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Stochastic LP with Recourse 8/23/00

B s

aiissssanataniss
aiissssanataniss
aiissssanataniss
aiissssanataniss

o

o

o

ILIP

th Fecourse

Stochastic

S

1 S)

1 ©

| T -
: °
1 © -

] o o o
1o £ ©
-
| 2 0 w

S - —
] © £ >
S o) Mm
3 C
15 W .N S
1 © maz.m
18 o8 20Q@
il 5 = 92 m g
e o Sg
s S5 Y=
4 O domm

|-

1o =2 %38
1 O f.ltd
> o w =

] T .5 © =
i = aa
1 .2 o .2 =
il enw_
W - 0> X2 o

T

:l:rl-l

Y

Y

HH)—%H%H%—(H)—%—(H%—(H)—%H)—%H

HH)—%—(H)—%—(H)—%—(H)—%—(H)—%—(H)—%—(H%‘
H)—%—(H)—%—(H%—(H%—(H%—(H%—(H)—%—(H

X
i

e .

B s

cescescescescessesosl
H%«H%«H%«H%«H%«H%«H%
Cescescescessesseses

B s

S080080T08E080008008T0NINIINNNNNNNNNNSNNNSIE0EETOsTIISONT

sessesscsscossessose BV

Cescescevcessesseses

H%«H%H%«H%H%«H%H%«H%«H%«H%«H Dennis L. Bricker,

A o



Stochastic LP with Recourse 8/23/00

Water Allocation

Production Planning

Transpnrtatinn Problem (random demand)

2-Stage Stochastic Programming

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse 8/23/00 page 3

Water Resources
Planning

Under Uncertainty
A waler system manager \——mrerrmrm
must allocate water from a stream to three

users:
& municipality
# industrial concern
# agricultural sector

&

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 4

Net Benefit |

Use Request| per unit
1. Municipality 2 100
2. Industrial 3 20
3. Agricultural ) 30

Let X; = amount of water allocated tn use #j

The Dptlrnal allocation Max 100X, + 50X, + 30X;

might be found by .
solving the LP: Subjectlo Xix et 2s=3 ]
=A=L |

Bul the decision must e made 0<X,<3 |
berore the guanfity & of the —oe=2
avarilable water is kpown! | =X3=5 |

a[e



Stochastic LP with Recourse 8/23/00

Max 100X, + 50X, + 30Xz |
subjectto X+ Xp+ X3=Q'|
0=X;=2 |

Handom variaiie
Wilh known
probabifit v

0=X,=3 | distribution
0=X3=5 |
Haw should the Streamflow Distribution
waler be i q; P{Q=q;}
Fffocaled before 1 | 20%
the guaniriy 2 10 60%
Fvaifable s 3 17 20% |

;{'ﬁﬂw‘r‘?? .....................................................................................................................................................

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 6

Loss per |

Use Request| ypit shortfall |

1. Municipality | 2 250
Z. Industrial 3 7o
3. Agricultural ) 60

If more water is promised than can be Iater
delivered, then a loss results from the need
either to acquire alternative sources
&/or to reduce consumption.
What 15 the “oplimal ™ guanliiy o affocale to each
wse, I 75 not F‘?fﬂq:l £nown?

solution )

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

Production Planning
wilh
Uncertain Resources

Par, Inc., a manufacturer of golf bags, must
schedule production for the next quarter.

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse 8/23/00 page

PRODUCTION TIME/BAG IN EACH DEPARTMENT

Cutting & Sewing Finishing Inspect
product Dyeing Package |
Standard Ao 75 hr 1 hr Ao hr

=) 2 i
Deluxe 1 hr ’Ehr ;“Ehr . hr

The company can sell as many bags as can be
produced at a profit of $10 per standard bag and
$9 per deluxe bag.

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

Max 10X +9X; [ bept Available |

subject to T/le + Xy <630 C&D 630 |
12X+ 56X, =600 | 5LV | OUL |
X1 +23X <708 | |jgp 135 |

10X, + YaXp <135 . Based upon current
XKi=0,Xo=0 . commitments, the
E——————— hours available

in each department for the next quarter are computed.
However, the Ffirm has subamilied bids on Iwe
contracts, which 1f successiud would reduce the
frours avaliaghle for producing qolt bags.

@lDentis Bncker, L. of Iowa, 1938
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Stochastic LP with Recourse 8/23/00

Contract |probability | Ly o0 Caion Houes Redd 1

# 1 50% 50 40 80 10 |
#9 40% 30 50 70 15 |

A production schedule for standard & deluxe
bags must be chosen before learning which
contracts, if any, were awarded to the firm.
Afterwards, the production schedule may be
modified somewhat, but extra costs are incurred
in doing so...

