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ABSTRACT
In this paper, some recent progress toward the prediction

of fully coupled wave-body interactions using a sharp inter-
face immersed-boundary/level-set method is presented. A non-
iterative strong coupling scheme for the fluid motion and rigid
body dynamics is adopted by utilizing a non-inertial reference
frame attached to the solid body. The combination of this scheme
with the previous immersed-boundary/level-set method gives a
robust and efficient tool for the prediction of solid body motions
in waves. Several examples are presented to demonstrate the ap-
plicability of the new method. Possible further developments are
discussed.

INTRODUCTION
Wave-body interactions are of interest in many engineering

areas such as ocean, coastal, civil, and environmental engineer-
ing. The physics involved in wave-body interactions, e.g., mul-
tiphase turbulent flows of wind, current, and waves, dynamics of
stationary/moving solid/deformable structures, and the interac-
tions between the fluids and structures, is very complicated and
presents significant challenges to theoretical, experimental, and
computational studies of these phenomena.

Ship hydrodynamics is a typical field with a focus on wave-
body interactions. The prediction of ship motions is the pri-
mary task of computational ship hydrodynamics, since ship mo-
tions are ubiquitous in all major areas of ship hydrodynamics,

∗Address all correspondence to this author.

such as sinkage and trim in resistance and propulsion, pitch,
heave, and roll in seakeeping, surge, sway, and yaw in maneu-
vering. Potential flow theory has been applied to ship motion
prediction for a long time. However, the missing viscous effects
and limited capacities for breaking waves in various potential
flow solvers severely restrict their broader applications. RANS
(Reynolds-averaged Navier-Stokes) solvers of various complex-
ities have been developed in the last few decades for ship hy-
drodynamics problems beyond the reach of general potential
solvers. CFDShip-Iowa version 4 is one of leading RANS codes
for a wide range of ship hydrodynamics applications involv-
ing six DOF (degree-of-freedom) motions [1]. Unfortunately,
these solvers usually require complicated three-dimensional (3D)
mesh generation/deformation, block patching, or overset inter-
polation, which are absent in general potential flow solvers and
practically excessive burdens on design engineers. The sharp in-
terface immersed-boundary/level-set Cartesian grid method pre-
sented in [2], among other non-boundary-conforming methods,
can essentially eliminate the complex grid generation process
and be a promising approach for simple and efficient prediction
of ship motions. In this method, the direct forcing immersed
boundary formulation for moving boundary problems given in
[3] was adopted; in addition, a level set method [4] was used for
interface tracking with the ghost fluid method for the treatment
of interface jump conditions [5]. Various cases of wave-body in-
teractions with stationary or moving bodies from water entry and
exit, to model scale ship flows were shown in [2] to demonstrate
the accuracy and applicability of this method.
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The objective of the present study was to extend the sharp
interface immersed-boundary/level-set method to fully coupled
wave-body interactions. There are many different types of
schemes available in the literature for fluid-structure interaction
problems. It is well-known that the weak coupling schemes, usu-
ally, with a time lag of the forces/moments to the solid from the
fluid phase, could become unstable in many circumstances; on
the other hand, the strong coupling schemes are much stabler.
In [6], a scheme of the latter category was developed to extend
the direct forcing immersed boundary method in [3] to fluid-
structure interaction problems involving multiple bodies. In this
scheme, the fluid and the structure are treated as elements of a
single dynamical system, and all the governing equations are in-
tegrated simultaneously and interactively in the time domain. As
a predictor-corrector scheme, a few iterations between the fluid
solver and the structure solver are involved. In each iteration,
the positions of the immersed structures will be changed and the
relationship between the grid and the immersed boundaries has
to be redefined; moreover, the pressure Poisson equation has to
be solved. Therefore, an efficient setup procedure for the im-
mersed boundaries is of importance. And the cost of the Poisson
solver is critical. In many applications, fast Poisson solvers uti-
lizing FFT (fast Fourier transform) and cyclic reduction can be
very useful to reduce the computational time. For example, the
strong coupling scheme in [6] was used in [7] to simulation the
pulsatile flow through an aortic bileaflet mechanical heart valve.
However, for the two-phase flows in wave-body interactions, the
fast Poisson solvers cannot be applied directly and usually iter-
ative solvers are used. The cost of the pressure Poisson solver
will be much higher in an iterative strong coupling scheme for
wave-body interactions.

