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Determining intersection curves
between surfaces of two solids

K Abdel-Malek and H J Yeh

Intersection curves between two parametric surfaces are
numerically computed using continuation methods. A starting
point to initiate the algorithm is determined using the
Moore-Penrose pseudo-inverse. Singularities along the curve
are detected using a row-rank deficiency of the Jacobian. At
singular points where two or more curves intersect, bifurca-
tion points are calculated. To numerically compute a multiple
of curves at a bifurcation point, a 2nd-order expansion method
is used to render the equation into a quadratic form, such
that the tangents are computed. The solution is then switched
to a bifurcation branch. The method is demonstrated for two
intersecting surfaces having two intersecting curves. The
method is also validated for special cases through a number
of examples. Copyright © 1996 Elsevier Science Ltd

Keywords: intersections, geometric modelling, interference,
continuation methods

INTRODUCTION

This paper presents a method for determining the
intersection curves of two intersecting parametric sur-
faces. In the field of computer-aided geometric design,
these curves are called trimming curves. The problem
of numerically determining the trimming curve is com-
plicated when several curves exist. In addition, most
numerical algorithms require the estimation of a start-
ing point on or close to the solution curve. Muel-
lenheim' has presented an iterative method for calcu-
lating a starting point that is close to a solution curve.
The starting point has also been computed using lattice
and subdivision methods?. General intersection prob-
lems have been addressed by Barnhill et al.2, Barnhill
and Kersey®, Seredeberg® and Farouki®. Lattice evalu-
ation methods were used to determine the intersection
curve®’. Reviews of general intersection methods are
numerous® !, Wilf and Manor'? presented a method
using a modification of Levin’s ruled-surface
parametrization scheme, guided by invariant-factors
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classification and furthermore, by factorization of the
parametrization polynomials.

A procedural method for evaluating the intersection
curve was also presented”®. The same problem was
formulated and solved using parallel computing al-
gorithms!*, Using parallelism, the authors report a sig-
nificant speed-up in computing. Another parallel algo-
rithm using the divide-and-conquer method was pre-
sented by Burger and Schaback!’. The computational
complexity of this algorithm was also analysed. Search
techniques were used to refine the interval progres-
sively'®. Other methods that were applied to the sur-
face—surface intersection problem include a topological
and differential-equation method"’. In this method, the
vector field defined as the gradient of the oriented
distance function is used to detect critical points in the
field such as singularities. Tensorial differential equa-
tions are then used to trace intersection segments.
Another method that uses unidimensional searches to
detect intersection points was presented by Aomura
and Uehara’®.

A different approach of higher-dimensional formula-
tion including offsets, equal distance surfaces, and vari-
able radius blending surfaces was discussed by Hoff-
man' and Hoffman®. Higher-dimensional formulation
was also used by Chuang? to determine a local and
global approximant.

Marching methods have been extensively used by
researchers in this field**?2, The accuracy of marching
methods has been improved by proper control of the
step size”. Marching through singularities using bira-
tional transformations have been presented by Bajaj et
al? Singularities were also analysed by Owen and
Rockwood* by locally constructing a 2nd-order ap-
proximant to each surface.

In this paper, the curve is traced using the so-called
continuation methods®~2°, This problem is formulated
into one constraint equation that allows the use of the
Moore-Penrose pseudo-inverse to determine a starting
point on the curve. This method relies upon a row-rank
deficiency of the Jacobian to determine bifurcation
points. In many cases, however, a multiple of intersec-
tion curves pass through one point. Thus, the problems
of finding this point and switching solutions to another
branch are addressed.
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Figure 1 The trimming curve (intersection curve) between two
parametric surfaces

SURFACE INTERSECTION

Boundary representation (B-rep) methods are used by
many CAD gstems to model engineering structures and
machines!!"*®. Complicated solids are modelled by pro-
viding the surfaces and their geometric boundaries
satisfying certain geometric and topological require-
ments'’. In order to complete the description of a solid,
trimming curves in terms of the intersecting surfaces
are computed.

The B-rep method uses a topological description of
the connectivity and orientation of vertices, edges and
faces, and a geometric description for embedding these
surface elements in space. A survey of various repre-
sentation methods can be found in Hoffman’s book''.