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

For each scenario, we compute the available
hours in each department (subtracting the
hours used to fill any contracts which are won)

Available hrs.

scenario
Dept. #0 #1 #2  #3
C&D 630 580 600 550
SEW 600 560 550 510
FIN 708 628 638 558
&P 135 125 120 110

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse 8/23/00

# Scheduling overtime in C&D at $5/hr
SEwW at $6/hr
FIN at $8/hr
|&P at $4/hr
(only 100 hrs OT available in FIN)

® Schedule additional production of standard
bags, at a reduced profit of $8/bag

[K:I ( solution )

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse

Linear Constraints|

8/23/00 page 14

Ax + By =D
%20, y20

Sequence of Events

# x is selected by the
decision—maker

# the random variable
b is observed

# the decision—maker
must choose v so as to
satisfy constraint, i1.e.

By =b — Ax

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 15

Costs Incurred |

‘ Second-5tage Problem ¢ (x, b) = Mimimum dy

T 5.t B}F — b_ A.X.
. . . y=0 ‘D
Since b is a random wvariable,
bolhi ¥y & & Fre )

50 also 1s ¢(x,b) for fixed X. P

cx + dy

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 16

First-5Stage Problem Minimize cx + Ey[d (x,b)]

Minimize the sum of the subject to ¢ (x,b) < o
first-stage cost and the 5
expected cost of the 2nd e, Znd-Stage Froblem
stage: should be feasible for aff

possile valves of &

Ei[¢ (x,b)] is the expected cost of the second
stage, for fixed x
This is generally a nonlinear, but
convex, function of x.

@Dennis Bricker, L. of lowa, 1938



8/23/00

Discrete RHS distribution |

Suppose that the right-hand- SIdE vector b
is "drawn” from a finite set of possible RHSs
{b', b% ....b* } with probabilities py,p,, ... Py.

Define a second-stage (recourse) vector for
each of the possible RHSs: y',y2, ... yk

Then the recourses must be selected so that
given the first-stage decision x, [ Ax + By! = b!
this system of equations is J Ax + By?=Db?
satisfied: : : :

k — Kk
+ =
@Dennis Bricker, LI of lowa, 1998 - A}{ B F h



Stochastic LP with Recourse 8/23/00 page 18

probability >

cost if recourse
of outcome b!

y! is selected

The expected value of the second-stage cost
5

prdy'+p; dy2e ...+ py dyk |

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

First-stage cost

Minimize cX + pdy' + podye+ ... + pedyk

subjectto  Ax + By’ =b'
AX + By? = h?
AX + By:

@Dennis Bricker, L. of lowa, 1938

plits
expected
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Stochastic LP with Recourse 8/23/00

Notrice the Block-angular structvre of the
coafticient matrix. .

tuestion: Could the Banizig-Wolie decomposiiion |
techmigue be used in order {o decompose |

. . £ problemnt
Minimize cx + pidy' + pody?+ . + pdY® | nso smaller

subjectto  Ax + By —h! | subprobiems?
AX + By? = h?
AX + B':.I;E = h?

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse 8/23/00

Dual of the 2-stage stochastic LP problem:

Maximize b'u'+b2uZ+ ... + bkuk
subjectto ATu! + ATuZ +... +ATuk= ¢
BTy < pqd
BTuz < pod

BTuk < p.d

I rRrfables unrestricfed in s/gn

This problem has a structure for which Dantzig-Wolfe
decomposition is appropriatel

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse

8/23/00

Dual of the 2-stage stochastic LP problem

BTy

BTyz

Maximize b'u'+buZ+ ... + b*u¥

subjectto ATu! + ATuZ +... +ATuk= ¢

= pqd
= pod

BTuk < p.d

I FRAAbfes ynrestricfed in 5/gn

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse 8/23/00 page 23

subproblem for Block # 1 where o is the simplex
multiplier vector
for the linking

Maximize (bi-w ATIU — o | constraints,
. and ¢ is the simplex
subjectto  Blu=p;d | multiplier vector

for convexity
constraint # i

These subproblems all have the same matrix of
constraint coefficients, and the constraint right-hand-
side vectors are all scalar multiples of the same
vector d. -

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 24

Define Secnnd—tage (recourse) variables

amount of shortfall in water delivered

Lo user i

SRR SE Sre il s (s
axnecied ponsiiies for

Max 100X, + 50X + 30X, sEariisl
min 250Y,+75Y,+60Y-
— Eq-< 5.1, Yi+ Yo+ Yoz X+X+X:-Q
0 ':_'51"|"r1'£}{1 1 0 ii\'l"rgil'}{g ,E' E?gng
&

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 25

Define a separate recourse variable for each
possible outcome:

amount of shortfall in water delivered

to user i ifﬂ=qj

i our delerminisiic T LF formulaiion of (ke
probiem, then, we must simufianeously sefect
the recourse {7.e., the vser whoe will be denied
the promised waler/ for each of the possibie
sireamifowst

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 26

Max 100X, + 30X, + 30X, -0. 2[250‘?"1 + 75Y) + BOYY)

