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As an alternative to dynamic
programming (DP), a knapsack
problem can be solved by fhe
branch-and-bound approach.
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Let's use an example to illustrate the branch-and-bound

approach to solving knapsack problems:

Randomly Gensrated Problem Cgeed 53544162
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This knapsack problem can be formulated as an
integer linear programming problem:

Maximize 6X,+ 10X, + 12X, + 11X+ 9X-+ 12X,
subject to
45, + 17X+ 14X; + 16X, + 9X .+ 20X < 39
X;e {01}, 3=1.2,...0
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LP Relazation &

If we replace the constraint X; € {0,1} with 0= X;=1,
that 15, we allow fractional values for the variables as

problem.

Eecause the feasible solutions of the LF Relaxation
include the feasible solutions of the integer knapsack
problem, the optimal value of the LP Relaxation must

be at &f fegsf 85 farge #5 the optimum of the integer
problem.

fTAEE Fa TP e §ilaw Freciions of Flems o fe facluged i Phe
AnsnFscs s&5 WeEfH 58 Whels Figmrs, e o&8 Fo & fessl s& WELF
&g genarsiiy falilars)
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LP Relaxzation

The LP Relaxation is very easy to solve:
® Compute, for each item, the ratio of (value/weight)
® Sort the items according to this ratio, in descending

order item Ualue  Ueight Ratio

i W L K )

1 3] 4 1.5

5 =] a 1

3 12 14 n.257143
d 11 16 0.6375

3] 12 20 0.6

2 10 17 0.558235

® Fill the knapsack with as many whole items as possible
beginning at the top of the sorted list

Flgins 5, S8E T FEGIINE ST WWHIE GF 1he sYSIIsSIE T aTIs 8 canscTiy
s Fesyas il FE RS WARCH I8 el anaggis Far Flanr & et an 1as IS



Knapsack.BB 8/19/00 page 7

® Fill the remaining space availlable in the knapsack
with a fraction of the next item on the list, namely
the ratio of availlable space to weight of the next
item, 1.e., k
CAF -2 Wi
]=

Wik+1)
where k 1s the number of whole items placed in the
knapsack, and Wiy is the jth item on the sorted list.

Mg eNEmale, BRI OTiNg Whe FRrsl Mves Flamms o e Fist fE
LIS GF CERECTIG FEMET, Whia The nanl Flamr an the Fisl (Tl S
AEE & el aF fa Therslors We o5 el SLF aF Flamy & i thg
AATETE SR



Knapsack.BB 8/19/00

LP Relaxzation

LF Eelaxation

of Knapezack Problem

Bandomly Generated Problem Czeed 53544160
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Total walue of knapegack contenta?® 2625
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A )
1.5 1
1 1
0.257142 1
0.6375 n.75
0.6 1]
0.552235 1]

CThiz iz an upper bound on the optimal integer solutiond
Bovnding down yields value 27, which iz a lower bound

on the optimmmn.

Nalice the LONER SOUNG Lhsl 7s B
FEEFIY Gl STHET S FOEING Gan b
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We will use both these upper & lower bounds in the
"branch-&-bound" algorithm:
* the lower bound & its associated integer solution in order

to get "good" solutions to the problem, the best of which

will be optimal
* the upper bound in order to elitninate some new "subproblems”
which are created by "branching”. ( Subproblems not
eliminated will give rise to further subproblems by branching,
so that the quality, or "tightness” of the bound will determine

how much effort will be required to solve the problem.)
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We begin with the
original problem,

Branch-%-Bound Algorithn
0-1 Enapzack Problem

calling it "subproblem"” 1

Randomly Generated Problem Czeed 53544162

+++Subproblem # 1 .

1 By solving the LP

Jo:

JF: 1 2 3 4 5 6 relaxation, we get both

Fractional aolution: zelected items = 1 5

3
pluz 0.75 of item # 4
plug 0.75 of upper & lower bounds

Bownding down yieldsa walune 27

= indices of items forced into the knapsack (¥; = 1)
= indices of items forced out of the knapsack (¥ = 0]
indices of items free to be selected or rejected (X €{0,1})
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We will begin to construct a search tree, with a node

representing subproblem 1:

Select #1,3,5 + 75% of 4
LE: 27 UB: 25.25
We now have a feasible solution, with value 27, and we
know that the optimal value cannot exceed 35.25
(e cfemiiy simce He valies of 1he imnaiviaiiad ilems are inleger
we fiow el we canmnol sl 7 walie grestier e J50
The feasible solution becomes our "incumbent” solution, the
best solution known thus far, and the one for other
candidate solutions to "heat"
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select #1,2,5+ 72 o0f 4
LE: 27 UB: 35.23

We will "branch” by creating two new subproblems, using
item #4 as the "branching” variable:

® in one subproblem, item #4 15 FORCED INTO the knapsack

® in the other subproblem, item #4 15 FORCED QLT OF the
knapsack

Select #1,3,5+73E 0f 4
LE: 27 UB: 35.23

:“:4 = 1
g & gl e frrwd of iase 5 subnroliams

ST 5 G Rosieone Enharins e
olhar
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Clearly, either X4=1 or X4= 0 in the
optimal solution, so that the better
solution of the two subproblems will
be the solution to the original problem.