Consider a solid that is to be represented by a
number of parametnc surfaces *x(u, v):U C R? —>R3

Ax;={"x, #x, ...} which is a differentiable map Ax;,
from an open set U CR? into R3. That is, the vectors
d*x,;/0u and 9*x,/dv are linearly independent. The
mdependence of these vectors is necessary to guaran-
tee a nonvanishing Jacobian.

To determine trimming curves created by the inter-
section of two surfaces, it is necessary to compute the
intersection curve between any two surfaces. Figure 1
illustrates a solid represented by two intersecting sur-
faces. The intersection curve (trimming curve) is also
shown in Figure 1.

The problem of calculating the intersection curve
between two surfaces is one of the most important
computational tasks in several engineering applications
such as in geometric modelling, CAD /CAM, computer
animation and robotics. Many methods for computing
the intersection curves between general surfaces have
been derived in the past. Pratt and Geisow® and Barn-
hill'® summarize and briefly distinguish most of those
techniques into five main categories, namely algebraic,
lattice evaluation, marching, recursive subdivision, and
continuation methods. In this section, only surfaces
represented parametrically are treated. A surface is
parameterized as

xW(u,v) (68
with constrained parameters as

u <u<u, ¢))
VSV, ©))
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The second surface is parametrized as

x2(s,t) : C))
with constrained parameters as

5 <855, 5)

t<t<t, (©

where (u, v) and (s,t) are the independent parametric
coordinates. To impose the inequality constraints in
numerical form, it is convenient to parametrize the
above constraints by introducing new generalized coor-
dinates A; such that an inequality constraint of the
form

qmm <q <qmax (7)

can be parametrized by introducing a new generalized
coordinate A; as

g;=a;+b;sin A ®

where a, = (g™ + ¢™")/2 and b, = (¢ — q™" /2 are
the mid-point and half-range of the mequality con-
straint.

In this paper, the computation scheme of the disjoint
branches of the intersection curve is divided into two
phases: (1) finding the starting point, and (2) tracing
along the intersection curve. The case where a singular-
ity (so-called bifurcation) occurs is also discussed.
Switching solutions by calculating tangents at a bifurca-
tion point is also addressed.

FINDING A STARTING POINT

For the case of interference of surfaces that results in
disjoint branches, it is a nontrivial task to find an initial
point on the intersection curve. The method presented
in this paper involves starting from an initial guess g' ;
on one of the surfaces, to determine a starting point ¢*
on an intersection curve. The intersection problem may
be considered as solving the system of seven nonlinear
equations with eight variables where the constraint
function H(q) is

H(q) =

x'(u,v) —x2(s,t)

u—[(uy +u,y) /2 +sin(A)(u, —u,) /2]

v—[(y; + v,) /2 +sin(,) (v, — 1)) /2] [ =0 (9)

s = [(s; +8,)/2 + sin(A;)(s, —5,) /2]
t—[(t, +£,) /2 +sin(A )2, — 1) /2]

where q={u v s ¢t Ay A, A; A,} and the inequality
constraints of Equations 2, 3, 5, and 6 were
parametrized per Equation 8. The Jacobian of the
constraint function H(q) for a certain configuration q'
is the 3 X 3 matrix

3H,
Hq(ql) = [a_q](ql)] (10)
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To satisfy the constraint equation, an algorithm simi-
lar to the Newton—Raphson iteration method is em-
ployed, as follows:

H,Aq= -H an

If the constraint subJacobian matrix is square then
Equations 9 and 11 comprise the conventional New-
ton—Raphson iteration method, with its well-known
quadratic convergence properties®.

The constraint equation (Equation 9) has more rows
than columns and the constraint subJacobian H, has
more columns than rows, thus Equation 11 has multi-
ple solutions. One solution to this type of problem is to

find the solution Aq with minimum norm??3!; i.e. to
solve the minimization problem
1
minEAqTAq (12)
H,Aq=-H (13)

Using the Lagrange multiplier approach that ap-
pends a multiplier vector times the equations to be
satisfied to the function that is to be minimized, define

1
V= EAqTVq—).T(HqAHH) (14)

As a necessary conditon for a solution of the minimiza-
tion problem (Equation 11), the gradient of the func-
tion in Equation 14 is set to zero, yielding

Aq"=\TH, 15)
or,
Aq=H]A (16)

Substituting this result into the linearized constraint
equation of Equation 11 yields

HHIA=-H an

If the subJacobian H_, has full row rank, then the
coefficient matrix on the left of Equation 17 is non-
singular. In fact, it is positive definite. Therefore,

