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2=Maehlne | We wish to sequence # jobs,

each requiring processing on
machine #1, followed by
machine #2.

Flewy Shep

Pjj = processing time for job 7 on machine #;

makespan = total amount of time required to
complete processing of all /2 Jobs

Chreciive: Sequence the jobs so as Lo minimize
the makespan

D0 .Bricker, U, of |4, 2000
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JOB

Processing time (hrs)

Machine #1 Machine #2 =
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Suppose we schiedule Lhe jobs for
the seguence {1,2,3,4,5,6}

makespan |

Machine [
# 1

H h R ey e B DA
ac 2lnE N Eﬁ 5| Py sl

..... .-l"ﬁ.-l‘:l"

02 & 12 18 25 20 34
9 26

Can we reguce he makespan By cRanging
the segquence of the jobs?

D0 .Bricker, U, of |4, 2000
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seguence {1,2,3,4,5,61}

Job Hachine 1 Hachine 2
1 s f s 1
1 )] 2 2 8
2 2 o a 12z
3 g 18 18 25
4 18 20 29 34
A 29 36 36 48
4 36 40 4 hH4

g = start Ttime, £ = finish tine
Makespan = 54

D0 .Bricker, U, of |4, 2000
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Johnson's || —an optimizing algorithm for
Algorithm scheduling the Z-machine flow

shop, assuming that ne passing
is allowed (i.e., jobs are processed in the same
sequence on both machines)

-construsts a sequence by gmwmg it from both
ends (front and hack]

D0 .Bricker, U, of |4, 2000
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Initialize S=5,=@ and I={1,2,3,..n}

Find minimum {pi} = p--
=], jei1 2] LR = Py

¢ If i =1,then Sy = Su,1 (i.e., append job i to
" the beginning of the sequence)

Otherwise (e, ] =2),5=1,%.e., append
job i to the end of the sequence)

Remove i from I IfI=@ then go to step 1.

Else the optimal sequence 15 S=5,,5;
o =

Example

D0 .Bricker, U, of |4, 2000
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50=51 =& and
[={1,2,53,4,5,6]
Minimum p;;
1S Py
Therefore,
S=111,5,=0&
[={2,3,4,5,6}

D0 .Bricker, U, of |4, 2000
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Minimum py;
iS5 Pas
Therefore,

S5=t111, 5, ={2}
[={3,4,5,6]

D0 .Bricker, U, of |4, 2000
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Minimum py;
i5 Pg
Therefore,
5(]:{ ] ,El}
S, =121
and

[=13,4.51

D0 .Bricker, U, of |4, 2000
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Minimum py;
s Py,
Therefore,
Se=11.61]
5,=14.2]
and

[=1{3,5]

D0 .Bricker, U, of |4, 2000
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Processing time i
Minimum pi; | JOB] Machine 1 Machine 2
IS Pgy = Pxp

Therefore,
S,=(1,6,51
5,=135,4,2]

and [ =&

IR I

D0 .Bricker, U, of |4, 2000



Flowshop 8/19/00

Optimal Seguence = {1,6,5,3,4,2}

Job Hachine 1 Hachline 2
1 s f s f
1 i 2 2 g
B 2 B g8 16
5 B 13 16 26
3 13 22 26 33
4 22 33 33 38
2 33 40 40 43

s = start time, £ = finish time
Hakespan = 43

D0 .Bricker, U, of |4, 2000
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Optimal Seguence = {1,6,5,3,4,2}

[

2]

D0 .Bricker, U, of |4, 2000
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3-Machine @ Special conditions under which
Flow Shop Johnson's Algorithm can be used
. to minimize the makespan:

¢ All jobs are to processed on Machines #1,2, &3
in that order

¢ [ he processing tirme on Machine #2 1s dominated
either by the time on Machine #1 or Machine # 3.

either mMin {pii} = max {pis}
ar min{piz} = max {pis}

&

D0 .Bricker, U, of |4, 2000
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Processing Times (hrs)
JOB Machine A|Machine B|Machine C
1 10 §) 7
2 8 2 §)
3 5 2 10
4 6 6
0 0

Froressing LNes on MEchine = gre
Fonngied O\ Fhose an maciine 3

5=min{pi1) < max {Pizj =6
5 =min{pizf = max {piz} =6

D0 .Bricker, U, of |4, 2000
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Application of - Define two "dummy”

Johnson's Algorithm | machines, 1" and 2,

to 3-Machine Problem | with processing times
Pipe = P Piz
Hioe = Piz T Piz

Applv Jofinson's Algorithim o the
Iwo—machine profbfem willh these iwo
UMM MICRINEs. 178 resuliing sequence
Is opiimal 1or he S—machine profb/em.

