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Chance- Constrained LP 8/23/00

A "chance constraint” 1s a modification of a
constraint in which the right-hand-side is
raRgem.

Rather than guaranteeing that the constraint

15 satisfied for every possible right-hand-side
value (which may be impossible, if the random
variable is unbounded), a restriction is imposed
that the constraint be satisfied by the optimal
solution with &£ fezsé a certain specified
probability
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Chance-Constrained LP 8/23/00 page 3

Consider the constraint

S agxj=b | where b; is arandom variable.

Fom aNaEne, 5{.#;?;?&55 X /508 produciion Lime

FOr prOCess j, and Ay 15 e Consumpiion rale

G FEW NELEIES TR GO ESS J TRE I End -
side by could Be fhe frandams guaniille of resource
FOWRies Wil Be gvaiiaiie.

Fhe ghole consiraind reguires Ihal fhe schediiied
SRGUCLIOn Le )0 LIRS proresses ol COnsume mare
W TFLerial Lhan Wikl be Fvaniahie.
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It x; must be selected before the value of by i3

known, then to guarantee satisfaction of the
constraint, we would need to require that

Il
2 ajXj=b
j=1
where bi is the minimum possible value of by,

This may be overly restrictive, e.q., when b; has
a normal distribution, b= - o3 which may be

impossible Lo satisfy, or in most cases, by = 0, which
might be satisfied only by x=0
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be satisfied with at least probability o .

A5 stgled his is nol @ valid L P consirainl!
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LINEARIZING A CHANCE CONSTRAINT

Given the distribution function (cdf)

our chance constraint is equivalent to

I I I
P{Z ojj }{jgbi}: 1 —P{bigz dij X }: I—Fi (Z el }{j)

i=1 j=1 =1

n
ie., 1-F 2 X | >0 or -
1(]21 1] ])} Fl(z ﬂijﬁj)ﬂ_:]__g_
=1
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The inequality on the right 15 linear!

_ I }c-: """""""""""""""""
i L 1 . L e iememeemmmmmaa

Fi| X asm| #7 5

I_j=1 1

this gitaral

. » Jj—
IL
2% /0 NF-a)

j=1
this mteral
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Water Resources
Planning
Under Uncertainty
A water system manager |l
must allocate water from a stream to three

users:
& municipality
# industrial concern
# agricultural sector

@Dennis Bricker, L. of [owa, 1932
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Net Benefit |

Use Request| per unit
1. Municipality 2 100
2. Industrial 3 20
J. Agricultural 0 30

Let X; = amount of water allocated I;D use #j

The nptlmal allocation Max 100X, + 50X. + 30X;

might be found by ;
solving the LP: Subjectlo Xi+ et 2s=3 ]
P, SR

Bul the decision must bhe made 0<X <3 |
before the guanlity o of the —oe=
available water is known! | =X3=5 |
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Max 100X + 50X, + 30X; |
subjectto X+ Xz+X3=0Q"]
0=X;=2 |
0=Xp=3 |
0=X;=<5

How should the
waler be
Fllocaled before
the guanfiiy
Fvailabie is
Anown?

@Dennis Bricker, L. of [owa, 1932

AKandom variahie
With known
probabiiit v
distribuiion,
namely, N(7. 7.5
7.e., normal, with
medan u=,and std

devigliion o=7.5.
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P{Q::}{1+}{2+}{3} = O
= 1-F(X;+X:+X3) =«
— FiX|+X:+X3)=1-0

Xi+X:+ X5 = FI{1-0)

Suppose
o =97.0%

-196 O
@Dennis Bricker, . of lowa, 1992 MO, 1) CDF
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MAX 150 H1 + 60O HZ2 + 30 E3
SURJECT TO

2 ¥l + X2 + X3 «= d.06
END
SUB X1 2.00000
SUB X2 F.00000

SUR %3 5. 00000

DEIJECTITJE FUNCTIDH ."-I.II-'LLUE ...................

13 403.000000

WARTABLE VALUE EEDUOCED CO5T
x1 2.0000 -100.0000
X2 2.0600 0000
X3 0000 20,0000

ROw sLACK OFR SURFPLUSE DUAL PREICES
2 0000 E0.0000
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Suppose that the RHSs of several constraints are

random: n |
Zaijﬁjﬂbi fori=1, 2, ...

we might impose a chance constraint for Eﬁﬂ‘ﬁ of the
k random right-hand-sides

for1=1, 2, ... k

@Dennis Bricker, L. of [owa, 1932
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These chance constraints will #ef guarantee that
the optimal solution is feasible with probability a.

Rather, if the right-hand-sides are independent
random wvariables, then the optimal x would satisfy
g/ of the constraints with probability  ak

For exgmnie, o= E5F and tnere e k=70
SRS CONSECFINES, FRen & 15 Feasiae Wilh
farohatiiille ok = SH 8%
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Assume that the k random variables are independent,
and that we require

1 s T 1
P({[Z A1 X5 = b1:| and Lz dzi X5 = h2:| and ... [Z Ay Xy = h};]}k L

J=1 =1 j=1
n o il

PLZ ﬂljﬁjiihl:|}{PLz ﬂgjl"{j"_:bg:|}{ % P I;Zﬂ, l"{]{b}{|}ﬂ{
=1 =1

=1

[1 F1| Z Ay Xj I} [1 FEI Z Azi K‘]|:| [1 - Fkl"f Ay Ei.l:l}l* o

Lj=1 Yi=1 Li=1
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For example, 1t b; has an exponential distribution

with mean ”h e

'

then the joint chance-constraint has the form

=1 =1 =1

LEP (_ liauxjﬂ X [e:ip (— 5 agj}{j):| .. -K[exp (_ lkzn:a};ixjﬂ .

which 1s a highly perfinear constraint,

@Dennis Bricker, L. of [owa, 1932
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LEP ( léauxjﬂ X [e:-:p (— lgé agjxjﬂ .. '3""":|:E=Kp (_ lléﬂmxjﬂ By

=1

Bvw using a log transformation, we can simplify to

In [e:{p (— llzn:alj:{jﬂ + ... +1n |:EKP (— lkiakixj)} =Iln o

=1 j=1

@Dennis Bricker, L. of [owa, 1932
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In cases other than the exponential distribution,
howewer, the constraint cgmrref be linearized by
a log transformation.

In the case of the normal distribution, the constraint
will remain nonlinear, and cannot even be written
in closed form!

Frequently, however, the nonlinear constraint will
have a cervex feasible region, e.g. when by's have
norrmal, gamma, or uniform distributions, so that
multiple local optima don't exist,

@Dennis Bricker, L. of [owa, 1932