A=(HHI) (-H) (18)

Substituting this result into Equation 16 yields the
result

Aq=HI(HH]) ' (-H) (19)

where the coefficient matrix on the right is the so-called
Moore-Penrose pseudo-inverse of the subJacobian®.
Starting with an initial guess q', the update of general-

ized coordinates is calculated through
Aq=H};(-H) (20)

where H} is the Moore—Penrose pseudo-inverse of the
Jacobian H, defined by Equation 19 as

H: =H[(HH]) " @D

Rather than computing the inverse implied in Equation
21, define

-1

y=(HH) (-B (22)
which is equivalent to solving the matrix equation

(HH)y=-H (23)

Numerically solving this equation for y and substituting
the result into Equaiton 19 yields

Aq=H]y (24)

Carrying out the Moore—Penrose pseudo-inverse itera-
tion using Equations 23 and 24, yields a process that
has the same quadratic convergence characteristics as
the standard Newton—Raphson method™.

Using this procedure, the starting point q* on the
intersection curve can be found within a few iterations
without adding any new constraint equations. Although
this method can quickly converge the initial guess into
a starting point, only one starting point will be found,
and only the corresponding intersection curve can be
traced. If disjoint branches of the curve exist, other
starting points should be obtained. In this case, further
study of branching from the bifurcation point is neces-

sary.

TRACING ALONG THE CURVE

Once the starting point is found, subsequent points on
the intersection curve can be traced along the tangent
direction by using the so-called continuation method?’.
The idea is to introduce a new constraint equation.
Suppose the parametric coordinates of the starting
point ¢* are (u,,v,) and (sy,¢,). The tangent vector
t(H,(g)) to the set defined by H(g) =0 is uniquely
defined by

H t(H,) =0 ©5)

the normalization

lleCH I, =1 (26)
and
Hll
det t(Hq)T >0 @n

where Equations 25-27 were set forth to define a
unique tangent in the Predictor—Corrector method?.
The geometric interpretation of the step marching
procedure is shown in Figure 2a. A well-established
numerical code (called PITCON?) that implements
this continuation method is used to perform the
tracing.

By setting the new point as the current point, the
unique tangent vector is computed at each point along
the curve. The tracing is continued until one of two
cases occurs: (1) the boundary is reached, or (2) return-
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ing to the starting point. Note however, that if more
than one intersection curve exists, only one is
traced.

SINGULARITY / BIFURCATION

Often more than one intersection curve exists. If the
curves are disjoint branches and do not intersect (e.g.
two parallel cylinders intersecting), a grid search
method® is used in the umspace to locate the other
branch. If the two branches intersect at a point, this
point is called a bifurcation point. This may occur for a
number of reasons, the most general of which is com-
mon tangents. In order to have a complete representa-
tion of all intersection curves, it is necessary to detect a
bifurcation point along a solution curve (other methods
can be found in Keller?® and Rheinboldt®). In addi-
tion, it is required to numerically switch from the curve
onto the second solution branch. This section will con-
sider singular bifurcation points. Treatment of higher-
0r(314er bifurcation points can be found in Golubitsky et
al.

Allgower and Georg?’ proved that if the bifurcation
point q° is a simple bifurcation point of the equation
H(q°) =0, then the determinant of the following aug-
mented Jacobian changes sign at the singularity.

H

q
(«H, ) 28)

sign det[

where t(H_) is the tangent function to the set defined
by H(g) = 0 for -R" > R"~'. In practice, Equation 28
can be executed by monitoring the Jacobian H, for
where it becomes row rank deficient of degree one at a
bifurcation point q° such that

Rank(H,(q°)) =n—2 (29)

At such a point, a pair of solution curves pass through
the point. Having determined that there is a single
bifurcation point, it is of interest to determine this
special point. This can be done by changing the step
size of the continuation algorithm while monitoring the
sign of Equation 28. Elementary row matrix operations
may be performed to reduce the Jacobian matrix H, to
the form

E(H,(q")) = [F"(oqo)] (30)

where F(q°) is an (n—2)Xn matrix with full row
rank. Since the transformation E involves only inter-
changing equation order, multiplying an equation by a
nonzero constant and adding one equation to another,
if does not change the solution set. Thus Equation 9
may be transformed to

F(g)
f@
which yields the modified continuation equation as
H(q) = 0. Since only elementary row operations have

been used, the lower submatrix on the right is indeed
its Jacobian. Since the rank of F,(q°) is of dimension

H(g = ] =E(H(q) =0 31
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(n —2), the null space of F(q°) is of dimension two,
yielding two nonzero solutions of

F(q*)7,=0 i=12 (32)

where the two vectors 7; may be orthonormalized such
as

=8, i,j=12 (33)
Thus, the objective is to find tangent vectors t(H,)
continuation curves at q° of the form
3
t(H,) = 21 o1 = oy (34)
j=
To be tangent to the solution curve, the equation

governing the solution curve should be satisfied to
lowest, nontrivial order Taylor approximation, i.e.

