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GFiven: M candidate locations, N customers
F; = fixed cost of establishing a plant at

site 1, i=1,2,...I"
C1j= cost of supplying all demand of
customer j from plant 1, j=1,2,...N

Fhe Profriem: Select a set of plant locations and

allocation of custormers to plants so as to minimize
the total cost.

NMale: there are no capacity constraints for a plant
which has been selected, and the number of plants is
not specified (unlike p-median problem)
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ILP models of
the SPL problem

Define variables:

Yy = {1 1f plant site 115 selected
0 otherwise

Aijp = | 1 if plant 1 serves all demand of customer |
0 otherwise
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| Model #1 l

| Model #2|
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Minimize Z Cij Kij + Fi Yi

i=1 j=1 i=1

[

s.1.

M=

X;=1 ¥ij=1,...N
1

Xy=Y; Vi
Yie 0,1, X;20 Vi&j

I

Replace constraints Xy <Y; ¥V i&j
with aggregated constraints

M
S Xy = NY, Vi
j=1
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Models #1 & #2 are equivalent, in that the
feasible solution sets are identical....

But-— their LP relaxations (i.e., replacing Y; /0,1
with 0= Y;=1 ) are notl
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‘ Example I Minimize =2¥;, - X5

cosd = =0

o i cost = -
feasihie el For 2 i !{T\
Ko+ Xip €2 HE N

L1 Model =7 proviges
S g higher, hetter”
foer Gound on B
R ag i

page 6

fegsihie el for
ST
Mo €

HModel FE je mare tompact ) and
the LR refaysiion is easier fo so/le,
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LP Relaxation ] At the LF optimum,
& H
ui Model “2 S Xy = NY, Wi is "tight”,

=1 1 H
].E., Yi:ﬁg }{1]

]=

X;=0 Vi&j
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. F; F. ..
1 if Cij+ﬁ1£ ij+ﬁkl?ll

0 otherwise

The solution is  Xjj = {

H
with objective value 3 m_in{Ci]- + %}
=1

Allhough nol g sirong bound,
s 1s easiiy compuled.

+/ L4 C + ®(DpC)pF=N
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# potential plant sites
# demand polnts

nou
==
nou

i~ J= 1 2 5 B 7 = F
1 4 2 5 4 3 0 140
a 10 5 1 8 10 9 B 120
3 3 5 4 5 2 a 177
4 2 B 5 10 2 = 128
D 98 12 49 33 87 78

©D0enniz Bricker, U, of lowa, 1997



Simple Plant Location 8/20/00 page 10

Weak LP Relaxation%

of Bimple
Plant Location
Praoblem

The Hatrixz © +

to
f 1 2 3 4 ] f 7 a
r
o 1(144 146 148 149 145 144 143 140
m 2130 125 130 120 128 130 129 129
3180 182 184 186 181 182 179 180
41136 134 132 135 133 138 136 136

The LP bound 1s found by summlng the minima i1n =ach columh

Lower bound provided by weak LP relaxatlion = 1031.38
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| MUdEI #3' Minimize % Fi( X, Xizy - - Xig)

i=1

M
subjectto > X =1 ¥j=1,2,...N
i=1

}ii]- =0 Y i&j _
T SRS

where i vEraiies ol
Sl ofvective

0if > Xy=0 IS SO IS
fi(}iil ,Kiz!- . H].N) = < ji=1 0

H
Fi + Z Cij}{ij othervwise

' j=1
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v Define a surrogate multinlier for
Constraint| each constraint: U, j=1,..N; Z U=1

Farm a linear combination of the constraints

Ul}{z Kil = UI}{:I. )
1
}:}ZU]'ZXU’ Z ZZ 1]—:l
] i i

UN}{Z }{]H = UH}{l
i

-+

This swrregale consiraing 1s implied by the original
set of constraints, but 15 less restrictive.

©D0enniz Bricker, U, of lowa, 1997



Simple Plant Location

surrogate

Relaxation

8/20/00 page 13

we replace the original constraints

of Model #3 with the single surrogate
constraint.

