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MDP Replacemen t 8/20/00

Machine Replacement Problem

At the beginning of each month, a machine is
inspected and classified as:

1) Good as new

2) Operable, with minor deterioration

3) Operable, with major deterioration

4) Inoperahle
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MDP Replacemen t 8/20/00

Machine Replacement Problem

After determining the state of the machine,
a decision must be made:
1} Keep the machine another month
2) Replace the machine with a new machine
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MDP Replacement 8/20/00

Machine Replacement Problem

A replacement machine costs $3000,
minus trade-in value:
$1000 if in state 2
500 if in state 3
0 if in state 4

Monthly operating costs are $100, $200, and
$500 for a machine in states 1, 2, & 3,
respectively.
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MMMMM placement 8/20/00

Machine Replacement Problem

Survival probabilities

to: State
from: i 2 3 4
1 0.75 0.1875 0.0625 0
2 — 075  0.1875 0.0625
3 — — 0.75 0.25 |

State

What 15 the pplimal replacement polrcy s
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name

Good as new

Minor deterioration
Major detericration
Failed

k| -

Actions

kK|l nams

=T
Eeplace
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MDP Replacement 8/20/00 page 7

Cost Matrix

K|l nams 1 2 3 4
1| Eeep 100 200 ROQ  QgaQ
2 Replace]| 9990 2100 2600 3100

(Rows ~ actions, Columhs ~ states)

A waluse of 9999 ghove sighals
an infeasible action in a state.,

rinciudes cost of operating the new machine,
decision s to replace/
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Transition Probabilities B

Action: Replace |

AOWs Sre Jeniicsl SIce SR
FTROMTRST B GIRS WLl 5 oW ITRECIIS,
reganiess oF el comaiiioe
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MDP Replacement 8/20/00 page 9

I'="| Linear Programming Approach

I'=| Policy Iteration Method
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Linear Programming Model

HBhpat 18 the polficy which minimizes the
AVEFALe COST-mOniR n steady starer

N
Minimize > CEX¥
=1
where

X:‘ = probability that machine is in state #1
and decision *k i1s selected

&
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MDP Replacement 8/20/00 page 11

|LP Tableau |

Min| 100 200 2100 500 abh 00 3100

0,25 0 .75 0 0.75 0,75 0
“0,1875 0 0,25 0.81=25 0 00,1875 TOL18Y7R ([ 0
T0L.0625 T0.1875 0 TO.0625 0 0,25 0.9375  T0.0625 | 0

1 1 1 1 1 1 1

}i:“ = probability that machine is in state *1i
and decision *k is selected
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MDP Replacement 8/20/00

fortial policy: Feep tuntif

Iteration O ¢

LAe macrne farls
DASIC ko k * +*
k- 11 2 1 2 2
i: 1 2 2 3 ] dq rhs
Hin 00 541 .4p3 0 ~304.878 ] “R4R .78
1 0 “A.04878 0 “1.17073 0 0. 202873
01 1.95122 0 “1.17073 0 0. 202873
oo O.7e0488 1 2.73171 00 0.317073
oo O.317073 0 0.6037R 1 O.0a7hR1

Mitial hEsie ie .:?f?,i?mﬂf &)
1~state, Kk~actlon SEECEING O DESIC \arianle
For egoh sigle,
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MDP Replacement 8/20/00 page 13

SEeF Sl Fe GISLrTaGLion
PESUIEING T LIS POl

Iteration O

Policy: (Cost= 548.78

atate Action Piiz
1 Good as new 1 Eesp 0,.292683
2 Minor deterloratlon 1 Keep 0.2926873 F
3 Major detericration 1 Eesp 0.317073 F
4 Falled 2 Eeplace 0.097561 B

@D, Brcker, ). of lowa, 1338



MDP Replacement 8/20/00 page 14

Choose a cofimn Raving negative reduced cost,
and enter it it the basis:

basic %k %k 4 *
k: 11 2 1 2 2
i: 1 2 2 3 3 L rhs
Hin 0 0 541 .463 0 ~304,878 0 “Hh48 .78
1 0o ~2.048782 0 T1.17073 0 D.292683
. 1.95122 0 B W] D.292683
00 D.780488 1 o0 0.317073 B
00 D.317073 0 b1 D.0978a1

choose pivol row, minimum {U.Sl?ﬂ? 0.09756 }
ﬂ;’;’;ﬁ Eiﬂﬂfﬁfﬂﬂ 2.7317 ' 0.60975

= 0.31707 _p 116071

2D, Bricker . of lowa, 1392 2.7317



MDP Replacement 8/20/00

ITteration 1

* %k * Xk
E:| 11 2 1 4 2
1:( 1 2 2 3 3 4 rhs
Hin 00 628.571 111.607 0o “h13.393
1 0 71.714209 0.428571 0 O 0.428571
01 2.28871 0.428571 0 O 0.428571
00 0.285714 D.366071 1 O 0.116071
o0 0.142857  T0,223214 0 1 0.0Z267845

i1~state, Ekwaction

}<§ has replaced X% in the basis
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MDP Replacement 8/20/00 page 16

