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UUUuUUUUUUUUUUUUUUUUUUUuUuuu
56:272 Integer Pgmg & Network Flows

Final Exam -- December 16, 1993
Instructor: D. L. Bricker
vuvuuuuvuvuvuvuvuvuvuuvuuvuvuvuvuuvuuuuuuu
Where possible, answer the questionsin the space provided; if additional space is necessary, use
the back of the exam page or attach a page.
Do Part One (25 points), and four from Part Two (25 points each)
Score: Part One: l. Multiple Choice
Part Two: 1. L ocation on network (median)
[1. Location on network (center)
V. Generalized assignment problem
V. Benders decomposition
VI. Integer LP Model Formulation
VII. Lagrangian Relaxation

TOTAL: (of 125 possible)
<xxxxxxzxk PART ONE <xx xx xx xx
. True/False

1. The quadratic assignment problem has termsinvolving (Xj; )2 in the objective function.
2. Baas implicit enumeration agorithm does not require multiplication or division.

3. The center location problem isto choose afacility location to minimize the distance to the
farthest "customer"”.

4. The optimal objective function value for the median problem in anetwork is lessthan the
optimal objective function value for the center problem.

5. A heurigtic agorithm for acombinatoria problem does not guarantee an optimal
solution.

6. If the LP relaxation of an integer LP isinfeasible, then theinteger LP isinfeasible.

7. If the LP relaxation of an integer LP has an integer solution, that solution is optimal for
the integer LP.

8. For aminimization ILP problem, the LP relaxation provides alower bound on the
optimal value of the ILP.

9. For aminimization ILP problem, the LP relaxation cannot provide a better (i.e., larger)
lower bound than a Lagrangian relaxation (for arbitrary values of the Lagrangian
multipliers).

10. For aminimization problem, each subproblem solution in Benders decomposition
algorithmisaslow as or lower than previous subproblem solutions.

11. For aminimization problem, the optimal value of each master problem solution (when
the master problem is optimized) is greater than or equal to the previous master problem
solution.

12. For aminimization problem, the optimal value of each master problem solution (when
the master problem is optimized) is greater than or equa to the optimal value of the
subproblem which follows.

13. For Lagrangian relaxation applied to the set covering problem, if al of the linear
congtraints are relaxed, the greatest lower bound which can be achieved isthe same asthe
LP relaxation.

14. For Lagrangian relaxation applied to a minimization problem, the Lagrangian dua
problem is amaximization problem.

15. In Gomory's fractional cutting plane algorithm, the number of rowsin the LP being
solved increases at every iteration.

16. In Gomory'sfractiona cutting plane algorithm applied to a minimization problem, the
objective function decreases (or stays the same) at every iteration.

17. In Gomory's fractional cutting plane algorithm, after the first LP relaxation is solved,
any later pivoting is done only on negative elementsin the tableau.
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18. Inthe generalized assignment problem, thereis a setup cost for each machinewhichis
used.

19. The quadratic assignment problem is frequently used to assign facilities to locations
where there is a specified flow between certain pairs of facilities and a cost of thisflow
which depends upon distances between the facilities.

20. The congtraints of the quadratic assignment problem and the linear (i.e., the "classical™)
assignment problem are identical.

21. Thelinear (i.e., the "classical") assignment problem is a special case of the generalized
assignment problem.

22. Benders decomposition method partitions the decision variables into two sets, whereas
Lagrangian relaxation partitions the constraints into two sets.

23. The optimal values of the decision variables in the LP relaxation of the "Simple Plant
Location Problem"” are integer.

24. In both the "simple plant location problem” and the "k-median problem™, it is assumed
that afacility can supply an unlimited amount of goods to the customers.

25. The optimal vaue of the Lagrangian dua problem resulting from a Lagrangian
relaxation of an ILP isequal to the optimal value of the ILP.

<X ex Xk PART TWO <xx @x xx xx

II. The Median Plant Location Problem: Consider the network below, where the "weight" Wt]i]
isthe quantity to be delivered to city i:

Weighted Shortest Path Lengths B

1 2 ] ) a] 3] T a =] 10

0 42 45 432 146 202 240 264 115 239
12 0 72 102 122 260 192 216 103 203
15 24 01232 1326 282 282 344 110 324
46 =24 123 0 54 124 212 120 69 201
T3 Bl 2024 51 016 104 112 B9 Z82
65 216 93 a 0o 85 128 T3 294
60 48 216 159 52 28 0 216 95 260
g1 V9 252 135 5B 128 216 041 2V6
115 103 320 207 122 292 320 164 0152
0111z 101 324 201 182 292 480 268 51 1]