D0 .Bricker, U, of |4, 2000
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Loy " Machine Hata:

MACHINE
JOB T >
1 16 13
2 10 8
3 7 12
4 12 13
5 13 13
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Johnson's Algorithn

Thre=e-Hachine Problemn

Two "dummy machines" are deflned:

Processing Timnes

1 1 2
1 16 13
2 10 8
a 70012
4 12 13
5 13 13

The sequence found by this algorithm is: 3 4 5 1 2

The sedquence 1s guaranteesed to bhe optimal!

D0 .Bricker, U, of |4, 2000
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Cptimal SeRedide:

Job Machine 1 Machine 2 MHachine 3

g = start time, £ = finish tine
Makespan = 48

D0 .Bricker, U, of |4, 2000
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ODptimal Seguence:

Makespan = 48, bedquence: 3 4 b 1 2
1 Z 3 4 =)

D0 .Bricker, U, of |4, 2000
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Compare with an arbitrary seqguence:

Makespan = bd, bedquence: 1 2 3 4 5
1 Z 5 4 5

L L R Ly S AR RN
ARG RRIAY :

RIS

9 0§ 15 20 25 3 3 4 45 5D

:i:::::i W

WWW///A

D0 .Bricker, U, of |4, 2000
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Fandom Jok Sequencing Problem (M

h Joks, 3 Hachines

Processing Times

6620200 |

FTIes O
fEFCAHINE 2 Fre
AT aroeminaied
& ertiher
mEchine Foor S
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Johnson's Algorithm |

Threse-Hachine Problen

Two "dumny machines" are defined:

Processing Times

The sequence found by this algorithm is: 1 2 4 5 3
Mol gquegranieed [o be

ol
D0 .Bricker, U, of |4, 2000
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SR e FOLNT BV LORRS0R S AlGori L.

Eandom Job Sequencing Problem (M=h, N=3, seed = BRZ0Z00
Makespan = 90, hedquence: 1 2 4 6B 3

1 Z 3 4 =)

D0 .Bricker, U, of |4, 2000
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SR e FOLNT BV LORRS0R S AlGori L.

FRandom Job Gegquencing Problem (M=h, N=3, seed = a6Z0200

Job Hachine 1 Hachine 2 Hachine 3
1 s 1t s £ = f
1 0 B B 7 7013
2 B 22 22 29 29 45
4 22 28 29 48 48 Bl
] 28 44 48 /0 k1l 78
3 44 &Y B BY 78 90

g = start time, £ = finish time
Makespan = 90

D0 .Bricker, U, of |4, 2000
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—suggesied b fongll & Schrage

Suppose that the first r jobs
in the sequence hawve been
tentatively fixed:

=112 I}

Denote by J. the set of (n—r) jobs not yet

sequenced.

Let TIMETCJ, ), TIMEZC J,), and TIMES( J. ) be the
times at which machines 1, 2, & 3 (respectively]
complete processing the jobs in Jg.

D0 .Bricker, U, of |4, 2000
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Lower Bounds on makespan of all completions of the

partial sequence J.

Makespan 1f the
Jobowith shortest
TIMEL(J,) + 2 Pi1 + 1]:1111{ P12+P13} processing times
il icl; on machines 283
need not wait

Makespan if the job
TIME2(J;) + 2 - Piz + 111111{ Pi3}  withleast time on
1cJ; i=J; machine #3 need not
walt

Makespan 1f no job needs to
TIME?}(JI-) + Z_ Pi3 walt for machine #3
i=J;
D0 .Bricker, U, of |4, 2000
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ﬁ J08| Machine Processing Time]
Example % . 1 = - %

1 12

Suppose

2
5
Jiy=11] 1
&

- ' TIME2(J;) = 26
5 i TIME3(J;) = 39

D0 .Bricker, U, of |4, 2000
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Jy=111 J08| Machine Processing Time|