F(q°) ;T
H(q® + t(H)) ~H(g®) +| 1 =
( ! ) E(al’r;r)qu(qo)ak'rk
(35)
where the Hessian of f(q), evaluated at q° is
o"zf(q")
f@®) = [‘(m‘ ] (36)

The 2nd-order Taylor approximation is required, since
its 1st-order Taylor terms are identically zero. Since the

current point

intersection curve

(@)

P, new tangent

new P

®)

Figure 2 (a) The step marching procedure for tracing the curve, (b)
tangents in opposite directions, (c) tangent is not in opposite
directions
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u.gm'n + u;nax u;lldl — g min

i
u; =

2 2

sin Ay

guess

l Elementary row Operations on H,,

I Delete zero rows to get Fy i

q
Initial
—_—

| Calculate two vectors in the null space of F, !

| Compute the coefficients A; A, Aul

I Calculate the coefficients a; and a, I

x(u, v) x%(s,1)
vmln s ys vlnu tl.lllll S‘ stn“

[Parametrize inequality constraints

Form H(q)

[Compute the Jacobian H,(q)|

Moore-Penrose pseudo-inverse
HHD)y=-H Aq=H]y

q'*!=q'+Aq’ | Starting point g*

[ Start continuation method]

[ Conti

| Calculate tangents t(H@-'

{ tracing using PlTCON”—|

upper subvector on the right of Equation 31 is zero, for
all a;, Equation 31 reduces to

a'Aa=0 37
where a =[a; a,]" and
A= [T;rqu(qn)'rj] =[A,'j] (38)

The quadratic equation (Equation 37) may be trans-
formed to a quadratic equation in the ratio of the two
variables such that

ay 2 ay
An|—| +24p| — | +42=0

2 @

39)

To determine a pair of values for «; and «, that
define distinct tangents, the solution is sought such that

a_ Ae L T A A for A #0
a, A11 A11 12 114322 11
and A, #0 (40)

If A;;=0and A, =0 and A,, #0 the solutions are

a'=[10]" and «?=[0 1] . In the analysis by Lukacs™,
the curvature of the intersection curve is studied. In
order to determine whether a point along the traced
curve exhibits singular behaviour, the eigenvalues A,
and A,, associated with the quadratic equation are
studied. The following four cases may arise.

(1) If A, and A, have the same sign, then the point is
isolated.

(2) If A, and A, have opposite signs, then there are
two tangents at this singular point.

(3) If A, or A, equals zero, then there is one branch
passing through this point.

(4) If A, and A, are zero, then this point is 2nd-order
singularity.

Similarly, three cases arise from studying the
quadratic function of Equation 39.

(1) If «; and «, are two real numbers, then there are
two distinct tangents at a singular point.

(2) If @, or a, equals zero, then only one curve passes
through this point.

3) If a, or a, is imaginary, no real tangents can be
computed.
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In the preceding tracing process, when the trace
crosses over the singular point, the determinant of the
Jacobian matrix changes signs. In this case, the new
tangent of the computed point is inspected to de-
termine whether it orients in opposite direction (within
a tolerance) with the previous tangent. If this occurs,
the new step size ¢ must change signs, as shown in
Figure 2b, such that the tracing continues without re-
tracing. Figure 2¢ depicts another situation where the
determinant changes signs but the computed tangent
will not point in the opposite direction.