An alternative direct forcing immersed boundary approach
for fluid-structure interactions given in [8] avoids the iterations
in many strong coupling schemes by adopting a non-inertial
reference frame. With such a frame fixed to the body, there
is no relative motion between the body and the grid; the im-
mersed boundary only needs to be set up once at the beginning
of the simulation. More importantly, with an explicit, linear mo-
mentum forcing, a simple linear relationship between the fluid
forces/moments acting on the body and the linear/angular veloc-
ities of the body was identified in [8], which enables a strongly
coupled, direct update of the body velocities without iterations.
In addition, the approach can effectively removes the wiggles in
the forces/moments otherwise exist in many immersed boundary
methods due to the motions of immersed boundaries on the un-
derlying fixed grid. However, a major limitation of this method is
that only the cases with a single rigid body can be handled. The
use of non-inertial reference frame also introduces some com-
plications in the treatment of domain boundary conditions, espe-
cially, at the inflow and outflow boundaries. Despite these limi-
tations/complications, the method can still find its application in
many circumstances.

A crucial aspect of the immersed boundary methods, espe-
cially, when dealing with fluid-structure interaction problems, is
the evaluation of forces/moments from/to the immersed bodies.
In many direct forcing approaches, the effects of the immersed
bodies are fully represented by the extra forcing term added to
the momentum equation. Therefore, for these approaches, a
straightforward way of evaluating the forces/moments is to per-
form an integration of the forcing term pointwise. Actually, the
method in [8] was built on top of this concept. On the other
hand, in many other direct forcing approaches, an explicit mo-
mentum forcing term barely exists or is hard to define due to the
extra manipulation of the governing equations or the solution it-
self. Usually, in these methods, the immersed boundaries have
to be discretized into a triangulation (segments in 2D) with ele-
ments of size comparable with the local grid cells, then the shear
stresses and pressure are calculated for each elements and the
integration of forces/moments from all elements gives the final
results. This approach was adopted in [3] and [6]. Due to many
additional parameters such as size of surface triangle elements,
distance away from the surface to interpolate velocity/pressure,
this approach can be quite involved in algorithm and be sensitive
to the choices of different parameters. In general, the evalua-
tion of forces/moments is used as a post-processing step in the
simulations of fluid-structure interactions. However, in [8], this
step was combined into the fluid-structure coupling process in a
non-inertial reference frame as discussed in the previous para-
graph. And it was turned out that the iterations between the fluid
and structure solvers, which are inevitable if the body has rela-
tive motions to the grid and/or the forces/moments are calculated
with a complete solution, could be eliminated.

In this study, as a step forward for the prediction of six DOF
ship motion on a Cartesian grid, the non-iterative strong coupling
scheme in [8] was combined with the sharp interface immersed-
boundary/level-set method in [2]. Due to the presence of the
air-water interface, the whole gas-liquid-solid system considered
here is more complicated than that in [8]. Therefore, the origi-
nal formulation will be re-derived for a three-phase system with
multiple material interfaces. Also, some preliminary simulation
results of wave-body interaction problems will be presented.

MATHEMATICAL MODEL
In general, the mathematical model used in this study fol-

lows what presented in [2]. For completeness, the basic govern-
ing equations will be given here in addition to the definition of
the non-inertial reference frame to be used and the dynamical
equations for rigid body motions.