Iteration 1

Policy: (Cost= 513,393 3

aLate ACTion Pii:
1 Good as new 1 Eeep 0.428571
2 Minor deterioraticon 1 Eeep 0.428571
3 Major deterioraticon 2 Eeplace 0.116071
4 Falled 2 Eeplace 0.0267857
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¥k ik

k: 2 1
i 2 3 rhs
Min B28.671 111.807 “H13.393

2.28871 0.428571
0.285714 0.366071

i i Y O AN

2
3
0
71429 0.428571 0
0
1
0

e nlal olall il L
S oSS (k|
1
'_‘l.

T T T
[
=
=]
L
e |
=

0.142857  T0,223214

i~state, kwactlon
Keduced costis are nonnegalive. .,
Lhe oplmalily condition 18 satisfred!
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MDP Replacement 8/20/00 page 18

Optimal Policy

artate Action
1 Good as new 1 Eeep
2 Minor detericration 1 Eeep -
3 Hajor detericration 2 Replace g
4 Falled 2 Replace
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MMMMM placement 8/20/00

Poliey Iteration Method |

I'="| Average cost per month

I Present value of all future costs
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MDP Replacement 8/20/00 page 20

Machine Eeplacemnsent Example %

rLate Action
1 Good as new 1 Eeep
2 Minor detericration 1 Eeep
3 Major deterioration 1 Eeep 2
4 Falled < Replace |
grREy = 548.78 1 Vi
1| 3000
21 71541 .46
3 T19h 122
4 0
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MDP Replacement 8/20/00 page 21

Machine Replacement Example |

Policy Improvement Step: Evaluation of alternate actions

otate #2, Hinor detericoratlion

current Polley: actlion #1, Keep
grRI+VICRY = TO02.683

SR T WESITIETE ST
k| name ! AT _

S Fofrered L)l
1| EKEeep Toa2 aE3 0 - ' T '
5| Replace|-451.22 541.463 ARG SOLION I
e 1 -E‘ ."{? FA= N -ff i -ﬁ‘ =

C'IK]
ACLE]

cost 1f actlon K 1s selected for one stage
Improvemsnt (if =00
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MDP Replacement 8/20/00 page 22

Machine Replacement Example |

Policy Improvement Step: Evaluation of alternate actlions

otate #3, Hajor deterioration g

Current Policy: action #1, Keep
JURE»+WIcREY» = 353,669

E| name ! AT
1| Kesp 353.659 0 : _
2| Replace| 48.7805 ~304.878 | =gy moreve

ment

cost 1If action K 1s selected for one stage
Inprovemnsent ¢if =0)

C'LE]
ACLE]

@D Furl~wll ~F s 4 mmm
e
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MDP Replacement 8/20/00 page 23

Machine Replacement Example |

atate Action
1 Good as new 1 Eeep
2 Minor detericration 1 Eeep :
3 Major detericration 2 Replace p ;
4 Failed S Replace | all new policy

afve Peferminalion

gCEy = 513.393
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MDP Replacement 8/20/00

Machine Replacement Example |

Policy Improvement Step: Evaluation of alternate actions

current Polloey: actlion #1, EKeep
JeRY»+V1ICEY = 71115H.18
SR T WESITIETE ST
kK|l name ! A0 _
S Fofrered L)l
1| Keep “1115.18 ’ - - s
2| Replace| =486 .507 628.571) CAREIHIRG FOLION T

e e ————— i sisia

C'IEk]
ACLE]

cost 1If action K 1s selected for one stage
improvensnt 1f =0
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MDP Replacement 8/20/00 page 25

Machine Replacement Example |

Policy Improvement Step: Evaluation of alternate actions

Current Policy: actlion #2, Eeplace
JrR»+VICEY = 13.3929

SR HTHAO TR T T
k| name ! AT o

S Foimered )
1| Keep 125 111.807 - : i .
2| Replace| 13.3920 0 CHRETGIT FCLION I
e T -E‘ ."{? .'? 5 5 -ff -LE‘ -ﬁ‘ l_'T._I

cost 1f action kK 1s selected for one stage
inprovenent ¢1f =<0

C'IEK]
ACLE]

fhe current policy
KA s anpfimal!
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Minimizing:
Present value of all future costs
1.e., MDP with discounting is used.