ALGORITHM

The following algorithm is presented to illustrate the
discussion

The following example will be discussed in detail to
illustrate the algorithm. Consider the intersection of
two cylinders of two different sizes. The surfaces of the
larger cylinder is parametrized as

10cos u+5
x'(u,v)= v 41)
—10sin u

and has inequality constraints as
O<u<2w (42)
203 < »<20vV3 (43)
The smaller cylinder is parametrized as

5cos s
x2(s,¢) = | 2.5sin s + (V3 /2)¢ (44)
—2.5V3 sin s + (¢/2)

and has inequality constraints as
0<s<2w 45)
—40<r<40 (46)

The two cylinders are shown in Figure 3a. The con-
straint function is

10cosu+5—5cos s
—2.5sins— —t¢
v sin s 3
—10 sin u + 2.5¥3 sin s — 0.5¢
u— - sin A
v—0—20V3 sin A,

s—ar—rsin A,
t—0—40sin A,

H(g) = =0 (47

This is a one degree of freedom system with seven
equations and eight unknows. The Jacobian of H is
7 X 8 matrix. To determine the trimming curve, a start-
ing point is needed. The Moore-Penrose pseudo-
inverse is used. This algorithm requires an initial guess
of a point on one of the surfaces. An initial guess for a
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40

20

20 10

Figure 3 (a) Two intersecting cylinders, (b) computed intersection
curves

point (on one of the surfaces) is given as
q =[n/2 =20 =w/2 —-7/6
—u/6 —m/6]"

-17.32 —m/6

Using the Moore—Penrose method a starting point (on
the curve of intersection) is computed after five itera-
tions as

¢t =[1870 —7.412 1.151 -11.19
—0.186 —0.686 —0.329]"

Tracing continues until the Jacobian changes signs at

q° = [3.142 0.301 x 10~% 3.142 0.736 X 10~*
0.302 X 107 0.755 X 10~1° 0.427 X 10~°
0214 x 10~°]"

At q°, the Jacobian H (q°) is row-rank deficient, thus,
q° is a singular point. lgerfonning elementary row oper-
ations, the Jacobian is reduced to

—0.416

E(H,(q%) = [F"?o)] (48)
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The first row of H,(g°) has all zero elements. The first
row is deleted to form F,, which has full rank

0 1 25 -03866 0 ] 0 0
10 0 —433 -05 0 0 0 (1]
F = 10 0 0 -3.142 0 0 0
a 01 0 0 0 —40 0 0
00 1 0 0 0 -3142 0

00 0 1 0 0 0 —34.641

(49)

where F, has rank (n — 2). )
Two cllistinct nonzero solutions of Fa'=0 (i=1,2
can be computed such that

7, =[-0.1731.000 —0.400 0 —0.055 0.025 —0.127 0]"

and
7,=[—0.200 0.0 —0.346 1.000 0.0637 0 0.110 0.029]"

Since the first row of H_ is zero and was deleted, the
first constraint term of o} H,is

fl@=10cos u +5—5cos s (50)

The nXn Hessian matrix f,, is determined and the
coefficients A, A,, are computed as

Ay =11 (@7, = -05 (51)
Ay =7, (@°)7, = 0.346 (52)
Ay =73 (@7, = -0.2 (53)

Substitute these coefficients into the quadratic equa-
tion

2
+ A, =0 (54)

a;\? o,
Apl— 1 +24A,| —
a a,

2

two solutions are computed

a; =0410a, (55)
and
a;=0975a, (56)

Setting «, = 1.0, two solutions for the a-coefficients
are obtained

a;=0410, a, =1.0
and

a;=0.976, a,=1.0
Two distinct tangent vectors #H,) = a;7, + a,7, at
this bifurcation point are calculated. The two normal-
ized tangents are

t(H,), =[0.116 0.371 0.165 0.904 0.0371 0.009

0.053 0.026]"

-0.5

0 1 2 3 4 5 6
u

Figure 4 (a) Two intersecting surfaces (torus), (b) intersection
curves in the uv space

and
t(H,), = [0.022 0.697 —0.031 0.715 0.007
0.017 —0.099 0.021]7

Since both tangents have been computed, the tracing
can be continued. The intersection curve is shown in
Figure 3b, and the 3D curve is shown in Figure 3c.

