?

1 2

?

1 2 2 3 1 3

__ __
2

__ __

__ __
3

__ __

__ __
__ __

__ __ __
__ __ __
__ __ __

T

T

T

T

x x x x

x x x x x

x x x x
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 − + =  
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A square symmetric matrix A is

• positive definite if 0  0Tx Ax x> ∀ ≠

• positive semidefinite if 0 Tx Ax x≥ ∀
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Examples

• 2 2
1 2

1 0
0 1

Tx x x x
 

+ =  
 

is positive definite

(pd)

• ( )2 2 2
1 2 1 1 2 2

1 1
2

1 1
Tx x x x x x x x
 

+ = + + =  
 

is

positive semidefinite (psd)

• ( )( ) 2 2
1 2 1 2 1 2

1 0
0 1

Tx x x x x x x x
 

− + = − =  − 
is

indefinite
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Example: a symmetric matrix whose entries are all positive need

not be positive definite!

Consider the matrix  
1 4
4 1

A
 

=  
 

Select [ ]1, 1x = − .  Then [ ] 1 4 1
1, 1 6 0

4 1 1
   

− = − <   −   
negative!
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Example:
A matrix with some negative elements may be positive definite!

Consider the matrix 

( )22 2 2
1 1 2 2 1 2 2

1 1
2 4 3 0    0

1 4
TA x Ax x x x x x x x x

− 
= ⇒ = − + = − + > ∀ ≠ − 
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A square symmetric matrix A is

• negative definite if  0    0Tx Ax x< ∀ ≠

• negative semidefinite if 0   Tx Ax x≤ ∀
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A square symmetric matrix A is indefinite if

( )

( )

+0   such that   x 0

0   such that   x 0

T

T

x Ax

and

x Ax

+ +

− − −

∃ ≠ >

∃ ≠ <

i.e., A is neither positive semidefinite nor negative semidefinite!
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1
1

2
2

3
3

0 0 0
0 0 0
0 0 0
0 0 0 n

n

D
D

D
D

D

 
 
 =
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Testing for Positive Definiteness
Suppose that a symmetric matrix A is reduced to upper triangular
form by use of the elementary row operation

• Add to any row a scalar multiple of another row
without using

• Multiply any row of the matrix by a (positive or negative)
scalar

• Interchange two rows of the matrix

Then A is
• positive definite if 0  i

iU i> ∀
• positive semidefinite if 0  i

iU i≥ ∀
• negative definite if 0  i

iU i< ∀
• negative semidefinite if 0  i

iU i≤ ∀

1 2 3
1 1 1 1

2 3
2 2 2

3
3 3

0
0 0
0 0 0

n

n

n

n
n

U U U U
U U U

U
U U

U

 
 
 =
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Why?
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Classify the following matrices according to whether they are

• positive definite

• negative definite

• positive semidefinite

• negative semidefinite

• indefinite

1 0 0 1 0 0 7 0 0
0 3 0 , 0 3 0 , 0 8 0
0 0 5 0 0 5 0 0 5

A B C
     −     
     = = − = −     
     −     
3 1 2 4 0 1 2 4 0
1 5 3 , 0 3 2 , 4 8 0
2 3 7 1 2 5 0 0 3

D E F
     − −     
     = = − = −     
     − −     
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Which of the following functions are

…convex?  …concave?  …neither?

a. ( ) 2
1 2 1 1 2 1 2, 2 10 5f x x x x x x x= + − +

b. ( ) ( )1 2
1 2 1, x xf x x x e− +=

c. ( ) 2 2
1 2 1 2 1 2 1 2, 5 2 10 10f x x x x x x x x= − − + + −

d. ( ) 2 2 2
1 2 3 1 2 1 2 3 1 3, , 2 2 6f x x x x x x x x x x= + + + −

e. ( ) 2 2 2
1 2 3 1 2 3 1 2 1 3 2 3, , 3 4 2 4f x x x x x x x x x x x x= − − + + + +


