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Cutting plane algorithms

8/21/00

Cutting-Plane Techniques: From a non-integer
optimal solution of the LP relaxation, a
constraint is derived and added to the LP, such
that the LP solution is eliminated, but NO
integer feasible solution is eliminated.

I's'| Gomory' s Fractional Cut

Dual All-Integer Cut
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GComory’s Fractional Cut

Suppose that the optimal LP tableau includes
the row

Il
>, i xj =P
=1

Suppose that x, is basic in this row, so that

X + Z Ol ij X; :Bi
B
where B = index set of basic variables.
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o55] = integer part of O i

fi; = fractional part of
= D:ij - I:C:-Ll]]

[B:] - integer part of P

" s |
—} = [—} =0 f, = fractional part of

Bi - i)

é/NﬂtE that [al < a
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Kk"'z Oljj Xj :Bi

’E

may be written
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A NECESSARY condition for x, & x; (j¢B)
to be integer 1s that the right-hand-side of

xe- (Bl + 3 [oq] xj= £- 3 fig

jeE 2B

is integer, i.e.,

fi- > fixy € {...-2,—1,[], 1, 2,3,...}
jeB
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However, fi <1 & fixj=0
imply that fi - > fixj<1
jeB

and, indeed, fi- > fix; must be no greater
B
than the largest integer < 1, 1.e.,
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I[—Jnmnr}f ¢ Fractional Cut

— 2> fixj=

2B
- > fizxi= - f
[E3=
- Z fij:{j+ B = -f
3=
SlFk
i i e
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u[;.nmnl”}’s Fractional Cut|

- > fix;+ 5
3=

This constraint MUST be satisfied by all INTEGER
feasible solutions of the source row!

However, it is NOT satisfied by the current
LP solution if fj # O

(Since x;=0 for j ¢ B)
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1—}{3+ lL’u.’.@+ 1:{? e

4 3 4

1
5

[ X3, xe , T x7 are nonbasic in the
cirrent [P oplimal (abfezy, then these
Varigifes are ZERCO in the basic solulion,
and the above consirainl is violgied Ly
the current [P opfimal sofufion!
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Gomory's Cutting-Plane Algorithm

Initialization
Solve the LP relaxation of the problem

Optimality test

[s the LP solution integer? If so, stop.

- Cut

' Choose a source row (with non-integer

right-hand-side) and generate a cut.

Add cut to bottom of tableau
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FPivot

Re-optimize the LP, using the dual
simplex algorithm.

Return to step 1.
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All variables (including slack/surplus variables)

must be integer.

If original inequality constraint has non-integer
coefficients or right-hand-side, multiply both
sides by an appropriate positive constant, e.g.

2 4 S
= X! + 3 X2 = 5 1L 1 Bolh

Sides e S
= 12 x;+40 x> = 75

©D0enniz Bricker, U, of lowa, 1997



Cutting plane algorithms 8/21/00 page 15

Choice of Source Ro

Cuts may be generated using as source row:

* any row in optimal LP tableau which has a
non-integer right-hand-side

* a multiple of any row in the LP tableau

*» a linear combination of rows from the LP
tableau
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Choice of Source Row

While the strength of the cut varies, depending
upon one's choice, no rule is known which will

guarantee choosing the row vielding the
strongest cut.
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Heuristic rules ;

Choose, as source row, that which has
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Max z= 2% + X2
5.t.

EXAMPLE

X] + X223
-X1 + x2= 10 37

bxi+2 x22 21

X1, X2 = 0 & integer
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Introduce slack variables to convert to

equations:

Max z = 2x| + xo

subject to x1 + Xz + X3 =
- X + X2 + X4 =
bx+2 X0 + x5 =21

xj e {0,1,2,3,--- }
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-7 x| X7 X3 X4  Xg rhs

optimal
LP tableau
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ANY of these rows could serve as the
SOURCE row for a cut:

source row |

1 1 11 1 1 3

X1 - — X3 +=—X5=—"— = —K3+ —X§5= —
2 4 4 2 4 4

3 1 0 1 3 1

X2 + —Xz -—Xg=— = —XK3+4+ —X5=z =

2 4 4 2 4 4

1 1 1 1

-2 X3 +X4 + ZH5== = = X5 = =

2 2 2 2
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Graphical Representation
of Cuts in X X,-plane

[

I

I

3 =
4
1 =
4
L =
2

page 22

substitute

g -X; -X7

X3

x5 =21 -b6x1 - 2x2

S5x;+2 x2< 18

bx; +3x> = 20

AR FIOISE 07

el Lo see ertect
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2X] + X227
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O9X]+ 2 x2= 18
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bx; +3x> = 20
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Each cut adds a new row & a
new column (slack variable)

to the tableau...

