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Algorithms for

Min—-Cost Metwork Flow
Froblem

¢ Primal Simplex Method

¢ Qut-of-Kilter (primal-duval) Method

advaniage. can easty re-optimize when costs

femat same but stpnlAdemand changes
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We will apply the primal simplex method

to the minimum-cost network flow problem,
but (as was the case with the transportation
problem) without pivoting in the full tableau.

Questions to consider:
* How is basis matrix represented?

* How is simplex multiplier vector computed?
* How is change of basis accomplished?
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The columns of the node—-arc incidence matrix
corresponding to the arcs of a crcle are
linearly dependent.

Example
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Example 1 1 0 0 0 0 -
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Theorem
A tree containing m nodes contains m—1 arcs
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The Mode-Arc incidence matrix of a tree is,
after rearranging rows &/or columns,
fower [rigngular
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Recall: rank of node-arc incidence matrix of
a network is < m (¥ nodes)
rank of node-arc incidence matrix of a
spanning tree 1s m-1
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Any basis matrix of the node-arc incidence matrix
15 the node-arc incidence matrix of a spanning tree,
plus the column for the artificial variable.

The lowear-trangtiar basis matix means that AP xg=b

can be sofved by forward substitution foger xg =[AF [' b
e wilf actiialy snnfament this withotit saxnicily witng the

slyetfam of eguiaiions
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Compuling the Easic Solution
(flow in the "rooted” spanning tree)

N
7 4
T

Eeginning at the ends of the tree, assign flows
until vou reach the root,

basic fows

shiown i bold
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Xz =7 oand Xs.=6

Update "supply” at
node 3 and “"trim”
arcs (1,3) and (3,2)
from the tree,

Mode 315 now an end.
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Trim (3,4), leaving
hode 4 as an end,

Flow in root node 15
ZEro,
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Expressing a nonbasic arc as a
combination of basic arcs

To write arc (2.4) as
a combination of basic
arcs:

(rhecessary (o make a ohange
af basis e, piral)

Inserting arc (2,4)
into the spanning tree
creates a cycle

@D L.Bricker, ). of lowa, 1938



Network Simplex Method 10/2/00 page 18

. The columns corresponding to the

2 .
- arcs of a cycle are linearly dependent
- (2,4 (34 (32)
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i order fo select |
nonbasic varable |

Pricing sonbasic Arcs to enter the basis |

Reduced cost of (i,j)is Cij — Zij, where

£ij =cost of combination of basic arcs which is
equivalent to nonbasic arc (,])

what 1s the reduced
cost of nonbasic arc
(2,47
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Arc (2,4) = Arc (3,4) - Arc (3,2)

50
£p4= L34 C3p = 4-2=2

and reduced costis Coy-Z,y=3-2=1>0

Ao (2 shoulant |
eirler fhe hesisd |
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Pricing Doesn't require expressing|
~onbasic Arcs nonbasic fow as

{“'.Zf.,.*? DTS2 G0 il cambination of basic fow

Reduced cost of arc (i,j) = Cij - w Al
= Cij — Cwy = wy)
where w15 vector of Simplex Multipliers

and A is the column of the node-arc incidence
matrix for arc (i,j)

AW CEN WS comiide Bhe Srmnies Mitinfiers
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Computing Simplex Multlipliers
w = Cg(AP)"
ie., wh'=Cq

or  wy —wy =Cy for each basic arc (i,])

Because of the fact that the basis matrix is

(possibly after rearranging rows &/or columns)

lower triangular, these equations are simple Lo
solve for w,
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Cw, =6
Wi, = 7
& Wy = 4
Ly = (O
Feduced Costs:
arc (1.2) 1 -(6-2) = | megstive rediced |

cosE nieates s
Fo oo Fhe basis

arc (2,3); 3 -(2-4
arc (2.4), 3 - (2-0
arc (4,1): 1 -(0-6

)
)
)
)
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Choosing the Arc to Leave the Easis

Sunpose that e 757
s fo gnier the basis, Fe,
the tree,
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Rock=RBottom
Discount Stores

B kB
demand
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An initigl fasis (rooled spanning frees
-3

demand
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BAsie saliilion.
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LIl g L Sunnni e LR ers Wy =0
W= = 1+ W'
W4 = d + iy =
Wi =5+ Wi
W=+
simpiex 3 6
il Epiiars | efc.

For each basic arc (i,j), W; — W, = Cj;

Start with "root”, assign arbitrary value O,
and work vour way to the ends of the branches,
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G ling Reauced Cosis E‘j = i~ (W — Wj]l

Sy
FTRAE T

1 -(5-5)=1 30 |
Cue =3-(5-9)=7 >0 Negative! 4re (5 <)
D _(Q-5) = -2 <0 == should enier basis
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Agding a0 (5, 4 i the free
Wl creaie F Clere,

frorease low in (5, 40 610 g
icrement M

AT E Qlier FiowWs sround Le
e,

DRENIGT e For O TS 8

L8 SIS OF FIOWS Dl

Gecregsed. Arc (6, 7 isgves
e hasis,
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Fe ney fasis (rooted
SO TEs

Thus, one simplex iteration 1s completed.
The algorithm continues until no negative
reduced cost remains.
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SHTR X

As we iraved away from the root node loward the ends of

e Armrcher,
if we go npsirean, i we go downsirean
Dij Dij
W=7 Wi ko w o= W known
add cost Wi:wj+ﬂij SUbU’HCtCGSt:Wi:Wi—ﬂi]‘
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Evw using a variant of the simplex method
known as the "upper bounding technique”,
it 15 possible Lo handle easily the more
common network problem in which there
are upper &/or lower bounds on the flows
in the arcs.

M URT (upper Boigufing techpigiie), 4
ronbasic variabie may be gither at the
fower or pper boupud.
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