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fet Xy =state of system at stage i COMEIIONS |
Vi TE S S

Y: = decision at stage i ~  LMEREES :

General QC/LD problem |

H
Minimize > {AX? + BXY, + CY?+ DX; + EY; + F; }
i=1
+ AH+1K%I+1+ DN+1 }{N+1 +FN+1

subject to
}{14.1 - Gi}{i + HiYi + K—i ' i:2,3,- --N

=0 L. Bricker, L of 14, 19499

IF|Derivation of Solution for Simpler Version

x| Closed-form Solution of General Problem

iI|Example APL Output

IF|Certainty Equivalence

@0 L .Bricker, L1, af 14, 1999
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Let § begrn with a simpler version of the probfem:

[
Minimize s {AXZ +CY2 ) + Anet Xae

=1

S Sl T e

where
:‘i1+1 = Gj?’ij + Hﬁj, 1= ,---N

LTS ENRETICS |

Assume A0 & 220 Convexiti |

&

=0 L. Bricker, L of 14, 19499

DX ) — =<
Dy K, o) 6 N —F
(I)s( Ksﬁs)% S
i:I}th(:\"j~|*~|—1 :H\'fN—J% T %f{
D ny ) = —=

@0 L .Bricker, L1, af 14, 1999
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Cand gl \diie
Fiarel i

Yi( X) = minimum cost of the remaining process
If 1t starts stage 11n state X

= minjmunn [AXZ +CY2 + Vi (G + HY )Y

i=1,2,...N
Vo (X = fﬁﬁmﬂ;ﬁz

@0k L Bricker, U. of 14, 1999
Fae propient @i Lne /850 siage.

Vi %) =mjn LA+ O+ Vi ( Gy X+ HigY D)
=m}jn {ARXZ+ O 2+ Agar( G+ HiY )
=min (ANXZ+ O+ Apya 07 2

+ 2An Gy Hi XY + Ape Hig )

@0 L .Bricker, L1, af 14, 1999
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Vn(X) =min [ANXZHCNY? + Bpyay GE X2
+ 2B Oy H XY + AR HRY )

Sl Fhe pariial geriegiive of he minimandg ool {0
FE,

2CnY + 28n41 GuHN X+ 280+ HEY = O
Ane OnHNX
Cnt At HA

= |V =-

=0 L. Bricker, L of 14, 19499

v~ AreiOnHi®
Ont A1 HR

F5 F NN TS 7FIHe second FeriiFiive 15 posiiilve,
fe., i ,
Cy +AN+1HN 0

Wi Wee WeRi SIS,

@0 L .Bricker, L1, af 14, 1999
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Substituting V= _ A1 G Hpg £
Ot Ayt HR

e ANKHCNY? + Ay GR X
+ 2 CrgHN XY + A HE Y

IS

=0 L. Bricker, L of 14, 19499

Wil ) ) =

2
A2 + Ol P‘NHGNHN? ¥ A GEX2
CN‘hﬂnNHHN

# DA GrHy X - DO
Crt AnrHiy

|

+ AnsiHA - ANHGNHNE
CN'FP\NHHN

@0 L .Bricker, L1, af 14, 1999
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2 22
Vi (%) ={,ﬂ,N+ A5 - HNHGNHNE ]ﬁig
Cry+ Ap+1 Hiy

Vi (%) = Py X2

Note that NN 75 @ quadrsiic function of X, 25 was

Vi1 (X)) = ApaiX?

=0 L. Bricker, L of 14, 19499

e can now wse My (X)) fo fnd Ny (XD
Fhe same Formiiias Wil resull, axcent hat
Py replaces Pyer, Aoy resfaces By, eic

N"*’ff&l—l(?"i): PN-]KE

Wiere 5 5 12
Pr-1 = Anot + PnGiL; - pNGN—1HN—E1
Cpi-1+ PrHi-

ani gl decision,

@0 L .Bricker, L1, af 14, 1999
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Clearly, we can repeat this procedure to get
Voo (0, Viges (40, L o000, W, ()
where in general,

V(3= Pix?

2 22
CitPinHY |

v = _ _Pinlidi
Ci+PisiHY

=0 L. Bricker, L of 14, 19499

Example | Oiveninitial state %,

select ¥y, ¥», and ¥z Lo

Minimize Y4 + 12X%5 + 2Y5 + 2%2 + Y2 + j:ﬁ

where ><2=1—><1 +1—“‘f’1
/ 6

1 Xz = 3%, + ;—Tg
Lq = 4drz + ZY=

e

@0 L .Bricker, L1, af 14, 1999
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Minimize Y5 + 1255 + 2¥5 + 2K + Y5 + l}_::{i

where Ho =]—H1 +1—‘r’1
2 5

Y Wz o= I +;_vg
Ha =4z + 23

."r:'".]: OJ C]:1J G]:PEJH]:1f5
= Pr=12.  Cr=2, Gr=3, Hp=lr
H‘ﬁ-@: 2, 03:1, 83:4, H3:2

=0 L. Bricker, L of 14, 19499

Vi(X)= Pix?
where Pi= A+ Py G -

Backward Computation

@0 L .Bricker, L1, af 14, 1999
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E H‘.”1( wi=P i

= 2 ~202 |

2| where Pi= A + P1+1G1-2 _ PG Hig

= v PisiGiHi g

g

g .:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:
P, =12+ 4(47) - AUA - =6

=0 L. Bricker, L of 14, 19499

V(%)= PiX?