- 0.6(250Y7 + 75Y5 + 60YY) - 0.2[250‘?’1 + 75Y3 + 60Y3)

subject to . C
}{1 +}{2+X3-T1-‘1’2-V3£4

X+ X5+ X3- Y7 -¥2-¥3<10

) X+ X+ X3-¥i-¥3-¥i< 17
0=YieX; <2

O=Ys<X, <3 {V¥k=1,23
0<Y3<X3=5

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 27

Q=4 10 17
Shortfall in Delivery

1 Municipal

2 0
2 Industrial 3 1 0
3 Agricultural ) 0

e o

100(2)+50(3)+30(5)-0.2[75(1)+60(5)]
500 - 0.2(375) = 425

Objective value

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 28

J - neither bid is
successful

probability

(1- 0.5)x (1- 0.40)= 0.30

1 : bid #1 is successful, } —
bid #2 is not 0.2x(1-0.40)=0.30

2 : bid #2 is successful, } —
bid #1 is not (1-0.5)x 060 =0.30

3 : both bids #1 and #2 0.5 040=0.10
are successful

Possible Qutcomes ||
("scenarios")

aDennis




Stochastic LP with Recourse 8/23/00 page 29

stage 1 Variables

X1 = # standard bags in the
next quarter's prod'n plan

X>=# deluxe bags in the
next quarter's prod'n plan

Y = # standard bags added to
next quarter's prod'n plan

T.:ID= hours overtime in cut&dye

1 . . ;
TS = hours overtime in sewing

wtage 2 Variables

T; = hours overtime in finishing

For outcome # i TIip= hours overtime in inspect&
(i=0,1,2,3) pack

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

second-stage problem
(X is fixed)

Max 8YY -5T.:“3 6T3-8TE-4T%
subject to T/IDYD - Tep <630 - :7/1[].}{1 + Xg]
1HYT - T8 <600 - [15X, + 35X
YY) -TF <708 - X + 23X,)]
oY? - T <135 - [V)0X + 1aXe]

Yi=0, Top 2 0,Tep 2 0,T8 2 0,100=TE 2 0,.T%H = 0

@Dennis Bricker, L. of lowa, 1938
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Stochastic LP with Recourse 8/23/00

second-stage problem
(X is fixed)

Max SYI ST.:D —6T5 STF 4TIP
subject to 7/1{]']{'1 - Tip <630 -50- [7/1{]}{1 + Xg]

IpY] - T4 =600 -40- [1oX, + 55Xy
Yi-TE =708 - 80 - [ X + 25X]
oY1 - Th =135 - 10 -[Y10X; + LsXo]
Yi=0, Tip = 0Thy = 0,Te = 0,100=T¢ =0Tk =0

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

second-stage problem
(X is fixed)

Max 8Y7{-5Té, -6Ts8T¢-4ATH
subject to 710Y7 - Tép =630-30- [710X, + X4
1HYT - T§= 600 -50- [17X, + 5/5X;]
Y7 - T¢ <708 —70- X + 25X,]
0Y? - T <135 -15-[1/10X; + 14X,]
Y920, Tén = 0,Té 2 0,T§= 0,100=T¢ = 0,T4 = 0

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00

second-stage problem
(X is fixed)

Max 8Y3 -5Tip -6T:-8T-4T5:
subject to //10Y7 - Tép < 630-50- 30- 710X, + X5]
1AY$ - TS < 600 -40-50- |15 X + 5/gX,)
Y§-TE <708 - 80-70- | X + 25 X]
110Y? - THe =135 -10-15 - [L1oX, + LX)
Yi=0, Tip = 0,Tip = 0T = 0,100=T% = 0,T5 = 0

@Dennis Bricker, L. of lowa, 1938
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1
3 STAL 6TE-8TE4Tio)

Equivalent Deterministic

Linear Programming Model

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 35

70X + %o + ?fm‘f'i' - TtD:D = 630

subject to| 0 g
153 + 3xo +15¥] - Tg <600

scenario -

40 Xi+2h¥ 4+ Y)- TR =703
21 + Yz + Yio¥] - Tp = 135
L TR <100
( Thoxi+ ¥z +7fig¥]- Tép = 580
1y + 5%o +1hv]- T4 <560
scenario Wy +2h¥s  +YI-TE <628
1 1- TF
g1 + Ygp + Yig¥] - Tfp = 125
. T4 <100

@Dennis Bricker, L. of lowa, 1938



Stochastic LP with Recourse 8/23/00 page 36

Phox + X2 + Thov] - Tép =600
scenario 11301 + 3fs3o ﬂ&ﬁ - T% = 550

#2 X1+ 2350 + Y] - TS =638
yo%1 + s + Yy gvs - 1% =< 120

N TZ <100

scenario C ThoXi+ X2+ Thovi - Tép = 550

40 15% 1 + Sfs¥o + 1577 - T& 2 510
X1+ 2% + V] - TE 558

3 3
Lipx1 + Yqxo + Yig¥y - Tip = 110

T =100

s

l'.\_ . . . .
%120, %20 ¥20, Tpp =0, Tep20,Tg= 0,Tp=0,Tip =0
@Dennis Bricker, L. of lowa, 1332 i=D:1 !2:3



