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56:270 LINEAR PROGRAMMING
FINAL EXAMINATION - MAY 17, 1985

SELECT TWO PROBLEMS (OF A POSSIBLE FOUR) FROM PART ONE,
AND FOUR PROBLEMS (OF A POSSIBLE FIVE) FROM PART TWO.

PART ONE: 1 2 3 4 TOTAL GRAND
SCORE: TOTAL:
PART TWO: 1 2 3 4 5 TOTAL

SCORE:

PART ONE

1. Consider the LP problem:
MINIMIZE 2x1 + 3x2

subjectto 3xq + x2 3 10
5X1+2x23 25
X1- X23 5
X130, x23 0

(a) To begin the ssimplex algorithm, one must have afeasible basis. Write down the initia
tableau, using three artificial variables and the "BIG-M" method.

(b.) Anaternateto the "BIG-M" method is the Two-phase method. Define a Phase-One
objective function for the same problem and
write down theinitia tableau.

(c) Instead of using three artificial variables, asingle artificial variable might be used.
Write down an initial tableau for this problem, using asingle artificia variable and the "BIG-
M" method.

(d.) Now write down aninitial tableau using asingle artificia variable and the Two-Phase
method.

(e)) What should one do if an artificial variableis basic and positive at the end of Phase-
One?

(f.) What should one do if an artificial variable isbasic but zero at the end of Phase-One?

(2.) Write down the dua of the following LP problem:
MAXIMIZE -17Xo  +83Xy4- 8Xg

subjectto: -X1-13Xo+45X3  + 16X5-7Xg 3 107
3X3-18X4 +30X7 £ 81
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4X1 -5X3 +Xp = -13
-10£ X1 £ -2
16 £ X3
X4£ 0O
Xg unrestricted in sign
X9, Xg,and X7 3 0

(3.) DUAL SIMPLEX METHOD: Consider the simplex tableau below:

Z X1 Xp X3 Xgq X Xg X7 Xg RHS

1 3 4 2 1 5 0 0 0 0 (MIN)
0 1 -2 -1 1 1 1 0 0o -3
0o -1 -1 -1 1 1 0 1 0o -2
0 1 1 -2 2 -3 0 0 1 4

(a) What isthe current prima solution? Isit feasible? Doesit satisfy the optimality
conditions?

(b.) Circle every possible dual ssmplex pivot e ement.

(4.) UPPER BOUNDING TECHNIQUE. Consider the following LP problem:

MINIMIZE  2X1+ 2Xo + 3X3- Xy
subjectto Xq1- Xo + X3 -2X4 £ 6
X1+ X2 -Xg3+Xyg £8
2X 1+ X2 - X3 3 2
O£ X1 £3
1£ Xo£ 4
0£ X3£10
2E£ X4£ 5

The APL output solving this problem using the Upper-Bounding Techniqueis attached. Please
refer to it to answer the following questions.

(a) Explainwhy intheinitial basic solution, i.e.

X1 X2 X3 X4 X5 X6 X7
0.5 1 0 2 105 55 0

the value of the basic variables (X1, X5, Xg) areNOT given by the quantity (AB)'1b,
whichisequal to (1, 5, 9).
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(b.) Explain how it is determined that, as the nonbasic variable X4 isincreased, the basic
variable X5 increases, while the basic variable X g decreases.

(c) Explain how the "blocking values' 44.75 and 5.5 were computed.
(d.) Why does X 4 not enter the basis?

(e) Explainwhy, if the basis does not change, the basic solution at the second iteration
differsfrom that at the first iteration.

(f.) Explain why the algorithm terminates with an "optimal solution" if the reduced costs are
not all non-negative.
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PART TWO

(1.) SEPARABLE PROGRAMMING: Consider the nonlinear programming problem
MINIMIZE f1(X1) + fo(X9)
subject to

X1+ Xo 3 100
2X1+3X93 200
X1-2X93 50
0£ X1 £200, 0£ X5 £ 200

where the functions f1 and fo are piecewise linear as shown below.

f f,
3_
27 f 21
1 —
1 T T [ I
40 80 120 200 40 100 200

The "lambda’ formulation of the problem wasfirst defined, with

X1= ol 10+40| 11+80| 12+ 120l 13+200| 14
X2 = 0l 9o+ 40l 51 + 100l 22 + 2001 23

(a) When the ordinary simplex method is used, the solution found is| 10=0.58, H14=

0.42, | o0 =0.92, | 3 =0.08 (other variables being zero). What iswrong with this
solution?

(b.) Below arereproduced theinitial and the current tableaux, when a "restriced basis entry"
ruleisused. Whet isthe corresponding value of X1 and of X5 for the current tableau?
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(c) Indicate (by circling) every possible pivot e ement in the current tableau which might
improve the solution (if any).

(d.) Reformulate the problem, using the "delta’ formulation method. Write X1 and X5 as
expressionsin the deltavariables.

(e) What arethe values of the "delta" variables corresponding to the current solution in the
"lambda" (i.e. | ) tableau?

(f.) If weareusing the "upper bounding technique”, which deltavariablesarein the basis at
thisiteration? Which delta variables are candidates for entry into the basis (i.e. variables for
which the reduced cost must be computed)?

