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In the classical Assignment Problem , we must
find the least-cost, one-to-one assignment of

n jobs to n machines:
m n
Minimize > > {jij}{ij

i=1 j=1

subject to .
. Egidy mseiine ie
Z }{ij =1 foralli FEstaned SRl one
j=1 Jobi
m
z Kij =1 forall ] LTk fod 5 sasigned

o SmE RSN

._.
[
—

Xy €40,1} foralli & j
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Suppose that job ] reguires @;; units of
processing time on machine #i, which has a total
of b; time units available.

n

Then the constraint Xy =1 foralli
j=1
which says that exactly one job is
assigned Lo machine #i

il
is replaced by 2.a; X;<h; foralli
=1

which says that the total time reguired
Lo process the jobs assigned to machine
#i cannot exceed b;, the time available.
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Thus, the Generalized Assignment
Problem 15
m n
Minimize LXK ST ST LS
i; ]; o the SYeIishia
EERECTY GF

subject to ity ot
. ARSI T IS
zai]-}ii]- = bi fﬂl‘ I:?I_ll 1 % LT
=1

m SECH FOL ST

> Xy=1 forallj & & osaigned to

i=1 EXFETI G
FRSCAGE

X;£{0,1} foralli &j
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Example.

4 Jobs must be processed, each on one
of 3 machines which are available

DG{TQ’.‘ _ hrs
Job: ] 2 3 4 | available
1 8 o s 7 15
tnachine: 2 3 2 B 4 2
3 5 < i 8] 12

o
Time
Reg'd (hrs)
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Data:

The cost of processing a job wvaries, according
Lo the machine to which it 15 assigned:

job: 1 2 3 4
1 15 15 20 16
tnachine: 72 10 o] 15 10 C{JS‘T

3 12 12 18 13
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Minimize 18K11+15H13+2DK13+16}!{14 +1U}{21+9K22+15H33+1D}{24
+12}{31+12}{32+1 8}{33+13}{34

subject to
6X11+4K12+9H13+?}i14 < 15
X +2 X0 X 4 Xy = 8
O P KON, £ 12
Kll +}{21 +}{31 =
X1z +Xz2 +X32 =
}{13 +}{23' +}{33 =1
X14 +X 24 +Xag =1

X;e{0,1} foralli &j
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Lagrangian [Eelaxation:

Lagrangian relaxation 15 based upon the fact that,

if we relax (ignore) one set of constraints of the
GAP, the problern that rermains is much easier to
solve,

@0 L. Bricker, LLof [A, 1993

page



////////////////

The assighment prablem is
an LP with the property that
every basic solution is
integer.. so that AP is very
easy to solve!
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i the case of Lhe Generalized Assrgnment
Proffem, nol @lf basic solulions are infeger—
valied, so thal solving the proffem with the
nfeger resiriclions jgnored, 1.e., 85 an L F,
generalify vields a non-infeger solulion

{7.e., jobs may be split between Iwo or more

machines. 7
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- we refax Lhe machine avariabifily
canstrainis, owever, he probfem that
remains 15 rafher irivial fo solve.

m n
Minimize 2. 2. Ciy
i=1 j=1

subject to
J i EEEH Fol is?

> Xy=1 forallj £—" he SEEIGEET 1o

o1 ENEOTRY e
FRSCHINE

Xy €40,1} foralli & j
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i Lagrangian Kelaxalion, we a551gn
Lagrange Mulliplier ™ Lo every refaxed
consiraint, and sirrd the consiraint lo
the vhjeciive.

-

l-l Y
2. Ajj Kij - b;
j=1

-

Minimize

m
2. CyXy + 2. Vi

j=1 i=1

ANYE

I
—

1

subject to
] SECH FOl ST

}{i. =1 forall ] &—" & FREIGHES G
L ENECIN GRE
HIECHTRE

NS

—
1}
—

X;€40,1} foralli & j
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fhis simplifies {o

m
[ th Z minimum > (Cjy+ a;v;) X
Jo=t i=1
subject to
E&CA ol s

m
Z }{ij: 1 forallj e L SEFIGHES 16

ENEOUN Ghe
HRSCAE

X;€40,1} foralli&j
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That 15, we must assign every job to exazci/y one

machine, but we can ignore the machine capacity
constraints.