2 ~22 |
where Pi= A+ P1+1'312 _ PG ng

Pir1GiHi
Ci+Pia HP

P =0+ 36(1L)F - s - %
1 + 36 [1/5]2 J
v, = - BONANE) __ 3
| 1+ 36 (14 | 2

@0 L .Bricker, L1, af 14, 1999

‘T“:_

Backward Computation

page 10



Quadratic Criterion & Linear Dynamics 8/21/00 page 11

Optimal value: ¥, (X)=95 x> =v,(2)=95 22 = 18
Mow perform a “forward computation

Given X, = 2,
| }j‘ Xo=1h X + 1 H‘ﬁ:]/z}

:’Y] - 3
/2 SV (S

— }’-:3:3%2"']/2?2:] — Aq = 4z + 2V
— H“1;3:_:‘"’):3:_1 =7

=0 L. Bricker, L of 14, 19499

General QC/LD problem |

H
Minimize > {AX? + BX,Y; + CiY?+ DX, + EY, + F, }
i=1
+ AnaXf + DyaXpa  +Fua

subject to
}ii+1 = Gi}ii + HiYi + Ki . i:2,3,- ..N

Using the same method as before, we can derive
closed-form expressions for the optimal value
and decisions,

&

@0 L .Bricker, L1, af 14, 1999
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Cndnmal alue Function |

I:Bi+2Pi+1'GiHi] :
4 I:Cl + Pi+1H12:|
Qi = Di + 2P KiGy + Q1G4
' (B+2P,,GH,) (E+ 2P, HK Q.. H)
2(Ci+Py, Hf |
R; = F; + Py iKY +Qu1 KRy
(Eq+2P;, HK#+Q;, Hj)?

By = Ay 4[C; + Py, Hf]

ViX)=PX{ + QX + Ry

whers Pi= A+ Py GF -

=0 L. Bricker, L of 14, 19499

Cptimal Decisions |

(Bi+2P;,GH) X + Ej+ 2P, HiK;+ Q4 Hy
2(Ci+Py. HE

Y, = -

@0 L .Bricker, L1, af 14, 1999

page 12
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APL output

where
A4L11 = ecosfficient of X[11*2 D11 = ecosfficient of X[11
BL1l = e¢ocefficient of X[11xYL11] EL1]l = ¢cosfficient of ¥IL11
CL1]1 = eosfficient of YWL11+2 FI[11l = <onstant

Cost of final stage: 0.26xX[HI1*Z + O=E[N]I + 0

&

=0 L. Bricker, L of 14, 19499

Transition data |

1 (3 H K
O (0.5 D.166666GAAT O
1| 3 0.5 0
2 | 4 2 0

There

L1411 = CGL11=E[11> + C(HCOI1I=¥L11) + EKIL11

@0 L .Bricker, L1, af 14, 1999
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Optinmal decision YIL11d (BL11=X[11» + TL11

Dptinal wvalue WL[1l CPL11=E[11%2dy + (QLI1=XK[11» + RI11]

=0 L. Bricker, L of 14, 19499

A011
and

YILil
at stage 1

ctate variable,

decision variable,

Optimal Cost: 18

&)

@0 L .Bricker, L1, af 14, 1999
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H Certainty Equivalence \I

Consider the following stochastic version of the
QC/LD problem, with a random additive term Z;

in the linear dynamics (transition equation)

H
Minimize > {AX? + BX,Y; + CYZ+ DX, + EY,; + F; }
i=1
+ AynXf + DXy +Fua
subject to Xy, = GiX; + HiY; + Z;, i=2,3,...N

&

=0 L. Bricker, L of 14, 19499

Transition Equations |

King = GiXi + HiY; + Z;

where Z; ,1=1, 2, ... N are independent random
variables, with

E(Zi) = pyi
VariZi) = -::Ii2

we assume that Y, must be selected fefore the
random variable Z; i1s obserwved.

@0 L .Bricker, L1, af 14, 1999
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Define an optimal walue function:
Wi = minimum expecied cost of the remaining

process, 1f we start stage 1 1n state X, and
have not vet learned the value of Z;

=0 L. Bricker, L of 14, 19499

Wl(}{} - Pl}{lz + Qixi + Ri
wlere
P;= A;+ Py Gf -

[Bi+2Pi+IGiHi:| ‘
4 (C; + Py, HE|
Qi = Dy + 2Py G + Q4 Gy
[Bi +2 Py Gy Hi] [Ei +2 Py Hi by + Qi Hi]
2 [C1+Pi+1H12:|
[Ei +2F Hip Q44 Hi] 2
4 [C; + Py, HE|
) 2P GiH;X + 2P Hip+ Qg Hy
2{CitPy HY |

R;=F; +P1+1[H12+512] Qi Pt Ry -

Optimal |
Decision

Yi:

@0 L .Bricker, L1, af 14, 1999
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The closed-form solution to this stochastic
problem is identical to the deterministic
version of the problem with K; =E[Z:] = 1
except that the equation for R; differs by

a term P, o¢

The value of R; does not enter into the
computation of the optimal decision Y;,
however.

=0 L. Bricker, L of 14, 19499

Certainty Equivalence

The optimal policy for the stochastic
problem is the same as that of the
deterministic problem, with the random
variable replaced by its expected value.

(The cost of the optimal policy is increased,
due to the different formula for R;, reflecting

the cost due to randomness.)

@0 L .Bricker, L1, af 14, 1999