NUMERICAL EXAMPLES
Example 1

To illustrate the determination of surfaces enveloping a
solid using the method outlined above, consider the
two surfaces depicted in Figure 4a. The equation of the
first surface is given as

x'(u,v)

7.07 cos u cos v+ 7.07 (sin u — sin v)

+14.14 cos v

—7.07 cos u cos v

+7.07 (sin u + sin v) — 14.14 cos v
10 cos u sin v+ 10 cos v

+20sin v+ 50

57
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with inequality constraints defined as

O<u<22m (58)
-0.785<v<1.57 (59)

and the parametrization of the second surface is given
as

—7.07 cos s cos t + 7.07 (sin s + sin t)

—14.14cos ¢
x!(u,v) =| —7.07 cos s cos t — 7.07 (sin s — sin #)
—14.14 cos ¢
10 cos s sin ¢ + 10 cos ¢t + 20 sin ¢ + 50
(60)
with inequality constraints as
0<s<2mw (61)
—-0.785<t<1.57 (62)

The starting q* computed using the Moore—Penrose
pseudo-inverse is

q* = [0.6184 3.4086 0.6184 2.8745 0.1928
0.0851 0.1928 —0.0851]

Using this point as a starting point for mapping contin-
uation curves, a singular bifurcation point is encoun-
tered at

q°=[0.7854 3.1416 0.7854 3.1416 0.3398
0.8306 x 107° 0.3398 —0.8306x 107°]

The tangents computed in the uv space at the bifurca-
tion point are t(H,), =[0.5773 0.8165]" and t(H,), =
[—0.5774 0.8165]T.'11"he resulting intersecting curves in
the uv space are depicted in Figure 4b.

Example 2
Figure 5a depicts the surface of a torus parametrized as

(10 — 5 sin u) sin »
5cos u (63)
(10 — 5 sin u) cos v

x'(u,v)=

subject to the following inequality contraints

O<u<2w (64)
O<wv<2m (65)

and the surface of a cylinder parametrized as
t
x*(s,1) =|5cos s (66)
5sin s
subject to the following inequality constraints
0<s<2w

-20<t<20

546
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Figure 5 (a) The intersection of a torus and a cylinder, (b)
intersection curves in the uv space depicting bifurcation points, (c)
intersection curves in the st space

In order to compute a staring point on the curve of
intersection, an initial guess of a point on the surface is
specified. Using the Moore—Penrose pseudo-inverse,
the computed starting point is

q* = [2.4235.2252.423 —5.843 18.618
57.273 18.618 —44.279]"

During the continuation technique used, three singular
points are computed:

(1) The first singular point is q =[u v s t]=[3.141
4712 3.141 —9.999]" Two tangents are computed
at this point such that t(H,), = [—4.472 —2.236]"
and t(H,), =[—4.472 2.236]".
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(2) The second singular point is 5 =[1.571 3.141 4.712
—0.787 x 10~8]T and two tangent vectors are cal-
culated t(Hq)] =[2.236 3.162]" and t(}lq)2 =[2.236
~3.162]".

(3) The third singular point is q3 =[3.141 1.571 9.999]"
and the two tangent vectors are calculated accord-
ingly as t(Hq)Lr=[_4'472 —2.236]T and t(H,), =
[—4.472 2.236]". The resulting intersection curves
depicting the three bifurcation points are shown in
the uv space in Figure 5b. The curve in the st
space is shown in Figure 5c.

EVALUATION OF SPECIAL CASES

An evaluation of the algorithm’s performance on two
special cases similar to those discussed by Barnhilll
are presented. The two cases are: (1) the contact of a
surface with another at a very small region and (2) the
intersection along a generatrix of two surfaces.

The intersections, in the method discussed in Barn-
hill", are established by fitting curves through exact
points which are the intersections between one surface
and the isoparametric curves from the other surface.
An iterative approach is presented for searching.

The region of intersection is very small

This example is one that was discussed in Barnhill®,
The intersection loop is very small compared to the
dimensions of both surfaces. A sphere touching the
surface of a plane is considered as shown in Figure 6.
The surface of the sphere is parametrized as

cos 6 cos ¢ - -
x'(8, ¢)=|sin 6sin ¢ |,0<6<27, —Eswsg
sin ¢
(67)
and the surface of the sphere is parametrized as

s

x2(s,)=[10|, -1<s<1, -1<t<1 (68)
t

Figure 6 Intersection of a surface with another at a very small
region

The constraint function is

[ cos @ cosp—s
sin 6 cos ¢—1
sin ¢ —¢
0~ m—sin A =0 69)
¢—0—(m/2)sin A,
s—0— sin A4
t—0—sin A,

H(q) =

where q=[6 ¢ s ¢ A, A, A; A,]". The Jacobian is
computed as

H@

—sinfcose —cosfsing —1 0 0 0 i 0
cosfcosp —sinfsmng O O [ 0 [ 0
0 cos ¢ 0 -1 0 0 0 0
1 0 0 0 —mcosa 0 0 0
0 1 [} 0 - (a/DcosA; O 0
0 0 1 0 0 0 —cosAs 0

