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e flx)= - 2213

feasible
reqgion

Minimize x{- 2x; - X
subjectto 2x7+3x3=26
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Having determiined that ; f” fél ‘%“

IRe constrarnls mpfy é g : gS :g : gg?S g : é 25

Rat 0ix <2, we select 3 0.75 -0.9375 1.125

9 grid points, 1 this s 19 _pomms o 1ue

case evenly distribiied. g i : gS jg : zgﬁ g: f -
(=] 2.0 a 2.0
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22(x%z) = 3 x5

2

fo(xz) = - %z

Likewise we determiine
Lhat feasrpifity regiires
2Aat 04x,12, and sefect &
Zrrd pornis for x,.
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The piecewise-linear approximation has the
LP formulation:

@Dennis Bricker, L. of lowa, 1938
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Mlimimize Z Z ;].-1] fij
i=1 =0
2 8
subjectto > > Aoy =6
i=1 =0
Z
>y =1, ¥i
=0
Liz0, Vi&j
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That is, the LP problem:

Min -0.4375A0,,-0.7505-0.9375L1:-A,4-0.9375L,-0.75L1:-0.43754. 7

0.2525,-0.5X55-0. 7505-Aou-1 .25 051 561, 75007-2A 0

subject to
1.250; + 0.5, + 112505 + 204

+3.425N,c + 450 + 6125017 + 8hs
+0.1875A; + 0.75X,, + 1.6875A5 + 3.
+ 4.6875A5 + 6.75M06 + 9.1875A7 + 12405 < 6
{ PR [Py [y [Py [ty [ gy P |

T yemt
Aoy oot hosthogtdoct s thotdzs = 1

SYHIRL SIS
l‘ij = D, l"'-._-'rl 1 & ]
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hip=0
i1 =0
iz =10
hiz=1
hig =0
5 =0
hig =0
Az =0
Pz =10

hop=0
ho1 =0
oo =10
hoz =0
hog =0

_at most TWO A’s will be positive, and |
these will be weights of adjacent grid
points!

FThe LF safution displays
the property we expect
miften the profilem is
canvex?

hos = 0.9090909

hop = 0.0909090

hog =0
oz =0

@Dennis Bricker, L. of lowa, 1938
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Xy =073k LP Solution |

=(0.73)(1)=0.73
Xg = 1.25}5.25 + 1.5}5.2.5

= (1.25) (0.9090209) + (1.5) (0.0909090)
= 1.2727

LF objective = 2.21023

Fhe safuiion oftainoed from the

precenise-finear appraximation X1 =0.7906
is reasenaldy close to the 'true” X; — 1258 |

OPILITIHIT

f(X*¥)=2.213

@Dennis Bricker, L. of lowa, 1938
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Piecewise-Linear

Approximation of

Convex Nonlinear

Separable Programs | Sisstesiestsiaaiiniaaioning

Il
Minimize Z f; (x;)
j=1

Il
subject to Z gi(x))=b,1=1,---m

1=1
Xj=0,1=1,---n




Separable Pgmg-Grid Refinement 8/22/00

13'
Given a set of p; grid points {Vk oy for Xi,
and assuming that, for eachj, f; & g are
convex functions, we obtain a piecewise-linear

approximation:
n P
Minimize Z Z £iCy) Ak
j=1 k=1
n P

subject to Z z (i) Ak = by, 1=1, .- m
1kl g

Z }‘-jk: 1, j:1,---11
k=1
}""ik:zﬂr_i:]-r"' n
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The "finer" the mesh of the grid, i.e., the nearer
the grid points, the more accurate is the piecewise-
linear approximation, generally....

But the greater the computational burden!

What is needed is a "fine" mesh only in the

vicinity of the optimal solution, with a coarse

mesh elsewhere. The "grid refinement” method

to be introduced next will iteratively select
additional grid points to improve the approximation
in the vicinity of the optimum!

@Dennis Bricker, L. of lowa, 1938
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Minimize x7- 2x; - x»

subjectto 3 x2 13 x2<6

:{13:[},:{33:[}

EXAMPLE |

Instead of initially
using 9 grid points

for each variable, as
before, we will use an
initial "rough" grid,
10,1, 2} for both x, & x;

@Dennis Bricker, L. of lowa, 1938

Refining the Grid

12




Separable Pgmg-Grid Refinement 8/22/00

Minimize -A;z - Aoz - 2ho3
| pproximation subject to
| 2hiz +8h1z 3o +12%03 <6
ri+Aiz+Ahiz=1
LP Solution: Aot + hap + Rz =1
z = - 19 =0, ¥Vj&k
Mz =1
Moz = 8o, s = Lo |

@Dennis Bricker, L. of lowa, 1938
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z=-19%
Mz =1 - = x; = (0)0) + (1)(1) + (2)(0) = 1

hp = 80, s = 1o | = 55 = (OXXO) + (1)(3h) + 2)(h) = 10

Optimal Simplex Multipliers (dual variables):
w=|-1Y9 -7, -25]

Haw can we refine the giid i.e, add additional
grid paints so as fe gel a betler approximalion
ard @ Potter soltition?”