TIME3(J;) = 39 1 2 3
12 13

4
5 | 5| 3) ]
1 20 2 t6
)

1

TIME3(J,) + 2 pi3

iclJ;

1 1

P 1 " Lower Bound #.3;

3 1224 & 29+ 0 =40

D0 .Bricker, U, of |4, 2000
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TIME2(Jy) = 26

TIME2(J,)

+ 2 piz2 + min{pia}
icl; icl,

JOB

Machine Processing Timej

1

2

3

O N |

1

o — 20 s

l 1

14 26

D0 .Bricker, U, of |4, 2000
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20

1

1.3

Lower Bound #2;
26+ 26+ 1=53
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Ji=11] J0B

Machine Processing Timej

TIMET(J) =14

1

2 3

TIMEL(J) + 2 pig

iclJ;
+ min{ pi2+pia}

14
g
1

6

12 1.3

20 | 2 6
1 )

14 29?130 71

D0 .Bricker, U, of |4, 2000

Lower Bound #1;

14+ 15+ (1+1)=231
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Branch-and-Bound || Branching will be done by
Algorithm for

choosing the next job to be
3-Machine added to the end of sequence J;:
Flowshop Problem

........... J1‘+1 — Jlr'“uJ {ir+1 }

...................... for each pDSSib]E_
value of 1.4 € J;

D0 .Bricker, U, of |4, 2000
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Branch-and-Bound
f-Jok, d-machine

pedIen clng Prﬂblem%

Eandom Job Gegquencing Problem (M=h, H=3, seed = 6620200

Tsing Johnson's algorithm, Job sequence i1s: 1 2 4 5 3
Makespan 1s 920, our orliglinal iIncumbent.

e now begin the branch-4&-bound algorithn

ek New Incumbent: 89 ek
campared {o

Optimal sequence is 1 4 2 3 5

G Hne s LA s e s S 1= 120
tolal seguences
{F4 257

D0 .Bricker, U, of |4, 2000
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Cnfimal Schedule

Fandom Jok Sequencing Problem (M=h, N=3, seed = BRZ0Z00

Job Machine 1 Machine 2 Machine 3

g = start time, £ = finish tine
Makespan = 89

D0 .Bricker, U, of |4, 2000
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Cplimal Scheduie.
Makespan = 89, hedquence: 1 4 2 3 5
1
0 mn .
: :': : :lﬁ 111 1 1 : 111 1 1 - :
1 . R b
b
E : 'I"I"I"I"I'I'I"I'Y'I"I'Y
¥ i

D0 .Bricker, U, of |4, 2000
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Branch-and-EBound
h-Jobk, F-machine

D TIen C1ng Problemﬂ

Random Job Gequencing Problem (M=h, H=3,

page 37

seed = ARZ20Z20)

Osing Johnson's algorithm, Job sequence 1s:
Makespan 1s 90, our original lncumbent.

We now begin the branch-#-bound algorithmn
aubproblen number 0: J=
Rubprobklem numkber 1: J= 1
Completion times: 6 7 13
Lower bounds: Y6 64 71
aubprobklem numnker 2: J= 1 2

Completion times: 22 29 4h
Lower bounds: Y6 79 8Y

D0 .Bricker, U, of |4, 2000
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J=1{1}
LB's 76 6d 71

Ji={30 Ji={4

Ja={1,2} Jaz
LB's 2=
7H 79 87 11,5}
\_JE: JE:
1,31 1,4

D0 .Bricker, U, of |4, 2000
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aubproblen number 3: J= 1 2 3
cCompletion times: 35 42 &7
Lower bounds: 86 B6 837

aubprobklem numnker 4: J= 1 2 3 4
Completlion times: 41 61 74
Lower bounds: 86 90 91

--- Fathomed by bound ---

aubprobklem numker 5: J= 1 2 3 5
Completlion times: 51 63 80
Lower bounds: 89 95 03
--- Fathomed by bound ---
--- bubproblemn 3: Fathomed by enuneratlion --

aubproblen number 6: J= 1 2 4
Completion times: Z8 48 61
Lower bounds: Y6 79 90

--- Fathomned by bound ---

D0 .Bricker, U, of |4, 2000
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Ja=