Dropping Cuts

rom Tableau

[f ALL cuts are kept until the algorithm
terminates, the tableau becomes so large as to

be "unwieldy "l

When a cut is no longer "useful”, it would be
advantageous to be able to delete that cut.

-
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Dropping Cuts

from Tableau

When a cut is added to the tableau, & the dual
simplex pivot removes its slack variable from
the basis, the cut 1§ a "tight" constraint, i.e.,
its slack variable is zero.

If acut's slack variable re-enters the basis at
a later iteration, then the cut has become
inactive and may then be dropped from the
tableau.
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Max z= 2x1 + X2
§.t. X + X223
-X1 + %= 0

bxi+2 x22 21

X1, X2 =z 0 & integer

a7
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Initial Optimal
L I:I t A h I eaul :.:.:.:.;.......;.:.:.:.;.;.;.:.:.:....;;...

YVariabhles:
(Negative of ) obhjective function valus: =
original structural wvariables: 1 2
original slack/ssurplus varilables: 3 4 b
olack wvariables for cutc:
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The rows having non-integer right-hand-side are 2 3 4

poUrCe oy 1s # 2

1 2 3 ] ] rhs
QO Ce oI 1 1.5 ~0.268 0 2.45
cut 0 0.5 To.YE 1 0,25

(X[A] (= slack wvariakble for new «uty) is basice but < 02

The cut which 1g added 15 (in terns of original varlakbles):
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Current LP Tableat %

. -~ cut

Yariahles:
(Hegative of ) obhjective functlion valus: =
1 2

Original structural varlables:
Original slack/surplus variables: 3 4 6
f

alack wariabkles for cuts:
Tableau is now

primal infeasible
(but dual feasiblel)
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current LP p

Performing dual simplex pivot in row b

Potential plvot columns: EL03 B

1 3 5

E=el. Profit | ~0.5 0,25
aubs. rate 0.5 .75
Ratio 1 0.333

Minimum ratio 15 1n column 5,
which is selected as plvot column
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Current LP Takleau
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Variabhles:
(Negative of) obhjective function valus: =

original structural variabhlecs: 1 2
original slack/ssurplus varlables: 3 4 6
mlack wvarlables for cutc: B
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The rows having non-integer right-hand-side are 2 3 4 6

poUree roy 1s # 2

1 2 3 3] 7 rhs
QOUrCe oW 1 1.67 ~0.333 0 2.33
curt s 0] 0.a6e7 TO0.aaT 1 0,333

(ELT] (= slack wariable for new cuty is basic but < oo

The cut which 1g added 1s (in Terns of original variables):
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Current LP Tableau |

z 12 a 4 5 b 7 B

1 00 70,333 0 0 70,333 0 | 77 67

o 01 1,67 00 70,333 0 a.33

o 00 Ta,33 1 0 0,667 0 0,333

a1 0 TR O 0O 0,333 0 2.6 E

o 00 0,667 01 71,33 0O 0,333 E

o 00 TOLeeY O 0 TOLA6F 1 | TO.333 F -&— cut

Variakbles:

(Hegative of ) objective functlion valus: =
original structural variables: 1 2
original slack/surplus variables: 3 4 b
nlack wvariables for cuts: b 7
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current LP |

Performning dual simplex pivot in row 6

Potential plvot columns: E[03 A1

1

3 b

Eel.
aubs.
Fatio

Profit
rate

T0.333 T0.335
T0.BRT TO.AAT
0.5 0.5

Minimnum ratic 1s 1n <oolumh 3,
which 1s selected as plvot columnn

page 37

©D0enniz Bricker, U, of lowa, 1997



page 38

8/21/00

Cutting plane algorithms

current LP Tableau

[an] [ R

TEGEGﬂm

| SHSooo |
—| cooaoo |

M| mooooo |
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Current LP Tableau b

z 12 345 6 7 B
1 00 o0 o 705 [77.5
o 01 000 "2 2.5 1.5
o 00010 3 73.5 1.5
o 1 0000 1 71 3

o Qoo l "2 1 0

o ool o0 1 71.5 0.5

Yariahles:
iHegative of ) ohjective functlion valus: =
original structural varlables: 1 2
original slack/ssurplus varlables: 3 4 6
Rlack warlables for cuts: b7
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The rows having non-integer right-hand-side are 2 3 6

SouUrce row 1s & 2

1 a 2 7 a8 rhs

SoOUrCe PO
Cut:

(x[B] ¢= slack wvarliable for new cuty) 1s basic but = 02

The cut which 15 added is (in terms of orilginal wvariables):
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z 12345 6 7 8 B

1 DO0000 O -0.50]|77.5

0 D1000 "2 2.50 | 1.5

0 DO010 3350 | 1.5

0 10000 1 -1 0o 3

0O D000l -2 1 ol o0 |

0 00100 1 -1.50 | 0.5 |

0 00000 0 -0.581|-0.5 [-—cut

Yariahles:
(Hegative of ) obhjective functlion valus: =
Original structural varlables: 1 2
Original slack/surplus variables: 3 4 6
olack wvariables for cuts: b 7 8
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aolwing current LP