@Dennis Bricker, L. of lowa, 1938
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It v, were a new grid point for x; , then we would
generate a new column for the tableau:

o2
Il with cost coefficient v - 2y
_ D 1
el reduced cost _ _
2y
Wi -2v1) - [—1/9,.—?/9,—2/3} 1
cost of simplex 0
variable multipliers column of
coefficients

@Dennis Bricker, L. of lowa, 1938
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reduced cost

27y
vi-2vi) - [—1/9,—7/9,—2/3} 1
cost of simplex N 0 i
variable multipliers column of
coefficients

=v-2n + (Y2 vd)+ (2] + (2] ©

Zu”ﬁz‘g"fﬂ‘z

9 9

@Dennis Bricker, L. of lowa, 1938
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Given a choice of grid points to choose from,
let's select that grid point whose column, when
added to the LP tableau, has the smallest

(i.e., "most negative") reduced cost.

Nale that this rife dees ot necessarily give us
the grid point which will yield the most improve-
ment i the approximation or the efjective fiinction.

To identity this grid point, we will minimize the

reduced cost, Hﬁ— 2y + 7 which is a function

9 9
of i

17
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Differentiating the reduced cost function

u“:fiz‘z“frfl

9 9

and equating the derivative to zero yields (in
this example) a linear equation which is easily
solved for the grid point v;:

11, _~_p -9
2'-.9.-'“ = V1=17

with reduced cost - 0.0404 < 0

@Dennis Bricker, L. of lowa, 1938
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The column which we therefore generate for the
LP tableau, corresponding to this new grid point,

15 ENa
21, 1.3388
1| =| 1

with objective coeftficient

vZ - 2y1 = - 0.96694

@Dennis Bricker, L. of lowa, 1938
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Likewise, selection of a new grid point for x, is
done by choosing Y, in order to minimize the
reduced cost of the generated column

e [ - 1!'{9, — ?!"9, — 2!'(3]

3":’22

0
1

= lys-y,+ 15

whose derivative, 254 Yo - 1,iszeroat y,= 3

@Dennis Bricker, L. of lowa, 1938
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Thus, we refine the grids:
0, %1.1,2} for x
{{] 1,35 | 2} for x;

generate the new columns for the LP tableau,
and re-optimize the LI

Minimize —}ng - }ng - 2}-@3 - ﬂ.gﬁﬁgiﬁulq - 1.5}-@4
2?\.12 +8?-..13 +3}a.22 +12?-..23 + 13388?\.14 + 6?5?-..24 <H
?\.11 + }1.12 + :*1.13 + }'ulq-: 1
?\.21 + }1.22 + :*1.23 + }@4: 1
hig 20,V j&k

@Dennis Bricker, L. of lowa, 1938
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New LP optimum |

z =-2.1584
hia =1, A1 =h2=h12=0
oo = 03570, hoa = 04430, 2oy =hoz =10

x; = 0.8182 |
%, = 12215 |

=

with Simplex multiplier vector

x=[-0.1335,-0.7884,-0.0]

@Dennis Bricker, L. of lowa, 1938
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Let's further refine the grid

e Reduced cost for grid point v;'s column is
(yE-2v1)+0.1333 (2y£ ) + 0.7884
which is minimized (with value - 0.0010) at|v; = 0.7895

* Reduced cost for grid point v,'s column is
~y2+0.1333 (3v5)+ 0.6
which is minimized (with value -0.025) at |y, =125

@Dennis Bricker, L. of lowa, 1938
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Minimize —112 - 122 - 2123 - ﬂgﬁﬁg'ﬂillq -1 .5124

- 0.95569,c - 1.25Mc
subject to

2012 4805 +3A. +124.5 + 1.3388L 4+ 6.75).,
+1.2466 Lo+ 4.687505 < 6
A+ z+ s+ +4is =1
Mot + Aoz + Aaz + dzat Azs =11
hpz20,7j&k
which has optimum -2.2137 at

ra = 0714751, A5 = 0.285249
hos =1

@Dennis Bricker, L. of lowa, 1938

x; = 0.8100 |
x;=125 |
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General Suppose that the simplex multipliers are

Scheme
T=[a , T, Ty | 1 s T2, -+ - T
L L -
R '
regular convexity
constraints constraints

FThese simplex multipirers are used by the
revised simplex method o compute the
rediced cost of a nonbasic variable.

@Dennis Bricker, L. of lowa, 1938
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Corresponding to a new grid point vy forx; is
the LP column

2 [giyp] with objective coefficient
., o
S5 | &) fj (g )
- 0 gmj('i"j)
w5 H and reduced cost function
TE | L
=21 fi(v) - > Tgifyj) - o |
el |
T g | T——

@Dennis Bricker, L. of lowa, 1938
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For each j=1, 2, ... n:

* find the grid point v which minimizes the
reduced cost function m
fi(y) - > gy ) - Tona

1=1
* if the value of the reduced cost function exceeds

some tolerance >0 in absolute value,
generate the LP column and add to the tableau

@Dennis Bricker, L. of lowa, 1938
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I[f nho new column was added to the LP tableau,
then terminate.

Otherwise, re-optimize the LI, and repeat the
procedure.

Naote that in our example, we were able (e
mininize the reduced cost fiinction analviically:
maore generally, it is necessary fe use a one-
dimensional searchl fechnigue {e.g., gelden section
seqrchl, fibonaccr searcll, guadralic interpaolation,
elc./

@lenlns voene, L. of lowa, 1938
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