(2) DANTZIG-WOLFE DECOMPOSITION. We wish to use the decompoasition technique to solve
the following problem:

MINIMIZE -X1 -X92 -2X3-Xy
subject to
X1+2Xo +2X3+ Xy £ 40
-X1+Xo + X3 +X4 £ 10
X1 +3Xo £ 30
2X1+ Xo £ 20
X3 £ 10
X4 £ 10
Xg3+X4 £ 15
X1, X9, X3, and X423 0

It was decided to use two subproblems, one with variables (X1,X 2) and the other with variables
(X3,X4), writing the feasible region of each as a combination of its extreme points. The APL output
solving this problem is attached.

(a) Writethefirst master problem tableau (after adding proposals 1 and 2).
(b.) Write the second master problem tableau (after adding proposals 3 and 4).

(c.) What arethe values of X1 through X4 found by the second master problem? (Note:
these values were blacked out in the output!)

(d.) What isthe objective function for subproblem 1 at the next iteration (i.e. after the
second master problem has been solved)?

(3.) STOCHASTIC PROGRAMMING. The Eye-to-Eye Frozen Food Company has the following
problem: Potatoes are processed into packages of French Fries, Hash Browns, and Flakes (for
instant mashed potatoes). At the beginning of the manufacturing process, the raw potatoes are sorted
by length and quality, and then alocated to the separate product lines.

The company can purchase potatoes from two sources, which differ in their yields of various sizes
and quality. Theseyield characteristics are asfollows. Source 1 potatoesyield 20 percent french
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fries, 20 percent hash browns, and 30 percent flakes (the remaining 30 percent being waste). Source
2 potatoes yield 30 percent, 10 percent, and 30 percent, respectively (with again 30 percent being
waste). The profit per ton of potatoes processed from Source 1 and Source 2 are $500 and $600,
respectively.

The limit on sales was first estimated to be 18 tons of French Fries, 12 tons of Hash Browns, and 24
tons of Flakes, and the problem was formulated as an LP as follows:

MAXIMIZE 500Xq + 600X

subjectto 0.2X1 + 0.3Xo £ 18
0.2Xq + 0.1Xo £ 12
0.3Xq1 + 0.3Xo £ 24
X1, X230

In reality, however, the sales limits are random variables and not known with certainty.

(&) CHANCE CONSTRAINED PROGRAMMING: Suppose that the sales limits given
above are the expected values for normal distributions, with standard deviations of 4, 2, and
6, respectively. Reformulate the problem with the restriction that the sales limit be exceeded
for each product no more than 5 percent of thetime. (The Standard Normal CDF evaluated
at 1.65 is approximately 0.95)

(b.) STOCHASTIC LPWITH RECOURSE: Now suppose that the sales limit for Flakesis
known with certainty to be 24, but that the others have only two possible values each. The
saleslimit for French Friesiseither 15 or 20 (with equal probability). The saleslimit for
Hash Browns is either 10 (with probability 40 percent) or 20 (with probability 60 percent).
If the sales limit of either French Fries or Hash Browns are exceeded, then the surplus must
be sold at aloss of $100 per ton for French Fries, and $200 per ton for Hash Browns. ( If
less than the sales limit is produced, then no recourse is necessary.)

The production must be scheduled before learning the saleslimits. Formulatean LP
model to compute the production schedule which maximizes the expected profit.

(4) LPUSING LINEAR COMPLEMENTARY SOLUTION TECHNIQUE. Consider the origina
LP model given in problem (3) for the Eye-to-Eye Frozen Food Company.

(a) Write down the primal and the dua problems, both using only equality constraints.
(b.) Write down the tableau containing both sets of equality constraints from part (a.)

(c.) Start with dack and surplus variablesin the basis (negating rows with surplus variables
asrequired). Isthissolution feasible? Optima? Does it satisfy complementary dackness?

(d.) Defineasingle artificial variable and insert its column into the tableau.

(e)) Where should you pivot to enter the artificia variable into the basis? (circle the entry)
What variable leaves the basis? Will complementary dackness be satisfied after this pivot?

(f.) What variable or variables may now enter the basis at the next iteration?

(9.) How do you decide when to terminate, since you have no row of reduced costs?
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(5.) ANALYSISOFMPSX OUTPUT: Pleaserefer to your materials onthe PURAIR OIL
COMPANY (problem statement, formulation, and MPSX output).

Answer the following questions (if there is insufficient information in the MPSX output, simply
answer NOT ENOUGH INFORMATION):

(a) PipdineA isused at full capacity in the optimal solution. Suppose that it were to be
shut down for a portion of a day, so that the capacity that day were only 8000 barrels/day,
rather than 9000 barrels/day. How much profit would be lost? How would the optimal
solution be changed? (refer to the substitution rates)

(b.) GR1 denotes the amount of Gasoline produced by Refinery #1. Suppose that it must
be produced in multiples of 100 barrels. Should the solution be rounded up or down?
How much lossin profit would result? Which nonbasic variable must be adjusted (upward
or downward) in order to accomplish this rounding?

(c.) C1R1 denotesthe amount of Crude #1 sent (viatanker) to Refinery #1 at a cost of
$0.30/barrel. How high might this shipping cost rise before the solution needsto be
adjusted? If the cost reaches this value, how much less will be shipped?

(d.) GR2M3 denotes the amount of Gasoline shipped from Refinery #2 to Market #3, at a
cost of $0.25/barrel. In the optimal solution, no such shipment is made. By how much
must the shipping cost drop before it would be optimal to make this shipment? How much
would then be shipped? What other changes would have to be made in the optimal solution?
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