10 Welil 1 1 3 3 ] 4 4 4 1 3

oD 00 =1 00 5 R O B
-1
-1

a. Formulate the 3-median problem as a binary integer LP. (Be sure to state the definition of your
decision variables.)

b. Canyour ILP model in (a) be solved by Balas Algorithm? Circle Yes No
If not, explain why:



page 3 56:272 IP&NF Final Exam - Fall 1993 name

The addition/substitution heuristic was applied to try to find the 3-median set, giving
the output below:

Svbetitution Step

Cost = 100z Cozt Locations Cozst Locations
1304 | 1 10 TI6 | 6 10
721 | B 1 Q70 | 5 6
1127 | 2 10 gg0 | 7410
Trial additiones: 745 5 2 BTa 5 7
1269 | 3 10 1004 | & 410
Add 1 2 3 4 B T & 9 10 O3 [ 53 2596 | 5 3
cogt 721 748 703 TO5 970 272 256 204 TOZ gﬁ; ; 10 1;%& g éﬂ
dddition result: Ln:u:a.t.in:-ns
Ho subztitution can be made
Svbgtitution Step
Cozat Locations Cost Locations
Trial additions: 1194 | 1 10 = BTl | 5 6 =
BTE | 51 3 BT0 | B 10 B
Add 1 2z 2 4 & T & 4 4z1 | 5 10 1 GBS | T 10 3
cost 421 448 403 486 670 572 520 651 1065 | 2 10 3 Eag | 5 7 3
BTE | B 2 3
dddition regult: Locationz| DEF 448 | 5 10 2 Egg g ig ;
Cost! BE0 | 4 10 2 EET | 5 2 3
Ed1 | 5 4 3 G20 | 5 10 8
486 | 5 10 4 1038 | 9 :LIII 3
407 | 6 40 3 BO5 | 59
c. Four values are blanked in the output of the addition/substitution heuristic. What are th@e
values? A,B (the result of the addition step for the 2-median)
C (the cost of the set { A,B} )
D,E,F (result of the addition step for the 3-median)
G. (the cost of the set { D,E,F})

d. What isthe 3-median set found by the substitution step of this algorithm?

{ }
e. What isThe cost of the set givenin(d)?
f. What cities are served by each facility? Facility | Cities served

0. Suppose that the facilities are not required to be at nodes of the network, but could also be located

anywhere on an edge. How would you solve the problem in this case?

. <R ODK DK DX DK XK XK XK
Location of Center of Network Consider the undirected network below:
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Shortest Fath Lengthe

022 27 40 95 110 94 126 102 96
22 o9 20 T5 92 V6 102 =24 T2
27 9 0 1% B2 8282 BT 99 TH B9
40 20 13 055 86 80 112 88 82
95 TVh B3 55 0 31 47 T2 120 1Z6

110 92 23 26 = 016 41 =29 95

S oH M

oD 00 =0 O e O3 B

126 102 99 112 T2 41 32 0105 111
102 24 Y5 88 1Z0 89 T3 105 1] 3]
o] 98 T8 B9 82 1Z6 95 V9 111 3] 1]

a Find the vertex center for this network (with unweighted distances): City #

b. Give amathematical expression for the objective function which isbeing minimized in the problem of
finding the absolute center of the network in terms of d(x,k), the length of the shortest path from x to city
k.

c. Below is some output displaying alower bound which may be computed for the center objective
function on each edge. What is the missing value?

Lower Bounds on Local Edge-Centers B

LE

|_.

()
TO.5
Ta
g1 .5
L
o
97.5
99
a9
a9

|_‘|.

B o Wl 00 00 0000 -] O D =]

102.5

106

10 120

d. How many edges (i,j) cannot be eliminated from consideration when searching for the absolute center?
(Circlethem inthetablein (c).)

w5 By LRI T -] 3o 00 =] )

e. Below isinformation about the center objective function on the edge (3,10). What are the three missing
values?
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Monotonically increasging distance functions: f
dix, k) where

k=

k=
dci,ki=
dcj, ko=

Minimax Objective on Edge (323,102 |

1 2 3 4
dci,kr= 27 9

acj,do= 96 73 6o |

Monotonically decreasging distance Fun:tinns:%
dcx, k) where

=]

75

name

Diztance functions which incresasze to a )

at a point A& wnites from i, then decre

| dix,k) where

k= ]
dii, k= BE
dcj,. k1= 126
h=

5]

23
a5
63.5 40.5 40.5

f. Sketch the center objective function on the edge (3,10). How far from city #3 is the edge center of

(3,10)?