Performing dual simplex plvot in row 7

Potential plvot columns: X[V ]
i: 7
Eel. Profit ~0.5
aubhs. rate 0.5
Eatio 1

Hinimum ratio 1s 1n column 7,
which 15 selected as plivot column

Eesulting solution i1s agaln infeasible (varilabkle = 0)
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LY LY L Lo b

P ot d £ D T
| | =

1 2345 6

=

= taletululapal
LY L LD :
2] 00—
| I 1

S0 D B
| | i

=Y=Yoyoyuvov=y
CoOHOOo0 |
I=Y=Y-Y-Y-yur-y
=S YoY=Y=y=Y
COCHoOo |

N =t=T=Tululey
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=z 1 2345 67 8| B
1 Qoo Qo 717
o o1 000 20 571
o ool o 30775
0 1 0000 10 72 4
o Qo1 20 271
o o001 00 1 0 73 2
o o Qoo 01 721

As a result of the previous dual simplex pivot,
the right-hand-side of the new row becomes
positive, but further dual simplex pivots are
necessary, because negative numbers have
appeared in other rows!
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=z 12345 67 8 B

{ 00000 0o 1|7 | Yextpivol

IR EE 1R B

0 10000 10 2| a| Peeither

RIS EREE 1B B

O oo Qoo 01 "2 1 row 5.
Perforning dual sinplex pivot in row 2

Potential pivot columns: XC06]

i f
E=l. Profit| O
aubhs. rate | 72
Ratic |

Minimum ratic 1s 1n <colunn 6,
which is selected as plivot column
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b

z 1 2 3 45

SoCoHT o |
SoOASDOo B

CDoooOAD B
SCHOCooO |
SoOoADOo B

1DDDDDDW
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Current LF

z 1 2 34587 a B
1 0 0 0 T I T W R i
o0 05 00010 2.5 0.5
o0 1.5 01 000 0.5 3.0
D1 058 00000 0.5 3.0
o0 "1 D01 00 73 0]
o0 05810000 0.6 1.5
o0 o0 oo ool "2 1
Yariakbles:
(Hegative of ) obhjective function wvalus: =
Original structural varlables: 1 2

Original slackssurplus variables:

3 45
Slack wariables for cuts: B 7 B
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The rows having non-integer right-hand-side are 2 3 4 6

From which row do wou wish tTo generate the cutr
O:
2

The cut which 1g added 1s (in tTerns of original variables):

Source row is # 2
2

] ?
Source row: "0 1 2.6 0 0.5
Cut: .5 0 0.5 1

(EL[D] (= glack wariable for new ocuty is basic but < 02

©D0enniz Bricker, U, of lowa, 1997



Cutting plane algorithms 8/21/00 page 49

Current LF

z 1 2 345687 B 9 E
1 0 0 O O O T | o7
o0 A o000l 0 72,50 0.5
oo 1,501 000 0,50 3.5
o1 00500000 0,50 3.5
o0 "1 D01 00 73 0 0
o0 0510000 70,50 1.5
oo 0 oo 001 "2 0 1
Do "5 00000 T0,5 1) 705

Yariakbles:
(Hegative of ) obhjective function wvalus: =
Original structural varlables: 1 2

Original slackssurplus variables: 3 4 5
black wvariables for cuts: b 7 8
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current LP

Performing dual simplex pivot in row 8

Potential pilvot columns: X[2 &1
1: 2 g
Eel. Profit O ~1

Eubs. rate TO.5 05
Fatia 0 2

Minimum ratic 15 1n columh 2,
which 15 selected as pliveot columnn
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?DEEDllDw

wuur wr u b

245 6 7 8

2

1

afatalalatetapul:
TeNTeSTe Ry EW
12003020m

CoooOoNo |
DlDDDDDDW
Cooomooo |
CoNoooo0o |
DDDDDlDDW

DDDlDDDDW
ASOooooo |
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z 12346567 8 9 E

10000000 "1 0|7 Al varighiies
00000010 -2 1| 1 .
000010001 3| 2 are mnteger!
01000000 0O 1| 3
00000100 "2 2| 1
000100001 1| 1
00000001 "2 0f 1

oo0ilo0o0o00 1 -2| 1

Variakhles:
(Hegative of ) objective function valus: =
original structural wvariables: 1
original slack/surplus varliables: 3
olack wariables for cuts: f

=] Wb [
a0 m
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Cnfimal Solution.
X1=3
Xo=1
# 1 2 b
1» B 2 = 18
2y 4 2 = 15
3y 21 = 7
4y 1 0 = 3
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