Jz= 11,30 {1 4
1,23}
LB &7

n_.lq_

1,234

LB91 [ 4 4=11,2,3,51

LEgS

D0 Bricker, ot 1A, EIIIIII
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aubproblen number T: J= 1 2 5
cCompletion times: 38 O BY
Lower bounds: Y6 B8 92
--- Fathomned by bound ---
--- bubproblem 2: Fathomed by enuneratlion ---

aubprobklen numkber 8: J= 1 3
Completlion times: 19 Z6 38
Lower bounds: 80 77 84

oubproblen numnber 9: J= 1 3 2
completion times: 35 42 53
Lower hounds: 86 86 858

aubproblem number 10: J= 1 3 2 4
Completion times: 41 6l 74

Lower bounds: 86 90 291

--- Fathomed by bound ---

cubprobklem numkber 11: J= 1 3 2 6
Completion times: B1 A3 80
Lower bounds: 89 95 23
--- Fathomed by bound ---
--- hubproblem 9: Fathomed by enumeration ---

D0 .Bricker, U, of |4, 2000
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i11,3,2,4r {1,325}
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aubproblen number 12: J= 1 3 4
completion times: 25 45 B3
Lower bounds: 80 B0 91

--- Fathomned by bound ---
aubproblen number 13: a3 b

J=1
cCompletion times: 35 47 b4
Lower bounds: 80 86 93
--- Fathomned by bound ---

--- bubproblem 8: Fathomed by enuneratlion ---

aubpraobklen numkber 14: J= 1 4

Completlion times: 12 31 44

Lower bounds: Y6 69 80
aubproblen number 15: J= 4 2
Completion times: 28 38

Lower bounds: Y6 62 30

oubproblemn numker 16: J= 1 4 2 3
Completion times: 41 483 72
Lower bounds: 86 77 89

1
B

D0 .Bricker, U, of |4, 2000
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aubpraobklem numkber 17: J= 1 4 2 3 6

Completion times: 57 69 89
NEW

= x4+ New incumbent: 99 s
INCETBENT S --- Subproblem 16: Fathomed by enumeration

subproblen numnker 18: J= 1 4 2 b
Completion times: 44 Ra 77
Lower bounds: 76 75 809
--- Fathomed by bound ---
--- Lubproblemn 15: Fathomed by enumeration ---

subproblen number 19: J= 1 4 3
Completion times: 25 38 HA
Lower hounds: 80 73 89

--- Fathomed by bound ---

oubproblen nunber 20: J= 1 4 §
completion times: 28 43 61
Lower hounds: 76 69 89
--- Fathomed by bound ---
--- hubproblem 14: Fathomed by enumeration ---

D0 .Bricker, U, of |4, 2000
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aubpraoblen number 21: J= 1 5
Completlion times: 22 34 Al
Lower bounds: Y6 79 92
--- Fathomed by bound ---
--- bLubproblem 1: Fathomed by enumneration ---

aubproblem numnkber 22: J= 2
Completion times: 16 23 39
Lower bounds: 64 63 837

aubpraoblen number 23: J= 2 1
Completlion times: 22 24 45
Lower bounds: Y6 74 37

subproblen nunber 24: J= 2 1 3
Completion times: 35 42 &Y
Lower bounds: 86 86 37

aubprobklem numnkber 25: J= 2 1 3 4
Completlion times: 41 6l Y4

Lower bounds: 86 90 91

--- Fathomed by bound ---

D0 .Bricker, U, of |4, 2000
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oubproblemn numkber 26: J= 2 1 3 6
Completion times: 51 63 80

Lower bounds: 89 295 93

--- Fathomed by bound ---

--- hGubproblemn 24: Fathomed by enumeration --

oubproblen nunber 2¥7: J= 2 1 4
completion times: 28 47 a0
Lower hounds: 76 783 89
--- Fathomed by bound ---

= 15

aubproblem number 28: J
Completion times: 38 50
Lower hounds: Y6 83 92

--- Fathomed by bound ---

2
b7

--- LGubproblem 23: Fathomed by enumeratlion ---

aubpraoblen number 29: J= 2 3
Completlion times: 29 36 A1
Lower bounds: 64 74 37

page 46
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oubproblen nunber 30: J= 2 3 1
completion times: 35 37 &7