The solution 15 obviously Lo assign each job to the
machine which can process it most cheaply.
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Consiger aur examplie G4F5.

Generalized%
Assignment §

Fraoblem

wdde Example GAP dodek

Costs
Machine Jobs
1 1= 3 4
1 18 15 20 1n
2 10 a 15 10
3 12 12 18 13
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Eesources Used

8/19/00

Hachine Jobs Avalilable
1 1 =2 3 4 b
1 kR 4 9 7 15
2 3 2 B8 4 2
3 E 4 7 B 12
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Lambda = 0.75 .~ ISrFEl YEINE & SIERSISE JEIEMETET
Target £« = HQ Fa S saienl anliminsiian oF gusl

Iteration & 1

Hultiplier wvector U = 0 0 0
Dhjective function of relaxation:

Jar

1 2 3 4 "
% R RS CESE GF 85 B
= 118 15 20 1a : - :
£ 3010 "o 15 10 jﬂiffﬂﬁﬁﬁﬁﬁhﬁ?%
% 2112 12 18 12 SRGET CAEERTY S

SRS

Dual wvalus 1s 44
YVariables selected from GUE sets are:

2 2 2 2
Eesources used are: 0 15 0, (Avallable: 15 8 122
mrubgradient of Dual Okbjective 1s ~16H 7 712
htepsize 1s Q.09183367
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Iteration # 2

page 19

Iteration # 2

Multiplier wvector 0 = 0 0.642857 0
Dhjective function of relaxation:

jat

. 1 2 3 4

£ 1/18 15 20 16

@ 2(11.928/ 10.2857 18.8571 12.5714
£ 3l12 12 18 13

Dual wvaluse 1z 47,6420
Variabhles selected from GUE sets ape:

2 2 3 2
Eesources used are: 0 9 Y, (Avallable: 15 8 123
aubgradlient of Dual ObJective is 15 1 76
otepsize 15 1.76706
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Iteration & 3

Multiplier wector T = 0 2.41071 0
Objective functicon of relaxation:

S
¥ 1 2 3 4
% 1(18 15 20 16
B 2(17.2321 13.8214 20.4643 10,6420
£ 312 12 18 13

Dual wvaluse 1z 25,7143
Variahles selected from GUE sets are:

33 3 3
Eesources used are: 0 0 22, (Avallakle: 15 8 122
aubgradient of Dual ObJjective 1s “16 78 10
ofepsize 1 0.065331
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Iteration # 4

Multiplier wvector U = 0 1.88807 0.65331
Dhjective function of relaxation:

jab
1 2 3 4
15 a0 16

LB642 12,7761 26,3284 17,5523
L2666 14,6132 22,5732 16.9199

SSRGS

118
2|15
3115

Dual wvalus iz 41.0984

Uariaglgsisflected from GUE sets are:

REesources used are: 16 2 5, (Avallable: 15 8§ 122
pubgradient of Dual Objective 15 1 "6 °7F
htepsize 15 0.07763
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Bual Ghreclive

10

1 2 3 4 ]
fHerafromn
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Integrality Property

A Lagrangian relaxation exhibits the “Integrality |
Property” if, when the integer restrictionis |
relaxed, the resulting problerm will still possess
an integer solution,

The optimal value of the associated Lagrangian
dual problem, 1f the Lagrangian relaxation has

the integrality property, 15 identical to that of
the LF relaxation.
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/

m x" il m
L i=l Joi= _ i=1
subject to

m
> Xy=1 forall]
i=1

Xy € 1i & j

O0<X;<1 foralliéj

[his L agrangian refaxalion dqoes exfiibil the
ntegralily Froperiy .
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Consider again the original GAF.

m n
i=1 j=1 Phe sEEiishis
EERECTY GF

subject to g Gy
. ARSI T IS
23Xy < b, forall 1% s
=1

m SECH FOL ST

> Xy=1 forallj & & osaigned to

iz1 Exsoliy ang
FRSCIITE

X;£{0,1} foralli &j
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Before, we relaxed the machine resource constraints,

Suppose that we relax instead the Multiple-Choice
(GUB) constraints: .
Z X;=1 forallj

This gives us the Lagrangmn Relaﬁatmn

."