Non-Inertial Reference Frame
The conventional transformation of the Navier-Stokes equa-

tions from an inertial reference frame to a non-inertial reference
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FIGURE 1. RELATIONSHIP BETWEEN THE INERTIAL AND
NON-INERTIAL REFERENCE FRAMES.

frame will result in various source terms in the equations, such as
the Euler, Coriolis and centrifugal forces. These terms are diffi-
cult to be formulated in conservative forms and the explicit treat-
ment of these terms in a rotational system could be the source
of numerical instability. In [9], a conservative formulation of the
Navier-Stokes equations in a non-inertial reference frame was
presented. Like [8], this formulation was also adopted here.

As shown in Fig. 1, a point P in space represented by xa in
the inertial reference frame will be converted to xr in the non-
inertial reference frame through the following equation:

xr = RT (xa−xa|xr=0) , (1)

where the subscripts a and r represent the inertial and non-
inertial reference frames, respectively, RT is the transpose of
the rotation matrix R between these two coordinate systems, and
xa|xr=0 is the position vector of the origin of non-inertial refer-
ence frame with respect to the inertial frame. The time derivative
of Eq. (1) in the inertial frame can be derived as(

∂xr

∂ t

)
a
= RT dxa

dt
−RT dxa|xr=0

dt
, (2)

with t the time, ()a the time derivative in the inertial reference
frame. It can be converted to the time derivative in the non-
inertial reference frame represented by ()r as(

∂xr

∂ t

)
a
=

(
∂xr

∂ t

)
r
+Ω×xr = ur +w = RT ua−v (3)

with ur = (∂xr/∂ t)r the relative velocity vector in the non-
inertial reference frame, usually employed in the conventional

transformation as the primitive variables, v = RT (dxa|xr=0/dt)
the translational velocity of the origin of the body-fixed coordi-
nate in the non-inertial frame, Ω the angular velocity of the the
body about the origin of the non-inertial frame, and w = Ω×xr.

The salient feature of the conservative form by Beddhu et
al. [9] is the use of the following velocity vector in the Navier-
Stokes equations:

u = ur +v+w = RT ua. (4)

This formulation can ameliorate the difficulties of boundary con-
ditions treatment when a non-inertial reference frame and the rel-
ative velocity vector ur are used, as the above conversion is much
simpler than that from ua to ur.

The rotation matrix or the orientation of a rigid body can be
represented by the Euler angles. However, a phenomenon called
gimbal lock in which one degree of freedom of rotation is lost
can be resulted from the Euler angle formulation. The quaternion
representation, which has no gimbal lock problem, is adopted in
the present study. For the rotation of an angle θ about an axis
n = (n1,n2,n3), the quaternion representation will be

q = (cos
θ

2
, n1 sin

θ

2
, n2 sin

θ

2
, n3 sin

θ

2
) = (a, b, c, d), (5)

And the rotation matrix R for such a rotation can be given as

R =

 a2 +b2− c2−d2 2bc−2ad 2ac+2bd
2ad +2bc a2−b2 + c2−d2 2cd−2ab
2bd−2ac 2ab+2cd a2−b2− c2 +d2

 . (6)

The evolution of the quaternion is given by

dq
dt

=
1
2

q? (0,Ω), (7)

where the symbol ? represents the quaternion multiplication op-
erator and (0,Ω) represents a quaternion with a zero scalar part
and the angular velocity vector as the vector part.

Navier–Stokes Equations
In the non-inertial reference frame defined above, the

Navier–Stokes equations governing the incompressible viscous
flows of two immiscible fluids, e.g., air and water, can be written
as: (

∂u
∂ t

)
r
+∇ · [(u−v−w)u+uw]

=
1
ρ

∇ · (−pI+T)+g+ f, (8)

∇ ·u = 0, (9)
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where p is the pressure, I is the unit tensor, ρ is the density, g rep-
resents the gravity, f represents the momentum forcing term due
to the immersed body, and T is the viscous stress tensor defined
as