0. What isthe objective function at the edge center of the edge (3,10)?
h. Given the information which you now have, could the edge center of (3,10) possibly be the absolute
center of the network? Circle: Yes No

150 150
100 100
20 a0

1] 1]

3

V. Generalized Assignment Problem: Consider the problem of assigning 6 jobsto 3
machines (each with limited capacity):

10

20

40

<X DK K XK XK XK ZX

a0

Machine Jobz
i 1 2 3 4 5 5] 1 2 3 4 5 3}
1 12 22 24 21 24 16 i0 12 41 417 24 13
2 23 21 18 15 24 3] 11 20 25 24 18 13
3 15 21 14 15 13 14 22 11 417 18 18 149

a. Formulate this problem as a binary integer programmi n probl

lem.
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b. Suppose that the machine capacity constraints are relaxed, using the Lagrangian relaxation
method. Thefirst 2 iterations of the subgradient optimization method to maximize the lower
bound appears below, where the optimal value was estimated to be 120, and a stepsize parameter

was assigned the value 0.75.
Lambda = 0.75

Tpper bouwnd 2% = 120 job
i : 1 2 2 4 5 6

fultiplier vector W = 0 0 0 1140 18 11 A7 24 13

Objective function of relaxationt machine Z(11 20 25 24 182 132
223 11 17 12 18 19

Onal walue iz

Yariablesz zelected from GUE etz arel

131121
RBegources wged are! 79 24 21, cAvailable: Z0 27T 382
Svbogradient of Dual Objective iz E C 0
Stepzize iz 0.00861221

Iteration # 2

Multiplier wector T = 0.508475 0 0
Objective function of relaxation: qoh

1 2 3 4 ] 3]

1
nachine 2

]

19.15 Z29.12 23.20 ZY.67 36.20 21.13
11 20 25 2d 13 13
23 11 17 18 18 149

Ival valuwe iz 77.83205
Variablez gelected from GUE setz are:

[ETF[GTH] T [V]
Eezources weed are: 0 53 50, (Available: 20 27 382

Svbgradient of Dual Objective iz ~20 26 132
Stepeize ig K I

c. Severa vaues have been omitted from the output. Compute their values:

A B C D E
F_ G__ H_ r_ J
K

d. DoesthisLagrangian relaxation possess the "integrality property”? Circle Yes No
Why or why not?

e. What does your answer in (d) imply about the strength of the lower bound which can be obtained from
this relaxation, compared to that of the LP relaxation?

< XK K DK DK XK XK XK XK

V. Benders' Decomposition Algorithm for Plant L ocation: Consider thefollowing
randomly-generated problem in which demand in 8 citiesisto be satisfied by building plantsin one
or more of four of the cities:
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ol
3
=3 a Cozta, Suppliesz, Demands
i 1z 24586 78 E T
1 026 BT 18 57 45 34 44 | 10|5000
2 25 0 89 17 21 45 45 /9 | A7 (32000
o' 3 BT 89 0 8% 14 A3 50 52 | 10|7000
o¢ ! 13 17 85 0 75 55 49 56 | 14 (4000
of 5 BT 81 14 75 0 6T 47 22 | 12(41000
5 Demand : 2 5 7T 3 8 4 2 9|89
a
& Hunber of zowrcesz =M =5
o Hmiber of deztinationz = H = 2

Total demand: 41

a. State the mixed-integer programming formulation of the problem. How many continuous
variables (X) and how many binary (zero-one) variables (Y) are required?

b. Givethe expression for the optimal value asafunction of Y, i.e. v(Y), expressed in terms of
the variables X.

A trial solution was evaluated, in which plants 1, 2, 3, & 4 are to be open. The
result was:

Optimal Shipnents f

Flantz opensd: # 1 2 2 4 o

Minimmwn trangport cogt = 1077 1254586789

Fixed E?;E;_TF=P;EE$$ = 19000 fyl=onnosonzan
FPalosoo004208
Generated gupport iz of+b, where S F00TFTO0O3I000D0
o = BETO 4173 7140 4966 1000 Tao00300074
& b = TAT7E CDemand pt #9 iz dummy
Thiz ig support # 1 H  demand for excess capacity.?
c. Isthe optimal solution of this subproblem degenerate? Circle Yes No
Why or why not?

Next a suboptimal solution of the Master Problem is found:
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HMazter Froblem

Cguboptimized, i.2., a zolution
T zuch that w(¥) < incumbent .
Trial zet of plants @ <SEmpty=-

with eztimated cost

Current sgtatuz vectors for EBalaz'
additive algorithm:
jt 1 T2 73 T4 7R
wpderline: 0 0 0 0 0
d. What isthe value v1(0,0,0,0,0) of the master problem objective which is blanked out above?