0 0 [ 0 0 0 —coshy

(70)

An initial guess for a point on one of the surfaces is
provided as

q'=[70050500m/6 w/6]"

Using the Moore—Penrose pseudo-inverse, and after
six iterations, a starting point is found such that

q*=[1.571000 -0.523000]"

This is the exact tangent point, and is an isolated point
of intersection, thus q° = g*. To verify that this is the
only point of intersection, this point is substituted into
the Jacobian such that H, becomes row-rank deficient.
Substituting q° into the ancobian, and performing ele-
mentary row operations yield the second row of H(q°)
being zero. The matrix F,(q°) is formed as

F,(q%)
-10 -1 0 0 0 0 0
01 0 -1 0 0o 0 o

| 10 0 0 -mcos(-0523) 0 0 O

"l o1 o o 0 -1571 0 0
600 1 0 0 0 -1 0
00 0 1 0 0 0 -1

71

The nullspace is computed as 7, =[-1010 —0.367 0
10]" and v,=[01 01 0 0.636 0 1] . Since the second
row of H (q°) is deleted to form E,(q°), then

f(q) =sin @ cos ¢ — 1 (72)

The Hessian is computed and evaluated at q°. The
coefficients A,;, A;,, and A,, are computed as A,; =
-1, A, =0, and A, = —1. The quadratic equation
becomes

—lal—1la?=0 (73)
There are no real solutions to Equation 73. Therefore,

there are no tangents at this point which signifies that
q° is an isolated intersection point.
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)

\\L__L/L/L |

Figure 7 The intersection curve of two surfaces along their genera-

trix

Intersection curve is along a geometrix

This example is similar to the one discussed in Barn-
hill'°. Consider the intersection of two cylinders along
a generatrix as shown in Figure 7. It will be shown that
the method presented in this paper is valid for this type
of cases without any modification. Consider the first
surface parametrized as

S5cosu
x'(u,v)=|5¢inu |,0<u<2m, -5<v<s5 (74
1 4

and the surface of the second cylinder is parametrized

as

2cos s
x2(s,t)=|2sins+7|,0<s<2w, -5<t<5
t

(75
The constraint functions is written as
[ Scosu—2coss W
Ssinu—2sins—7
v—t

H(q) = u—T— 1 sin A =0 (76)

v—0—5sin A,

s—m— 1 sin A,

t—0—5sin A,

Using the Moore—Penrose pseudo-inverse, a starting
point is computed as

q* =[(%/2) 2.5 Bn/2) 2.5 (—w/6) (m/6) (w/6)
(—m/6)]"

The Jacobian is computed and evaluated at q*. The
Jacobian is row-rank deficient (second row is zero),
thus q° = q*. The matrix F(g) is formed which has
rank (n—2)=6. The null space of F(g) yields two
distinct nonzero solutions

7,=[-04010 —0.14700.367 0]
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and
7,=104.330043300101]"

Since the second row of Hq(q) was deleted to form
F,(g), then

f(qQ)=5sinu—2sins—7 77)

The Hessian is evaluated at q*, and the coefficients
Ay, Ay, and Ay, are computed as A = —14/5,
A, =0, and Ay, =0. The quadratic equation is de-
termined as

T (112 = (78)

The only solution to this equation is «; =0 and «a, is
arbitrary (e, =1.0). The only tangent vector at this
point is

t(H,) = a;7, + a,7, =[04.3304330101]"

Thus, the intersection curve is traced only along the
line segment.

CONCLUSIONS

The formulation for tracing intersection curves between
two parametric surfaces was presented. The determina-
tion of a starting point on a curve of intersection was
performed using the Moore—Penrose pseudo-inverse
method. Determination of bifurcation points along
traced curves was performed using a row-rank defi-
ciency criteria of the Jacobian. Calculating the bifurca-
tion point as well switching from one branch to another
was also presented. The code was demonstrated using
examples where two surfaces are intersected and two
tangents at the bifurcation point are computed. Spe-
cial-case examples such as intersection of two surfaces
at a singular point and the intersection along a genera-
trix were also evaluated. The efficiency of this method
against other well-known methods was not addressed,
neither was the computation of higher-order singulari-
ties.
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