T = 2µS, (10)

with µ the dynamic viscosity, S the strain rate tensor given by

S =
1
2

[
∇u+(∇u)T

]
. (11)

There is an interesting link between this formulation and the
formulation in an inertial reference frame with a moving grid
and a colocated variable arrangement, which is commonly used
in many finite volume, especially, commercial solvers. In the
current method, since a staggered Cartesian grid is used, a con-
travariant vector basis has to be adopted. However, with a colo-
cated grid, the vector basis in the body-fixed grid/coordinate can
remain the same as the absolute (inertial) reference frame. There-
fore, the rotation matrix defined above reduces to an identity ma-
trix and the angular velocity vector due to the coordinate trans-
formation becomes zero. And Eq. (8) becomes the governing
equation for a moving grid system in an inertial reference frame.
Of course, the definition of grid velocity vector v can be gener-
alized to deformable grids.

Interface Modeling
Interface Tracking. The level set evolution equation [4]

in the non-inertial reference frame can be used to track the posi-
tion of the interface

∂φ

∂ t
+(u−v−w) ·∇φ = 0, (12)

with the interface Γ given by the zero level set of the level set
function, φ . The reinitialization equation [10] for the level set
function is iteratively solved to keep φ as a signed distance func-
tion in the course of its evolution. Its form does not change under
the coordinate transformation:

∂φ

∂τ
+S(φo)(|∇φ |−1) = 0, (13)

where τ is the pseudo time for the iteration and S(φo) is the nu-
merically smeared-out sign function, for details see [10].

Physical Properties. Each phase of constant density
and viscosity can be easily defined by the level set function in

the computational domain and sharp jumps of the fluid proper-
ties occur at the phase interface:

ρ = ρG +(ρL−ρG)H(φ),
µ = µG +(µL−µG)H(φ), (14)

where the subscripts G and L represent gas and liquid phase, re-
spectively. The stepwise Heaviside function is defined as

H(φ) =
{

1, if φ ≥ 0
0, if φ < 0 . (15)

Jump Conditions. Since the flows considered here are
viscous and no phase change occurred, the velocity across the
interface Γ is continuous:

[u] = 0, (16)

where [ · ] indicates the jump at the interface, i.e., f I
L − f I

G for a
variable f with superscript I denotes interface.

The exact jump condition for stress is

[
n ·

(
−pI+ µ

(
∇u+(∇u)T

))
·n

]
= σκ, (17)

where σ is the coefficient of surface tension.
In this study, the surface tension and shear stress jump due to

the viscosity jump [µ] at the interface was ignored and the above
condition reduces to

[p] = 0. (18)

Rigid Body Dynamics
The dynamics of a rigid body in a fluid-structure coupled

system is described by

Ms

(
dv
dt

)
r
+MsΩ×v = FN +Fe, (19)

Is

(
dΩ

dt

)
r
+Ω× (IsΩ) = TN +Te, (20)

where Ms is the mass of the solid body times a 3× 3 identity
matrix (tensor), Is is the moment of inertia of the body, FN and
TN are the fluid forces and moments in the non-inertial reference
frame, respectively, and, following Kim and Choi [8], all other
sources of forces and moments are represented by Fe and Te,
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respectively. The forces and moments FN and TN can be trans-
formed to those in the inertial reference frame as

FI = RFN, (21)
TI = RTN, (22)

respectively.

NUMERICAL METHOD
The details of many aspects of the numerical method used in

this work have been presented in several previous studies [3,6,2].
Here only a summary of each module and the differences from
the previous work, especially, the non-iterative fluid-structure
coupling algorithm, will be focused on.

