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First-stage data:
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Second- st age data

Cost s:
i variable ¢
1 Y12 6
2 Y13 10
3 Y21 6
4 Y23 15
5 Y31 12
6 Y32 15
7 EX1 -4 <- excess
8 EX2 -4 supply
9 EX3 -2
10 SH1 15 <-shortage
11 SH2 20 of supply

12 SH3 30

Technology matrix T

(coefficients of X in 2nd stage) =
100100100
010010010
001001001
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Technol ogy matrix W

(coefficients of Y in 2nd stage) =
-1-1 1 0 1 0-1 0 0100
1 0-1-1 0 1 0-12 0010
0O 1 0 1-1-12 0 0-12001

(Only the right-hand-side vector is randonl)
Ri ght - hand-si des in second stage =

mean std dev
2 random
demands

a
6
7 2
7 3
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Certai nty- Equi val ent Tabl eau

Using expected values for right-hand-sides

bz123456789 1 2 3 4 5 6 7 8 9101112
01023202320 610 6 15 12 15 -4 -4 -2 15 20 30
90111000000 O O O O O O O O O O O O
3000012112000 O O O O O O O O O O O O
8000000012112 0 O 0O O O O OO OO OTPWO
60100200200-12-2 12 0 1 0-12 0 0 1 0 O
r0010010010 1 0-2-2 0121 0-2 0 O 1 O
r000100121001 0 1 0 1-1-1 0 O0-1 0 0 1

Opti mal Sol ution
Total objective function: 8

St age One: nonzero vari abl es:

i vari abl e val ue

X11
X12
X22
X32
X33

O©ooOIN Bk
NPk WWwo

Second Stage: nonzero vari abl es
i vari abl e val ue
--none—
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i Benders O] x|
Stochastic Decomposition

— Initial firzt-stage decizions

= User-supplied *  Solve 1st-stage LP
— Evaluation of scenarios

' Optimize & Approximate
— Show details?

 Yes @ No

Maxirmurm number of iterations |2EIIZI

Random number seed | 7200
10 !

OF.

# tolerance

We use the “Stochastic Decomposition” method of Higle & Sen,

which approximates Benders’ decomposition.
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lteration #1

Trial X for primal subproblens (#1) is
i Variable Val ue

1 X11 6 (using solution
2 X12 3 of the
5 X22 3 certainty-
8 X32 1 equivalent
9 X33 7 problem)
Sol ve subproblemwi th new trial x (#1)
RHS = 6.96191 10. 2626 7. 11435 (1st scenario)
Second- st age cost: 82.539
Opti mal dual vector: 15 20 25 (1st dual sol’n A)
Newl y-generated optinmality cut at iteration 1
si beta [1] [2] [3] [4] [5] [6] [7] [8] [9]
1 1 487.539 -15 -20 -25 -15 -20 -25 -15 -20 -25
S is scenario #, i is dual solution #, beta is constant
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Primal subprobl ens summary

First stage cost: 8

Second st age costs:
s Lanbda#  cost
1 1 82.539

Aver age second stage cost: 82.539
Total : 90.539

Sol uti on of Master Problem

X=630030017
First-stage cost: 33

Esti mat ed second-stage cost Q X) = -12.461
Total (estinmated) expected val ue: 20.539
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lteration #2

Trial X for primal subproblens (#2) is
' Variable  Val ue

|

3 Xi13 9
6  X23 3
9 X33 8

Sol ve subproblemwi th new trial x (#2)

Primal Subproblem Resul t:
RHS = 6. 70624 7.76354 7.56864 (2nd scenario)
Second- st age cost: 203. 043

Opti mal dual vector: 15 18 3 (2nd dual sol’n A)

Sol ve subproblemw th i ncunbent sol ution (#1)
Primal Subproblem Resul t:
RHS = 6. 70624 7.76354 7.56864
Second- st age cost: 40.0802

Opti mal dual vector: 15 20 25 (1stA again!)
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Newl y-generated optimality cut at iteration 2

si_beta [1] [2] [3] [4] [S5] [6] [7] [8] [9]
1 1487.539 -15 -20 -25 -15 -20 -25 -15 -20 -25
2 1 445.08 -15 -20 -25 -15 -20 -25 -15 -20 -25

S is scenario #, I is dual solution #, beta is constant

Aggregate cut:
beta [1] [2] [3] [4] [5] [6] [7] [8] [9]
466.31 -15 -20 -25 -15 -20 -25 -15 -20 -25
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Primal subprobl ens summary

First stage cost: 33
Second st age costs:

S Lanbda# cost
1 1 -12.4610
2 1 40. 0802

Aver age second stage cost: 13.8096
Total : 46. 8096

Sol ution of Master Problem
X=00900300 8
First-stage cost: 33

Esti mat ed second-stage cost Q X) = -12.461
Total (estinmated) expected val ue: 20.539
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lterati on #3

Trial X for primal subproblens (#2) is
' Vari able  Val ue

|

3 Xi13 9
6  X23 3
9 X33 8

Sol ve subproblemwi th new trial x (#2)
Pri mal Subprobl em Resul t:

RHS = 5.48475 5.35459 13. 8181 (3 scenario)
Second- st age cost: 160. 108

Opti mal dual vector: 15 18 3 (27 A again!)
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Newl y-generated optimality cut at iteration 3

i beta [1] [2] 3] [4] [S] 6] [7] [8] 9]
2 310.498 -15 -18 -3 -15 -18 -3 -15 -18 -3
2 263.043 -15 -18 -3 -15 -18 -3 -15 -18 -3
2 220.108 -15 -18 -3 -15 -18 -3 -15 -18 -3
S is scenario #, | is dual solution #, beta is constant

S
1
2
3

Aggregate cut:
beta [1] [2] 3] [4] [5] 6] [7] [8] 9]
264.55 -15 -18 -3 -15 -18 -3 -15 -18 -3
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Primal subprobl ens summary

First stage cost: 33
Second st age costs:

s Lanbda# cost

1 2 203.043
2 2 250. 498
3 2 160. 108

Aver age second stage cost: 204.55
Total : 237.55

Sol ution of Master Problem
X=00900300 8
First-stage cost: 18. 3896
Esti mat ed second-stage cost Q X) = 30.394
Total (estinated) expected val ue: 48. 7836

..etc.
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Summary of 200 iterations

St ochasti ¢ Deconposition

Random nunber seed used in conputation: 7200

Lower bound used in updating old cuts: O

Met hod: Subprobl ens sol ved approximately

Tol erance for distinguishing first-stage sol utions X
1.0E-1

# iterations (= # right-hand-sides sanpled): 200
# second-stage probl ens sol ved: 397

# first-stage solutions generated: 79
Best solution found is #68 wth estimated cost 46. 3373
23 second-stage problens were solved using this X

# second-stage dual solutions generated: 16
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Eval uation of trial solution # 68

i vari abl e X i]
1 X11 6. 566589
2 X2 2.433411
5 X22 3. 000000
8 X32 0. 338095
9 X33 7.661905

(Using optimality cuts as approxi mati on of expected second-stage
cost.)

First stage objective: 5.54
Expect ed second stage objective: 41. 48
Tot al : 47. 03

(Usi ng expected second-stage costs approxi mat ed
by restriction to 16 recorded dual solutions.)

First stage objective: 5.54

Expect ed second stage objective: 40. 07

Tot al : 45. 61
(Usi ng 23 eval uati ons of second-stage costs.)

First stage objective: 5.54

Expect ed second stage objective: 33. 85

Tot al ; 39. 39
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Plot of upper & lower “bounds”
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Plot of variables X12 & X32 vs iteration

10

iteration
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Plot of the randomly-generated right-hand-sides of constraints 1&2
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Suppose we were to evaluate the 1st stage solutions by solving an LP:
i Benders O] x|

Stochastic Decomposition

— Initial firzt-stage decizions

= User-supplied *  Solve 1st-stage LP
— Evaluation of scenarios

& Optimize " Approximate
— Show details?

 Yes @ No

Maxirmurm number of iterations |2EIIZI

Random number seed | 7200
10 !

OF.

# tolerance

(Same random number seed is used so that same scenarios will be
generated.)
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Summary

St ochasti ¢ Deconposition

Random nunber seed used in conputation: 7200

Lower bound used in updating old cuts: O

Met hod: Subprobl ens sol ved exactly

Tol erance for distinguishing first-stage solutions: 1.0E1

# iterations (= # right-hand-sides sanpled): 200
# second-stage problens sol ved: 5330

# first-stage solutions generated: 73
Best solution found is #1 wth estinmated cost 47.4702
200 second-stage problens were solved using this X

# second-stage dual solutions generated: 18

Stochastic Decomposition 05/08/02 page 21




Evaluation of trial solution # 1

vari abl e X i]
X11 6
X12 3
X22 3
1
Z

X32
X33

O©OoOIN k™

(Using optimality cuts as approxi mati on of expected second-stage
cost.)

First stage objective: 8. 00
Expect ed second stage objective: 82. 54
Tot al : 90. 54

(Usi ng expect ed second-stage costs approxi nat ed
by restriction to 18 recorded dual solutions.)

First stage objective: 8. 00

Expect ed second stage objective: 45. 67

Tot al : 53. 67
(Usi ng 200 eval uati ons of second-stage costs.)

First stage objective: 8. 00

Expect ed second stage objective: 39. 47

Tot al : 47. 47
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We’ll try 500 iterations with a different random number seed.:

St ochasti c Deconposition

Random nunber seed used in conputation: 7179

Lower bound used in updating old cuts: O

Met hod: Subprobl ens sol ved approximately

Tol erance for distinguishing first-stage solutions: 1.0E-1

# iterations (= # right-hand-sides sanpled): 500
# second-stage problens sol ved: 994

# first-stage solutions generated: 93
Best solution found is #92 wth estimated cost 50.5342
309 second-stage problens were solved using this X

# second-stage dual solutions generated: 18
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Eval uation of trial solution # 92

i vari abl e X[i]
1 X1 6.51181
2 X12 2.48819
5 X22 3. 00000
9 X33 8. 00000

Using optimality cuts as approxinati on of expected second-stage
cost:

First stage objective: 4.98
Expect ed second stage objective: 49. 42
Tot al : 54. 40

Usi ng expect ed second-stage costs approxi nat ed
by restriction to 18 recorded dual sol utions:

First stage objective: 4.98

Expect ed second stage objective: 44. 26

Tot al : 49. 24
Usi ng 309 eval uations of second-stage costs:

First stage objective: 4.98

Expect ed second stage objective: 43. 91

Tot al : 48. 88
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