Faal 15 3P e Fnd e besd Kngnssck Conlenls wils e soved
reslrrclion 8asl we inciide tiern . s
Lo Besl KRsnssok comlanls wils he saded restrciion thst
we onnd e £

Lo aplprsl conlernls mrist be the balior of these fwo
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We solve the LP relaxation of subproblem #2:

1] + Mas 6X F 10K A 125 495 122 B
s.b X 1R A 1R e 2 g 39-16=23
U= 1, 1=1,2356

Ll i |

+++Subproblemn # 2

Ji: 4

Jo:

Jr: 1 2 2 5 hA z

Fractional zolution: zelected itemsz = 1 4 5
pluz 0.714286 of item # 3

ralwe = 234.5714
RBovwnding down yields value 26

Select *1,3,5+75% of 4
LE: 27 UB: 35

fig =1 ﬁ TRl ?

select #1,4,23+ 71.43% of 3
LE: 26 UB: 34
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Select #1,3.5+ V5% of item 4
LB: 27 UB: 35

Faq =1 ﬁ FRCibET

select #1,4,2+ 71.43% of item 3
LE: 26 UB: 34

At this time, we don't have the solution of either of the new
subproblems, and since the upper bound of subproblem #2 is
better than our incumbent (which is still the first incumbent
with value 27), it is possible that subproblem #2 might vield
a better optimal solution than the incumbent.

page 15
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Select #1,3.5+ 70X of item 4
LE: 27 UB: 35

H“ =1 ,& Fraciiinafianl

select #1,4,5 + 71.43% of item 3
LE: 26 UB: 34

Hz=

mince we haven't been able to
either solve or otherwise
eliminate subproblem #2, we
again branch, by forcing item 3
either INTO or OUT OF the
knapsack.

Node Basd o subhoeaiiian T B
SOTH flems 7 &g < &g
Fonmad falo 1he ABSREECAY
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solve the LP relaxation of subproblem 3:

23 + Max BX + 1 0W o+ 0H et | 24,
paodubproblen # 3 St 4K+ TH+0K e+ 20K < 30-16-14=0
L2 s & O<¥y1,j=1,2506

Fractional zolutioni: gelected itemz = 1 3 4
pluz 0.555556 of item # 5
ralue = 34
RBovnding down yields value 29
*AhAx HEYW IHCTUMEENT! #***

Select #1,35+ 75F of item 4
LE: 27 UB: 35

:"’:4:1

Select 1,45+ 71.43% of item 3
LE: 26 UB: 34

Hz=1

Aaiioe LHEF e
Farinlignt hes Hean

FELIECET iy & SEllar
FEssiiie sakind it

select #1,3,4+ 252.6% of #5
LE: 29  UB: 34

C Famciarnfiail
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Select #1,3.5+ 73% of item 4
LE: 27 UB: 35

:“:4:1

select #1,4,2+ 71.43% of item 3
LE: 26 UB: 34

select *1,2,4+ 556% of #5
LE: 29  UB: 34

Frctaiiant

Since subproblem 3 isn't
eliminated, we bhranch once
more!

page 18
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When we solve the LP
relaxation of subproblem 4
we get an integer solution
(which happens to be
better than the old
incumbent!)

S0 subproblem #4 is now
solved, and we need not
branch further from it.

++3+Subproblem # 4
:TT'lu 3 4 8 Select items
JF: 1 2 B 3,4, &5
Integer zoluticond zelected items = 3 4 5 LE = UB = 32
Values 32 \3
¢

ok HEW IHCTREENHT! #k

:“:4:[]

Flaeitrmdiass
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We aren't finished, of course,
since we still have three
subproblems that we created
and have not solved,

Let's now consider the one
most recently created, and
call it subproblem #3:

A gig GF s oS e Sansioersd
HEND, L FSTmnliries Boatbesning”
P& COAETEEN BENT Mg mast recenl iy

CFEST AT S ST

page 20

LE = 32 \3
FrcLiniat
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Solve the LP relaxation of
subproblem #35:

+3+3+Subproblen # 5

Ji: 2 4

Jo: ]

JE: 1 2 6

Fractional solutiond gelected itemes =1 2 4
pluz 0.25 of item # &
raluse = 33

RBovnding down yields value 29

e Subproblem & § fathomed.