Navier-Stokes Solver
A fractional-step method is employed for velocity-pressure

coupling, in which a pressure Poisson equation is solved to en-
force the continuity equation. A second-order Adams–Bashforth
scheme is used for time advancement. The algorithm can be writ-
ten as follows:

ûi−un−1
i

∆t
= RHSn

i + f n
i (23)

=
3
2

Hi(un−1)− 1
2

Hi(un−2)− 1
ρn

∂ pn−1

∂xi
+gn

i + f n
i ,

∂

∂xi

(
1
ρ

∂ψ

∂xi

)
=

1
∆t

∂ ûi

∂xi
, (24)

un
i = ûi−∆t

1
ρn

∂ψ

∂xi
, (25)

pn = pn−1 +ψ, (26)

where superscript n denotes time step, subscript i = 1,2,3 rep-
resents i-coordinate in the non-inertial reference frame, û is the
intermediate velocity, H is a spatial operator containing the con-
vective and viscous terms, and ψ is the pressure increment.

The spatial derivatives are discretized using second-order
central difference schemes, except for the convective terms, a
third-order QUICK (Quadratic Upwind Interpolation for Con-
vective Kinematics) scheme [11] and higher-order WENO
schemes [12] are also available. The Poisson equation is solved
using a semi-coarsening multigrid solver from the Hypre pack-
age developed at Lawrence Livermore National Laboratory [13].
In general, this is the most expensive part of the whole algorithm
and uses more than 90 percent of the CPU time in each time step.

Level Set Solver
At each time step, the air-water interface is advected first

by using the level set method. The local (narrow band) level set
method by Peng et al. [14] is adopted to solve the level set evolu-
tion and reinitialization equations using a fifth-order HJ WENO
scheme [15] for the spatial discretization and a third-order TVD
Runge–Kutta scheme [16] for time advancement. With an up-
dated interface, the fluid properties, i.e., density and viscosity,
are defined accordingly.

Immersed Boundary Treatment
In a direct forcing immersed boundary method, usually the

effect of an immersed rigid body on the fluid flow is represented
by a momentum forcing term in the momentum equation. How-
ever, the evaluation of this forcing term can be substantially dif-
ferent in different approaches. A simple and straightforward ap-
proach is to modify/reconstruct the solution near the immersed
boundary such as the boundary conditions on the immersed
boundary are satisfied. Usually, the modification/reconstruction
is performed with an explicitly predicted solution to further sim-
plify the process, although with a splitting error due to the use
of predicted instead of the real solution. For example, with the
solutions from the previous time steps available, the predicted
solution for time step tn will be

û = un−1 +∆tRHSn. (27)

Note the forcing term is not included in the above equation. In
order to satisfy the the velocity distribution inside and near the
immersed boundary, a correction has to be applied to the pre-
dicted velocity field in a form of un

f orcing = û+∆tfn, or,

fn =
un

f orcing−un−1

∆t
−RHSn, (28)

where un
f orcing includes the effect of the immersed body. Inside

the solid, rigid body motion is imposed and

un
f orcing = un

solid = vn +Ω
n×xr. (29)

Unfortunately, at the forcing points, which are points in the fluid
phase but with neighboring point in the solid phase, a local re-
construction is necessary to obtain un

f orcing. In [3] and [6], a lin-
ear interpolation stencil utilizing the velocity components or any
other variables from the immersed boundary and the surrounding
fluid points was written as

ϕ = a+b x+ c y+d z, (30)
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FIGURE 2. IMMERSED BOUNDARY TREATMENT.

and a 4×4 matrix was formed by representing all stencil points
with it. Then this matrix was inverted to give the coefficients and
the interpolation at a forcing point was evaluated with ease. To
facilitate the fluid-structure coupling algorithm in [8], the formu-
lation is changed slightly as shown in Fig. 2. At a forcing point,
the velocity component is interpolated using

un
f orcing = λun

solid +(1−λ )uinterp, (31)

with uinterp again interpolated from the surrounding fluid points
such as points 1, 2, and/or 3 in Fig. 2. λ is a linear weighting
factor determined by the locations of un

f orcing, un
solid , and uinterp.

Note that un
solid is unknown in a fluid-structure interaction prob-

lem and has to be obtained by solving the dynamic equations for
rigid body motion.