Ul
Minimize Z i:i(}{il :}{12:' ' }{]N)
i=1

subject to Z Z UX;=1
i i

X2 0V i&
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Because the objective function i1s carcave, the
theory of nonlinear programming assures us that an
extreme point of the feasible region (i.e., a &#sic
solution) is optimal, so only a single variable is = 0,

For example, X;= li/Uq if i=p, j=q

0 otherwise

with cost By + Gy Yy,

for some p and q.
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Therefore, we can solve the surrogate relaxation
by enumerating the [MxMN basic solutions, and

selecting the least cost solution:
$(U) = minimum {Fi + Gy U]}

L]

Because the optimal solution of the original SPL
problem 1s feasible in this surrogate relaxation,

S(Uy < optimum of SPL problem
for all U= (1U;,Us, ... Uy )

©D0enniz Bricker, U, of lowa, 1997



Simple Plant Location 8/20/00 page 16

Surregate |  Since for each U, S(U) gives us
Dual Problem a lower bound on the SPL optimal
value,

select the surrogate multipliers U
Lo give us the "best”, 1.e., greatest
lower bound:

§ = maximum S(U)
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Use of Surrogate
Dual bound ina |
Branch-&-Bound |
algorithm

Given a value ¥V (e.g., the
incumbent solution), we can
fathom a subproblem if its
surrogate dual value Sexceeds
Y, and this may be tested
without explicitly computing S

§= V== 3 U=(U;,...Uy) such that | V= F, + Sy u, 7 i&i

> Up=1
j
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Assuming Foo<V, this 15 equivalent to

Cij
VF

S U=1
i

which clearly has a solution if and only 1f the
least upper bounds of U, j=1,...N, have a sum 2 1:

U =
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V-F,
0.44  0.0B0B1 0.06285 0.3333 0.275 (0.1481)0.2929(0 )

1.076 (0.06586)0.07684(0 1 0.4303 0.3622 0.8595 0.7706

L0.3443) 0. 07026 0.05738 0,347310.2205)0,1932(0,2037)0.274

D.8682 0.0797310,03101 )0, 2558 0.2713 0,36584 0.7708 0,691

C;
Sum: Z 111111{,&'{.r F} = 1023

The conclusion of the comparison test 1s:
S =V o=1031
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By any of several methods, the equation

;‘“ii“{ CijF} -

1

may easily be solved for § if the actual value
of § is necessary.

©D0enniz Bricker, U, of lowa, 1997



Simple Plant Location

8/20/00

page 21

aurrogate :
Dual Algorithn

Lower bound= 1074, Upper bhound= 1449
Estimated duvality gap = 25.89%

Tpper bound achieved by ¥ = 1 1 1 1, 1.2
openiing plants 1 2 3 4

(Hot guarantesd to be optimal!l
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aurrogate
Dual Algorith

Matriz CimibpCiapcSD-Fo |

0.4198 0.0771 0,05997 0,313 0.2624 0.1414 00,2795 0O
1.027 0.0629 0,07339 0 0.411 0.346 0,3209 0,736
0.3278 00,0669 0,0504p4 00,3312 0,213835 0.184 0.194 0,Z6089
0.828%9 0.07612 0,029 0,244. 0,259 0.3489 0.7358 0.65%97

(¥[11=1 1f anyv columh minimum,i.e., Lambda,
is found in row # 1 of the mnatrix above)

Surrogate multipliers p

] 1 2 3 4 5 G 7 =
Lambdal J1 0.3278 0.0829 00,0296 0 0,213835 0.1414 0.194 0
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N
If pyz=0 and 2 py=F; ¥i
i=1

H

then Zl min{C; + Wt 15 a Jower bound
= 1

for the Simple Plant Location problem

MNote: 77 Py = % Vi, |, 245 15 Bhe fower bound

SrVaed f) fhe LF reigxsiion of mogel FE0 O

SN ELE ChRoiCe oF Wy, 7L MEl Give 4s g pelier
fO W T
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Froof:  SPL model #1 may be written
P = minimum Z Cij}{ij + Z (Fl - Z |_|,1])Y1 + Z |_|.-in1
ij i i i,
5.1. Z Hi]' = 1, }ii]'EYi, Hij:_"ﬂ, YiE{D,l} l"'-._-'"ll,]
i

— P = Z Ci]'}{ij + Z |_|.-in1 = Z Ci]'}{i]' + Z I-l'i]'}{i]' = Z (Cll +|-|'ij:|Hij
1,] Ll 1,] 1,]

L]

—  minimum 2 (Ci Py
1]

5.1. Z }{1] = 1, Xi]":—:Yi: Xi]'EU, YiE{D,:I.} .?.1!]
i
must give us a lower bound for SPL, namely

2. min{Cy + )
]=
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The dual problem 1s, then, to choose the
quantities py S0 as to obtain the gregalfest
fower bound | 1.e.,

12
Maximize Z IT]i.iIl {Cl] + |_|.1]}
=1

§.1. Z I-Liji: Fll"'-._-'"ll
]

Hiz= 0 Vi,
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Maximize Z 1111111{(31] + )

st > py<Fvi
i

Rz 0 V1,

page 26

Fhe 1P eguivaient.