Lower hounds: 86 81 87

aubprobklem numkber 31: J= 2 31 4
Completion times: 41 60 73

Lower bounds: 86 89 90

--- Fathomed by bound ---

oubproblem numker 32: J= 2 3 1 h
Completlion times: 51 63 80
Lower bounds: 89 25 93
--- Fathomed by bound ---
--- bubproblem 30: Fathomed by enumeration -__

mubproblem number 33: J= 2 3 4
Completion times: 35 55 63
Lower bounds: 64 74 91

--- Fathomed by bound ---

oubproblen nunber 34: J= 2 3 6
completion times: 45 Y 74
Lower hounds: 64 83 93
--- Fathomed by bound ---
--- hubproblem 29: Fathomed by enumeration ---

D0 .Bricker, U, of |4, 2000
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oubproblen numlber 35: J= 2 4
cCompletion times: 22 42 5
Lower bounds: 64 63 90

--- Fathomed by bound ---

Subproblen numnber 36: J= 2 5
Completion times: 32 44 6l
Lower bounds: 64 77 22
--- Fathomed by bound ---
--- Gubproblemn 22: Fathomed by enumeration ---

aubprobklem numkber 37: J= 3
Completion times: 13 20 32
Lower bounds: 64 65 34

aubprobklen numlber 38: J=
Completlion times: 19 21
Lower bounds: 80 72 84

aubproblen number 39: J=
completion times: 35 42
Lower hounds: 86 86 858

a1
a8

a1 &
5B

S0 Bricke
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aubpraobklem numkber 40: J= 3 1 2 4
Completion times: 41 61 74

Lower bounds: 86 90 91

--- Fathomed by bound ---

aubproblem number 41: J= 3

Completion times: 51 63 80

Lower bounds: 89 295 93

--- Fathomed by bound ---
--- hubproblemn 39: Fathomed by enumeration -

subproblen number 42: JI= 3 1 4
Completion times: 25 44 &Y
Lower bounds: 80 79 90

--- Fathomed by bound ---

1 25

subproblen number 43: J= 3 1 6
Completion times: 365 47 64
Lower hounds: 80 86 93
--- Fathomed by bound ---
--- LGubproblem 383: Fathomed by enumeration ---

D0 .Bricker, U, of |4, 2000
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aubprobklen number 44: J= 3 2
cCompletion times: 29 36 I
Lower bounds: 64 74 88

aubproblen number 4h5: J= 3 21
Completion times: 35 37 B3
Lower hounds: 86 81 88

aubpraobklem numkber 46: J= 3 2 1 4
Completion times: 41 60 73

Lower bounds: 86 39 90

--- Fathomed by bound ---

cubproblen numnker 47: J= 3 2 1 b
Completion times: 51 63 80
Lower bounds: 89 95 93
--- Fathomed by bound ---
--- Lubproblen 4b5: Fathomed by enumeratlion -

subproblen numkber 48: J= 3 2 4
completion times: 35 BH A3
Lower hounds: 64 74 91

--- Fathomed by bound ---

D0 .Bricker, U, of |4, 2000
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aubproblen number 49: J= 3 2 6
cCompletion times: 45 Y 74
Lower bounds: 64 83 93
--- Fathomned by bound ---
--- bubproblemn 44: Fathomed by enumeration ---

aubpraobklen numlber 50: J= 3 4
cCompletlion times: 19 39 HZ
Lower bounds: 64 65 91

--- Fathomed by bound ---

aubprobklen number 51: J= 3 6
Completlion times: 29 41 53
Lower bounds: 64 74 93

--- Fathomed by bound ---

--- bubproblemn 37: Fathomed by enumeratlon ---

aubproblem numnkber 52d: J= 4
Completion times: & 25 38
Lower bounds: 64 58 80

--- Fathomed by bound ---

D0 .Bricker, U, of |4, 2000
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aubprobklem numnkber B3 J= b
Completion times: 16 28 4h
Lower bounds: 64 63 92
--- Fathomed by bound ---
--- Lubproblemn O: Fathomed by enumneration ---

Optimal sequence 1s 1 4 2 3 6

# subproblemns enumerated = b3

D0 .Bricker, U, of |4, 2000