Forces and Moments
As discussed above, the forcing term fn added to the mo-

mentum equation represents the effects of the immersed body on
the fluid flow, plus, the forces required to impose a rigid body
motion of the portion of fluid enclosed by the immersed bound-
ary. On the other hand, the total forces and moments applied to
the solid body by the fluid can be derived from fn as follows

Fn
N = −

[∫
V

ρfndV −Mf

(
vn−vn−1

∆t
+Ω

n−1×vn−1
)]

, (32)

Tn
N = −

[∫
V

ρxr × fndV −
(

If
Ωn−Ωn−1

∆t
+Ω

n−1× IfΩ
n−1

)]
,(33)

where Mf and If are the counterparts of Ms and Is, i.e., the mass
and moment of inertia of the portion of fluid enclosed in the vol-
ume V defined by the immersed boundary.

In a gas-liquid-solid system, the contact line boundary con-
dition has to be specified, e.g., as discussed in [2], at the
triple point where the air-water interface intercepts the immersed
boundary. In this procedure, the air-water interface is extended

FIGURE 3. TREATMENTS OF CONTACT LINE BOUNDARY
CONDITION AND INTERIOR OF THE SOLID BODY. LEFT: GAS-
LIQUID INTERFACE ACROSS THE BODY; RIGHT: DENSITY
PROFILE SHOWING SOLID FILLED WITH LIQUID.

into the solid phase and changes its position in the course of sim-
ulation. With both air and water phases inside the solid, Mf and If
will become functions of time and extra errors will be introduced
into the evaluation of the forces and moments for enforcing the
rigid body motion. To simplify the problem, in this study the
volume enclosed by the immersed boundary was chosen to have
a density of the heavier fluid phase, i.e., water. Fig. 3 illustrates
this procedure. On the other hand, direct use of the solid den-
sity, if available, is also possible, but the condition number of the
Poisson equation will be increased for the case of a rigid body
that is much heavier/lighter than both fluid phases.

From Eqs. (28) and (31), there is a clear dependence of fn

on the linear and angular velocities of the rigid body, which can
be written as Xn = (vn,Ωn)T for convenience. However, for a
strong coupling scheme, the forces and moments at time step tn,
i.e., Eqs. (32) and (33), are required to solve the dynamic equa-
tion for rigid body motion to obtain Xn. A particular advantage
from the non-inertial reference frame, or, a body-fixed grid, is
the prediction of position/orientation of the rigid body at time tn

becomes unnecessary. More importantly, as shown by Kim and
Choi [8], if a provisional step of using Xn−1 to evaluate the forc-
ing term is taken, and the resulting forcing term is written as f∗,
then from Eqs. (28) and (31), the following relationship between
the difference of these two forcing terms and the body velocity
vector increment ∆X = Xn−Xn−1 exists:

fn− f∗ =
un

f orcing−u∗f orcing

∆t

= λ
un

solid −un−1
solid

∆t
=

λ

∆t

[(
vn−vn−1

)
+xr ×

(
Ωn−Ωn−1

)]
,

(34)

noting that in Eq. (31), uinterp is obtained from an interpolation
of the intermediate velocity field û and no information of body
velocity is required. Therefore, similar to [8], Eqs. (32) and (33)
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can be written as

Fn
N =−

∫
V ρ (fn− f∗)dV −

∫
V ρf∗dV

+Mf
(
vn−vn−1

)
+Mf

(
Ωn−1×vk−1

)
,

(35)

Tn
N =−

∫
V ρxr × (fn− f∗)dV −

∫
V ρxr × f∗dV

+If
(
Ωn−Ωn−1

)
+

(
Ωn−1× IfΩ

k−1
)
,

(36)

respectively. And the first terms in the right hand sides of these
two equations become the following forms utilizing Eq. (34)

