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Principal Component AnalysisPrincipal Component Analysis
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IntroductionIntroduction

A principal component analysis (PCA) is concerned with 
explaining the variance-covariance structure of a set of 
variables through a few linear combinations of these 
variables for (1) data reduction, and (2) interpretation.
Principal components (PC) may be inputs to linear 
regression and cluster analysis.
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Sample Principal ComponentsSample Principal Components

Suppose the data x1, x2, …, xn represent n independent 
drawings from a p-dimensional population with mean 
vector μ and covariance matrix Σ. Let S and R denote the 
sample covariance and sample correlation matrices.
The observations xj are often “centered” by subtracting 
sample mean x-bar. It has no effect on the variance-
covariance structure.
The sample principal components are uncorrelated 
linear combinations of the measured variables with the 
largest (sample) variances.
Although normal distribution assumption is not needed to 
derive principal components, geometric interpretations 
based on normal populations in terms of constant density 
contours are useful.
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Properties of Principal Properties of Principal 
ComponentsComponents

Suppose S={sik} is the p×p sample covariance matrix with 
eigenvalue-eigenvector (eigenvectors are normalized) pairs
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where x is any observation on the variables X1, …, Xp.
We have

pky kk ,...,2,1,ˆ)ˆ(variancesample == λ
kiyy ki ≠= ,0)ˆ,ˆ(covariancesample

p

p

i
iis λλ ˆ...ˆvariancesampletotal 1

1

++==∑
=

These results do not require normal distribution assumption.
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Example 8.3Example 8.3

A census provided information on five socioeconomic 
variables. The data are from 14 tracts.
The summary statistics are:
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Example 8.3 (Cont.)Example 8.3 (Cont.)
The results of principal component analysis are:

Sample variation is summarized very weel by two principal 
components. Reduction in the data from 14 observations on 5 
variables to 14 observations on 3 PCs is reasonable
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The Number of Principal The Number of Principal 
ComponentsComponents

There is no definitive answer to the question of how many 
components to retain.
A useful visual aid to determining an appropriate number 
of principal components is a scree plot. 
The scree plot is a plot of λi versus i. 
To determine the appropriate number of components, we 
look for an elbow (bend) in the scree plot. The number of 
components is taken to be the point at which the 
remaining eigenvalues are relatively small and all about 
the same size. 
Example 8.4: size and shape relationships for painted 
turtles.