Assume a rate of return of 1.5% per month
(18% per year)

p=—1 =1 -0985222
1+r 1.015
That is, the present value of a $1 cost next month
is $0.985222
el
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MDP Replacement

8/20/00

LBLS DEgqin Wikt & 1Lial pofic)e
Kean qmachine dniid 7 TS
re, K=000F NS

atate Action

W D I =

Good as new 1 Eeep
Hinor deterioratlon 1 Eeep
Major detericoratlon 1 Eeep
Falled

2 Replace

Discount factor
irate of return

@D, Brcker, ). of lowa, 1338
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MDP Replacemen t 8/20/00 page 28

Cetermin

Solve the systermn of equations:

VilR)=CP' + B pBviR) v ieS
=0

@D, Brcker, ). of lowa, 1338



MDP Replacemen t 8/20/00 page 29

[ 0.75 0.1875 0.0625 0
0 0.75 0.1875 0.0625
0 0 0.75 0.25

L 0.75 0.1875 0.0625 0 _

PR =

viiR) = szi+ B2 pﬁi vi(R) ¥ €D
1=

@D, Brcker, ). of lowa, 1338
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vi(R]:C}{i+ BZ Pi‘i vi(R) o ieS
18 :

v, = 100 + 0.98522 (0.75v, + 0.1875v, + 0.0625v)
v, = 200 + 0.98522 (0.75v, + 0.1875v; + 0.0625v,)
vy = 500 + 0.98522 (0.75v5 + 0.25v, )

v, = 3100 + 0.98522 (0.75v, + 0.1875v, + 0.0625v5)

Solution;

@D, Brcker, ). of lowa, 1338
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MDP Replacement

8/20/00 page 31

That is,

So0,067 .40 invested at 1.5% per month

interest would sufficient to pay all future
operation and replacement cost for the machine,
if it is initially 1n state 1, 1.e., "good as new”
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Folicy Improvement

Policy Inprovemsent Step: Evaluatlan of alternate actions

State #2, Minor deterloraticn |

current Polleyw: actlion #1, Keep

Evaluate alternative action: #2, Replace

] ]:‘:Ij_ I:i. L L
vi= )+ BZ pf‘j Vi 1= ki =/
]

@D, Brcker, ). of lowa, 1338



MDP Replacemen t 8/20/00 page 33

' ]:‘:Ij_ Ii . — P
vi= O+ BZ pf‘j Vi =2, k; =2
]

v, = 2100 + 0.98522 (0.75v; + 0.1875v, + 0.675v3)
= 2100 + 0.98522 (0.75x35567.4 + 0.1875x36960.8

+ 0.0625x38299.4)
= 37567.40
That 15, 1f we are initially in state 2 and replace the
machine, but thereafter follow the original policy K,
the present value of all future costs is $27,567 .40

@D, Bncker . Or 1owa, 199
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8/20/00

Folicy Improvement

page 34

k.  name W AV

Esep JBR60,8
Replace| 37h67.4 BB .62

V'i(ky = total discounted cost 1f actlion k is selected for
one stage, & current pollicy 1s followed thereafter
AWk = inprovensent ¢i1f =<0

Since v, » v, the current policy for this state
should not be changed.
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Policy Improvement

atate #3, Major deterliorati

current Pollow: actlion #1, Eeep

Evaluate the alternate action: Replace

k.  name W AY
Eeep 38200 4 g

Replace| 38067.4 ~232.035 |

Since ws< ve, 1.8, Avs=vz— vz < 0, the policy 1n this
state should be changed to “replace”
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MDP Replacement 8/20/00 page 36

Value Determination |

Diseount factor 0.985222
(rate of return = 1.5%)

WE W nLate Action
. . 1| Good as new 1 Eeep
ﬁ?ﬂf?f}f- 2| Hinor deterloration 1 Eeep
3 | Hajor deterioration 2 Replace
4 [ Failed 2 Replace
1 Vi
New preseni
1133799.4
valves. 2 |35128.6
336299 .4
4 | 36799 .4
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Folicy Improvement

State #2, Minor deterioration |

Current Polloy: actlion #1, EKeep

k. namne v AW

Eeapn

Eeplace

W'i(ky = total discounted cost if action k is selected for
one stage, & current policy 1s followed thereafter
AWk = 1Improvemnsnt ¢1f =00

fhe policy for s stale should nol be changed.
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Policy lmprovement |

current Policy: actlion #2, Eeplace
k. naine V! AN

Eeep Jh3ga.1 ga . 709
Eeplace| 36299.4 i

total discounted cost 1f action K 1s selected for
one stage, & current pollicy 1s followed thereafter

inprovensnt ¢i1f =<0

VKD

AV KD

fhe policy for s stale should nol be changed.
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MDP Replacemen t

No improvement is possible, so the
current policy:

8/20/00

e b

is optimall

@D, Brcker, ). of lowa, 1338

Good as new
Minor deterioration
Major detericration
Failed

[l e el el

REeplace %
Replace g
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