Minimize z Z II::1]}{1] + Zu Z}{l] ]
i=l j=1 i=1 i=1
ST SRS PSR
subject to n . Phe svEiiahis

2azX; <b; foralli %____f’ CERSCILY &7

i=1 MRECHINE T IS

LEEE
X;e{0,1} foralli &j
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The Lagrangian Relaxation mn no {m y
Minimize 2, > CyXy+ 2u[ 2 X - 1]

=1 j=1 =1 i=1
subject to | . /

Zau}{ <h; foralli

xijs{ﬂ,l} for all i & j
15 rewritten

S (Cy + w)X,

=1

ME

n
(- 2.u) + Minimize
i=1 i
subjectto =« )
2azXy <b; foralli
=1

X, €{0,1} foralli &j

[
—_
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This separates into one knapsack problem for each

machine:  Minimize >(C;+ uX,
=1

n
subject to zai.}{i]. < b,
j=1

]
X, €40,1} forallj

From the sum of the optimal values of the knapsacks,
we then subtract =

2"

I

to get a Jewer bownd on the optimum of the GAP.
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Consider our example GAF again.
Iteration # 1

Current multipliers:
i: 1 2 3 4
WwLil: O O O O
aolving knapsack problems:
Machine #1 SIBCE WE FEVE

NO itens e |
Hachine #2 FEFENET IS FERiE - :

HO itemns man? thel asch jalr |
Hachine #3 he sasigned to &

HO items P

dddk Dtal value is O ddek
(Improvemnent: 9993

# of times Jobs are assigned: 0 O Q0 0
hubgradlient of Dual ObJjective 15 1 1 1 1

htepsize 15 11.25

SECH IR B
WFEF e incressad |
ST EGET S
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Iteration # 2

current multipliers:
i: 1 2 3 4
wiil: 11.25 11.25 11.25 11.25
aolving knapsack problemns:
Hachine #1
HO itemns
Hachine #:2
Alternate optimal solutions:
aolution #1: items 1 2
aolution #2: 1tems 2 4
Hachine #3
HO itemns

ek Diral walue 15 41,5 dedkk
CImprovemnsnt: 41,562
£ of times Jjobs are assigned: 1 1 O 0

Subgradient of Dual Objective is 0 0 1 1 ARILIDI S 108
ntepsize 1s A.93760 Jetis TE S TR

g fReressss
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Iteration # 3

current multipliers:
i: 1 2 3 4

wril: 11.25 11.25 18.1875 18.1875

aolving knapsack problemns:
Machine #1
items 4
Machine #:2

items 2 4

Machine #3
items 4

FEMEr frviind? WSS Wa aais st

wdeke Nimal value 1s 41,0625 ddek
CImprovenent: ~0.4375) —
# of times jobs are assigned: 0 1 0 3 AR E e P
oubgradient of Dual ObJjective is 1 0 1 "2 ol S Wi B

otepsize 1s 2.3671°9 tﬁﬁ?ﬁﬁFﬁiJTﬁﬂPE
phase For jols |
L& T inoressed |
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Iteration # 4

current multipliers:
i:= 1 2 3 4
wliil: 13.6172 11.25 20,5547 13.4531
aolving knapsack problemns:
Machine #1
items 3
Machine #:2
items 2 3
Machine #3
items 1 3

Falrar frgiiied

wdeke Nimal value 1s 46,3435 Ak
CImprovenent: H.28126)

# of times Jjobs are assigned: 1 1 3 0
aubgradient of Dual ObJjective is 0 0 72 1
otepsize 1s Z2.04844

R RTTEE B
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Iteration & 5

current multipliers:
i 1 2 3 4
wLil: 13.68172 11.25 16.4578 15.5016
aolwing knapsack problemns:
Hachine #1
HO i1tems
Hachine #2
items 1 4
Machine #3
items 1 4

ek [ral walue 1 43,5801 dedkk
cImprovensnt: T2.75469)

£ of times Jjobs are assigned: 2 0 0 2
aubgradlient of Dual ObJective is 71 1 1 71
otepsize 1s 3.07705
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