∫
V

ρ (fn− f∗)dV =
1
∆t

A3×6
(
Xn−Xn−1) (37)∫

V
ρxr × (fn− f∗)dV =

1
∆t

B3×6
(
Xn−Xn−1) (38)

where A3×6 and B3×6 are determined by the interpolation factor
λ , grid distribution xr, and density ρ . Unlike the case in [8],
they have to be re-evaluated each time step due to the changes
in ρ at the forcing points. Now the forces and moments can be
combined as

[
Fn

N
Tn

N

]
=

1
∆t

(K−E)
(
Xn−Xn−1

)
−

[ ∫
V ρf∗dV∫

V ρxr × f∗dV

]
+

[
Mf

(
Ωn−1×vn−1

)
Ωn−1×

(
IfΩ

n−1
) ]

,
(39)

where

K =
[

Mf 0
0 If

]
, and E =

[
A3×6
B3×6

]
. (40)

Rigid Body Dynamics Solver
Similar to [8], a second-order, implicit, Crank-Nicolson

scheme was used for the forces/moments in the discretized equa-
tions for rigid body dynamics, whereas all other terms were
approximated using a second-order, explicit, Adams-Bashforth
scheme. Eqs. (19) and (20) can be discretized as

Ms
vn−vn−1

∆t
=

1
2

(
Fn

N +Fn−1
N

)
+

1
2

(
3Fn−1

e −Fn−2
e

)
−1

2
(
3MsΩ

n−1×vn−1−MsΩ
n−2×vn−2

)
,

(41)

Is
Ωn−Ωn−1

∆t
=

1
2

(
Tn

N +Tn−1
N

)
+

1
2

(
3Tn−1

e −Tn−2
e

)
−1

2
(
3Ωn−1× IsΩ

n−1−Ωn−2× IsΩ
n−2

)
.

(42)

Again, they can be combined and rewritten as

J
(
Xn−Xn−1

)
=

1
2

(K−E)(Xn−Xn−1)

+
∆t
2

P+
3∆t
2

Qn−1− ∆t
2

Qn−2,
(43)

where

J =
[

Ms 0
0 Is

]
, Q =

[
Fe
Te

]
−

[
Msw×v
w× (Isw)

]
(44)

and,

P =−
[ ∫

V ρf∗dV∫
V ρxr × f∗dV

]
+

[
Mf

(
wk−1×vk−1)

wk−1×
(
Ifwk−1) ]

+
[

Fn−1
N

Tn−1
N

]
. (45)

From Eq. (43), the velocity vector of the rigid body can be
obtained from the following equation directly

Xn =
(

vn

Ωn

)
= Xn−1

+
[
J− 1

2
(K−E)

]−1 [
∆t
2

P+
3∆t
2

Qn−1− ∆t
2

Qn−2
]
.

(46)

With this updated velocity vector, the momentum forcing term
fn can be calculated and the the fluid flow solver can proceed to
obtain the solution field at time tn.

RESULTS
In this part, a case with prescribed motion is presented first

to established the accuracy of the forces calculation, then sev-
eral cases of fluid-structure interaction problems with predicted
motions are demonstrated.

In-Line Oscillation of a Circular Cylinder
For an in-line oscillating circular cylinder in a fluid at rest,

two key parameters are the Reynolds number, Re = UmaxD/ν ,
and the Keulegan-Carpenter number, KC = Umax/ f D, where
Umax is the maximum velocity of the cylinder, D is the diame-
ter of the cylinder, ν is the kinematic viscosity of the fluid, and
f is the characteristic frequency of the oscillation. The parame-
ters from the experiments and numerical simulations in [17] were
used here, i.e., Re = 100 and KC = 5. The prescribed transla-
tional motion of the cylinder is x(t) = −Asin(2π f t), where A
is the amplitude of the oscillation. The size of computational
domain is 50D× 30D in x and z, respectively, with the cylinder
located at the center. A grid of 240× 120 Near the cylinder the
grid is approximately uniform in both directions with local spac-
ing of 0.05D.