Notice that the upper bound is no
better than the incumbent; this means
that we can eliminate {"fathom") this
Sselect 1,2,4+ LB = 32 \3
?

subproblem, and need not solve it! e ot
LE: 20 (UE; 32) APcumbes
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since both "descendants” (the
two subproblems created from
the subproblem) of subproblem 3
have been "fathomed”, we have
the optimum solution of

We next consider subproblem #6,
which has item #4 forced INTO the

knapsack and item #3 forced OUT. e o
A M

Fmciirnfignl
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Solve the LP relaxation of
subproblem #6:

+++Subproblem & &

Ji: 4

Jo: 3

Jr: 1 2 5 B

Fractional zolution: zelected itemz = 1 4 5
plus 0.5 of item # 6
ralue = 32

Bovnding down yields walue Z6

Select 1,45
Apain, because the upper + 30% of *6

bound is no better than the LB:26 UB:52 e o
R N

incumbent, we can fathom this subproblem
AR



Knapsack.BB 8/19/00 page 24

If we could now fathom subproblem o
#7, we'd be done. Hq20 Wy =1
Unfortunately, it's upper bound
is better than the incumbent, so
the optimum of

subproblem #7 might ?EE]IE; n?i? 2

be optimal in the LE: 27 UB:34 e
original problem! P

+++Subproblem & 7

Ji:

Jo: 4

JE: 1 2 3 5 6B

Fractional zoluticnd! zelected items =1 2 5 Hh‘_,Jf -Hh;_,Jf

plus 0.6 of item # 6

ralue = 34.32 LB = 32
Bovnding down yields walue 27
Fmciirnfignl
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Select 1,385
+ B0E of #6
LE: 27 UB:34

We branch from subproblem #7,
creating two new subproblems.
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solving the LP relaxation of
subproblem #8 vields an upper
bound which is no better than
the incumbent, s0 we can
fathom the subproblem.

RETETIIES, FINCe ThE
antimal veive is intagar, ||

7 cont e ATE Slthough [
e L5 saiulion is X5 14|

+#++5ubproblen # & =elect 1,3,6 's™
[Shkar Shan + 42 8% of #3 :
Jor 4 LE: 27 UE:22

Jr: 14 2 3 B
Fractional solution: selected itemz = 1 5 6

plus 0.428571 of item # 3 LG: 32
value = 32.1429 5
Fownding 4 ield lue 27 .
LY SOWTL fLElE TN Frcniant

& Subproblemn # 2 fathomed.
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We next solve the LP relaxation
of subproblem #9, the only one
remaining unfathomed in the
tree; unfortunately, we cannot
fathom it, since the upper

. W=

bound exceeds the incumbent. *s=0 A=l 3
Select 1,3,5 = N

444 Subproblen # 9 + 70.0% of #2
i: LE: 27 UB:34
Jo: 4 B
Jr: 1 2 3 &
Fractional solution: szelected itemz =1 2 5 LE: 32

pluz 0.705382 of item & 2
ralue = 34.0533 ) 5
Founding down wields ralue 27 ArctamdiEd
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We must branch from subproblem #9,
creating two new subproblems.

Select 1,35
+ 70.5% of #2
LE: 27 UB:Z4

:H:E =0

Frcdsriiie -3
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++3+Subproblem # 10

Ji: 2
Jo: 4 B
JF: 1 32 B ,':{4:0 }:,'4:1

Fractional zolution: selected itemz = 1 2 6
plus 0.642357 of item & 3
ralue = 22.7143

Bowading down yieldaz value 25

& Subproblem # 10 fathomed.

Subproblem #10 is fathomed
because its upper bound is
no better than the
incumbent.

Frcdsriiie -3
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#+3Subproblem # 11
Ji:
Joz 2 4 B
JI: 1 2 5
Integer zolution? sgelected items =1 2 5
Value= 27

#eeSubproblem # 11 fathomed.

#¢cSubproblem # 9 fathomed.

e 5ubproblem # 7 fathomed.
«e«Subproblem # 1 fathomed.

Finally, subproblem #11
15 fathomed (since it has
an integer solution, which #z =0 Az=

is not as good as the o o
incumbent). Since no N N
subproblems remain, we

are finished! FHEtiTI T -3



