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Lonsider a multi -stage decision process
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transitions |

Xivg = Hi(X4, Y5)
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Minimize éN F.(X.Y:)
1=1

subjectto X, =Y, (X,)Y;), i=1,2, ...N

If the objective function F, is quadratic in X and Y, and the
transition function Y. is linear in X and Y (the "QC/LD" case),

we have a closed-form solution for the problem.

Otherwise, we can try successively approximating the problem by
a QC/LD problem.

(Successive approximation of a convex constrained programming
problem by a linearly-constrained quadratic programming
problem has been a very successful approach in nonlinear

programming.)
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Successive Approximation Algorithm (SAM)

Step 0: "Guess” at a decision sequence Yy,Ys,... Yy
Step 1. Use the transition functions together with
the initial state X, to compute a trajectory

%1 %o, R
Step 2. Compute @,(X,Y;) , its gradient V&(X,Y;]
. 7 S

1.e., q)i[XiJYi]a q)i[xi:Yi]
X aY;
and its Hessian matrix ?%JE,?], e,
2 2 2
? > P X5, Y5, ) ;XY ), & ) > P X3, Y ]
dX] dXdY; Y]
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(SAM, continued)

Step 3. Approximate the cost at each stage by the

faylor series expansion about
up to & including the quadratic terms:

P = v Ty, OP

®, (X, Y) =D, (X, Y + X, Y; X - X+ — (X3, Y3 ) (Y- Yy
ax; Y,
+ 1 Gl X, Y X - X%+ 9° &, (X, 701X - XiI1Y;- Y4
5| 3X? %17 a a |
KAl AT A
—o7 Ko Y3 Y- Y,/
1

QC/LD -- SAM page 5 D.L.Bricker




(SAM, continued)

Step 4: Approximate the transition function
by a linear function:

¥ .—
X1+1 ? (XI!YI) ""? (XI:YI) Tl
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(SAM, continued)

Step o Use the closed-form solution to the QC/LD
problem to compute the optimal decisions

Y, Yo, ¥, .. Wy

Step 6: Use the transition functions, together with

initial state X; and decisions ¥, Y5, ¥s, ... ¥
to compute the new trajectory

/X\i+l =¥ (/X\i,/Y\i) 1=1,2,3,..N
Step /7 If the t;a\r*mination cr“iter“ion/js not satisfied,
let X =X and ¥ =Y, and return to

step 2.
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EXAMPLE

Minimize Y| + X4+ Y4+ X3

subjectto 5
Xip1=X71+4Y;,1=1,2

X1 =2

.

Yi=-1,Y,=-0.1
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APL Code for the Criterion Function

Number of stages: N = 2

QC/LD -- SAM

Objective Function |

Z«T FN XY

A

fA Objective Function for SAMDP
fA

Ze(D 1 100TI=EY[11*4

-0 IF N<T

ZeZ+(1 1 OOITI=EY[21*4

page 9
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APL Code for Gradient of Criterion Function

G<T GRADF XY
M

A Gradient of objective function for example problem

M
Ge(0 1 10 [0TIx4=xEY[11%3

=+Last IF N<T ¢ GeG,0 < =0
Last:GeG, (1 1 O)[TIx4xEY[2]1%*3

QC/LD -- SAM page 10
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APL Code for Hessian Matrix of Criterion Function

H«T HEGSSIAN XY

fA
fA Hessian matrix for objective function
A of examnple problem

fA

He2 2p0

H{1:;11«¢C0 1 1)[0TIx12=xXY[11*2

=0 IF N<T

Hi2;21«(1 1 O)[TIx12xXY[2]1*2

QC/LD -- SAM page 11
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APL Code for Transition Function

Z«T PHI XY
fA
A Transition function for examnple problem

M
Ze(EY[11*2) + 4xEY[Z]

APL Code for Gradient of Transition Function

G<T GRADPHI XY
M

A Gradient of transition function for example problen
A
Ge(2xXY[0110,4

QC/LD -- SAM
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ITERATION #1

QC/LD Approximation at:

1 1 2 3
011 2 O 0.4
¥rii®1 "o.1 0

Objective function value 15 1.0257

A
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aolution of QC/LD Approximation 1s:

fr11 3 & 3
Xri1 2 0 “0.267185 |
Y011 71 "0.0667%964 O -

sum of 1¥Y-Y'l = 0.0332036
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Iteration 2 |

QC/LD Approximation at:

1 1 2 3
X011 2 0O T0.267185
Y1171 ~0.0667964 O

Objective function value 1s 1.005812

A B C D E F G H K
0 0 6 0 12 7 4 4 ~4
0 0 0.02677 0 0.003576 0.0001393 0 4 O
0.428328 0 0 0.1525%1 O 0.0152888 0 0 O

colution of QC/LD Approximation is:

1 1 2 3
X011 2 0O T0.17847
Y1171 "0.0446175% O

oum of 1¥Y-Y'l = 0.0221788
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QC/LD Approximation at: Iteration 3 E

Xril1 2 0 ~0.17847 netlieabdeteteli
Y[1171 ~0.0446175 O
Objective function wvalue 1s 1.00102

T A E C D E
0 OQEO 0 GEOQ OEQ 1.2E1 %
1 OEO 0 1.19444E-2 OEO 1.06586E73 &
2 1.9111E-1 O OEO 4.54765E-2 0EOQ :

2.77409E75
3.04358E73

G
7EOQ 4
0
0

solution of QC/LD Appgox%mation is:3
1
i1 2 0 “0.119212
¥Y[11°71 ~0.0298029 O

oum of 1¥Y-¥Y'1 = 0.0148146
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QC/LD Approximation at:

XrCi1 2 0 “0.119212
¥Y0i171 ~0.0298029 O
Objective function value 1s 1.0002

Iteration 4

T 4 B » D E
0  QEO 0  BEO 0OEOQ 1.2E1 9
1  O0QEOD 0 5.32928E-3 0OEO 3.17656E 4

2 8.52684E-2 0  OQEO 1.35533E°2 QEOQ

solution of QC/LD Approximation 1s:

1 1 2 3
£[11 2 0 T0.079629
¥Yril1"1 "0.019%073 0O

oum of 1¥-Y'l = 0.00989565
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Since § Y - Y| is less than the tolerance (0.01), the algorithm

terminates.
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