Using this solution of the master problem (which was sub-optimized), the
subproblem, i.e. transportation problem, was next solved:

Subproblem Solution E

Flants opensd: # <empty>

Minimmm transport coszt = 410000
Fixed cost of plantz = 0

Total = 410000

Generated support iz of+hb, where
o = T95000 TIATOO0 TI000 TLiIA000 TiT9000
& b = 410000
Thiz iz support # 2
Next the master problem is sub-optimized again:

Ceuboptimized, i.e., & 20lution ¥ 2uch
that w(¥) < incwnbent .
Trial zet of plantzs: 3 4 5

with egtimated cozt :

Current statuz wvectorsz for Balas'
additive algorithm:
s T2 3 85 4
mwderlins: 0 0 1 0 0

ED

e. What isthe vaue blanked out in the master problem solution above?

f. Suppose that node #10 on the implicit enumeration tree above represents the master problem
solution. Which nodes have already been fathomed?

g. Which variables have been fixed at node #67?
h. After node #10 is fathomed, which node is considered next in the implicit enumeration?

Next the subproblem was solved, using the set of plants {3, 4, 5}:
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oblem Solution

Flantz opened: # 2 4 5

Minimam transport cost = 211
Fixed cost of plants = 12000
Total = 128141

Genserated support is of+hb, where
o = 5000 2000 7310 4252 1504
L b = TZBES

Thiz iz zupport & 32
i. Suppose that we wish to estimate the cost of the proposal to open plants#1, 3, 4, &5.

Current Liszt of

Supports of vl : Open plantz: 1 2 4 5

Current approximation of wi¥2 iz

Mazimom < alil¥ + bIil F
where o & b are:

5 .
SUpport Z':"-;E?i"'ﬁl
*1 “z “3 g 5 | ok i =1

L&Y 4173 140 dA6E 1000 AT

ag000 T18T000 T93000 T1EE000 T1Ta000] 410000 % —égﬁgg
Go0n 2000 210 d2hE 1504 285 3 17811

Doesthis give us an over- or under-estimate of the cost? Could the set of plants{1,3,4,5}
possibly be optimal? Why or why not?
<K XK DK DK XK XK XK XK
VI. Integer Programming Models
1. Consider the street network below:

g

ey
3 4] 5

The postal service wishes to place the smallest number of mailboxes at intersections such that thereisa
mailbox at one or both ends of each of the eleven streetsin the network. DefineY; = 1 if amailbox is
placed at nodei, and O otherwise. Formulate the problem as an integer LP.

2. For the same network above, formulate an integer LP (defining Y as before) to maximize the number of
mailboxes such that no street has a mailbox at both ends.

3. Suppose that each street has length 1. We wish to place exactly two mailboxes at the nodes, and to assign
each of the nodes to a mailbox so that the distance from the farthest node to its assigned mailbox is

minimized. Define Xj; = 1if nodej isassigned to amailbox at nodei, O otherwise. Formulate the
problem as an integerJLP.
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4. Which of the problems above (1, 2, and/or 3) are of the type known as set covering problems?

<K XK XK K XK XK XK XK

VII. Lagrangian Relaxation: A smal airline must schedule a departure from Cedar Rapids Airport to
each of four cities: Des Moines, Minneapolis, Chicago, St. Louis. The available departure times are 1
pm, 2 pm, and 3 pm. The airline has only 2 departure lounges, and so at most two flights can be
scheduled during atime dlot. The airline estimates the following profits per flight (in hundreds of dollars)
asafunction of departure time:

Departuretime
Dedtination | 1:00 2:00 3:00
1. DesMoines | 10 9 8
2. Minneagpolis | 11 9 9
3. Chicago | 12 10 9
4. St. Louis | 10 11 10

Define decision variables Xjj = 1if flight to destination i is scheduled at time j, and O otherwise
(i=1,2,3,4; j=1,2,3).

1. Formulate the problem of maximizing profit as an integer LP.

2. Find afeasible solution to the problem. What isits profit? Isthisan upper or lower bound on the
optimal profit?

3. How would you apply Lagrangian relaxation to thisformulation? (That is, select one or more
constraints which you might relax.)

4. Assign avalue of 5 to each Lagrange multiplier, and demonstrate how you would solve the Lagrangian
relaxation.

5. What is the bound on the profit provided by this solution of the Lagrangian relaxation? Isit an upper
or lower bound?

6. Isthe solution found in (4) feasible? If not, demonstrate how you would adjust the multipliers so asto
improve the bound found in (5) and/or improve feasibility.

7. Modify your formulation to handle the following conditions. (Define any additional decision variables
which you might find necessary.)

a. Hightsto Chicago and St. Louis cannot depart during the same time slot.

b. Theflight to Des Moines should depart before the flight to Chicago.

c. Thereisacost of 1 for each time slot in which one or more departures are schedul ed.