H
Maximize > Z;
=1
5.1, Z] = Cij + I-l'ij prd 1,]

> pi=F Vi
j

Pz 0 ¥ 1,

Fie qiial o this L s, an
rack, the LE refaxalion
af S5 model F1S
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Bilde-Krarup- | This algorithm is a dual
Erlenkotter ascent algorithm for
computing good feasible
solutions to the dual of the

LP relaxation of Model #71.

At each iteration, exactly one py 15 adjusted Lo
give an improvement in the lower bound. |t
terminates when no improverment can be obtained
by adjusting a single multiplier,
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Bilde-Erarup-
Erlenkotter

Dual Algorithi b

aten 1: kel & Lambdas 294 60 28 0 196 132 174 0O

otep Z2a: €= 93 0 0 0 0 0 0 0
Lambdarll= 392
e= 0 0 93 0, LB= 932

otep Z2a: €= 93 0 0 0 0 0 0 0
Lambdar2l= a0
e= 0 0 93 0, LB= 932

otep 2a: €= 93 0 21 0 0 0 0 0
Lambdar3l= 49
e= 0 0 93 21, LB= 1003

atep 2a: €= 98 0 21 120 0 0 0 0

Lambdar4l= 120
e= 0 120 98 21, LB= 1123
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otep Za: €= 93 0 21 120 49 0 O 0
Lambdarbl= 245
e= 0 120 147 21, LB= 1172

otep 2a: €= 93 0O 21 120 49 33 0O 0
Lambdartal= 165
e= 33 120 147 21, LB= 1205

otep Z2a: €= 93 0 21 120 49 33 30 0
Lambdar71= 204
e= 33 120 177 21, LB= 1235

Step Za: €= 98 0 21 120 49 33 30 107
Lambdal8l= 107

e= 140 120 177 21, LE= 1342

atep 3 do not terminate. Set k+ 2
Step Za: €= 0 0 21 120 49 33 30 107

Lambdarll= 392
e= 140 120 177 21, LB= 1342
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=]
Lam
E'=

=]
Lam

=]
Lam
E'=

=]
Lam
E'=

=]
Lam
E'=

cation 8/20/00

poZ2a: €= 0 0 21 120 49 33 30 107
hdal2]l= a0
140 120 177 21, LB= 1342

o Z2a: €= 0 0 0 120 49 33 30 107
hdal3l= 4@
140 120 177 21, LB= 1342

o 2a: €= 0 0 0 0 49 33 30 107
hidaldl= 120
140 120 177 21, LB= 1342

b Z2a: €= 0 0 0 0 0 33 30 197
hdalb1= 245
140 120 177 21, LB= 1342

b 2a: €= 0 0 0 0 Q0 30 107
hdal/Al= 165
140 120 177 21, LB= 1342

page 30
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atep 2a: €= 0 0 0 0 0 0 0 107

Lambdar71= 204
e= 140 120 177 21, LB= 1342

atep 2a: €= 00 0 0 0 0 00

Lambdar21l= 107
e= 140 120 177 21, LB= 1342

Lower bound= 1342, Upper bhound= 1342
Duality gap = O
Ho Duallity Gap!

Tpper bound achieved by ¥ = 1 1 1 0,
1.e., opening plants 1 2 3

Lagrange multipllers g

] 1 2 3 El 5 B 7 3 b
LambdalJ1|3%92 60 49 120 245 165 204 107 5
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Summary of Results [f
for Exxample Problem

gap
Optimal Solution of SPL = 1342 —
LP Relaxation of Model #1 = 1342 0%
Surrogate Relaxation of Model #5=10/74 20%
LP Relaxation of Model #2 = 1031.538 23%
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