7 Copyright c© 2010 by ASME



(a) t = 0T (b) t = 4
15 T

(c) t = 8
15 T (d) t = 12

15 T

FIGURE 4. VORTICITY CONTOURS AT FOUR DIFFERENT
PHASE-ANGLES FOR AN IN-LINE OSCILLATING CYLINDER IN
A FLUID AT REST AT RE = 100 AND KC = 5.

FIGURE 5. TIME HISTORY OF THE IN-LINE FORCE ACTING
ON A CYLINDER OSCILLATING IN A FLUID AT REST AT RE =
100 AND KC = 5.

The computation was performed until periodic vortex shed-
ding was established. In Fig. 4 the vorticity contours at four
different phase-angles are shown. The results are in very good
agreement with the corresponding results reported in [17].

In Fig. 5 the time history of the in-line force, Fx(t), acting
on the cylinder is shown in comparison with the reference sim-
ulation results. The agreement with the reference computations
is very good. In [3], the force history of the same case is not as
smooth as the present one. In an inertial reference frame, due to
the relative motions between the cylinder and the grid, the inter-
polation stencil for a forcing point will be changed accordingly.
Depending on the CFL numbers, within a few time steps, the
fluid points involved in a stencil usually will be the same and
only the coefficients in the stencil will be modified. If this is the
case for most of the forcing points, a wiggle will not appear in
the force evolution. Unfortunately, this is practically impossible

(a) t = 0s (b) t = 0.3s (a) t = 0.35s (b) t = 0.4s

FIGURE 6. FREE SURFACE PROFILES AT SEVERAL IN-
STANCES DURING THE WATER IMPACT AND ENTRY OF A
HALF BUOYANT CIRCULAR CYLINDER.

for a moving boundary problem in an inertial reference frame.
However, with a non-inertial reference frame, all interpolation
stencils keep the same in the course of body motion and a much
smoother curve for force history can be obtained.

Water Impact of a Circular Cylinder
The impact and entry of a half-buoyant circular cylinder

into an initially calm water surface is a fluid-structure interaction
problem. Greenhow and Lin [18] studied this problem experi-
mentally and the conditions were used in this work. A cylinder
of diameter D = 11cm was dropped at a height of 0.5m from the
free surface at time t = 0s. The impact on the free surface was
occurred at about t = 0.3s. In this study, a grid of 120×500 was
used to cover the computational domain. Around the cylinder
and in the path of cylinder, or, the air-water interface in a non-
inertial reference frame, a uniform grid spacing of 0.02D was
used. The Reynolds number based on maximum velocity of the
cylinder is around Re = 2.9×105.

FIGURE 7. DEPTH OF PENETRATION OF A HALF BUOYANT
CIRCULAR CYLINDER DURING THE WATER ENTRY PROCESS.
LINE: SIMULATION; DOTS: EXPERIMENT [18].
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FIGURE 8. TIME HISTORY OF THE VERTICAL VELOCITY OF
A HALF BUOYANT CIRCULAR CYLINDER DURING THE WA-
TER IMPACT AND ENTRY PROCESS.

Figure 6 shows the free surface profiles at several instances
during the water impact and entry. After the cylinder penetrates
the interface, two water jets are generated by the impact and the
upper surface of the cylinder remains dry even after the top point
of the cylinder is below the free surface.

The depth of penetration of the cylinder during the water
entry process is shown and compared with the experimental data
[18] in Fig. 7. The simulation results agree with the experimen-
tal data well, especially, during the initial stage. Fig. 8 shows
the vertical velocity of the cylinder in the whole process. The
velocity during the drop in the air has a slope of the gravitational
acceleration. After the impact, the velocity exhibits a rapid de-
crease followed by a slow and steady one.

Equilibrium State of a Floating Circular Cylinder
In this case, a half-buoyant circular cylinder of diameter D =

2m was held still with the center 0.5m below the free surface.
It was released at time t = 0s. According to Archimedes’ law,
the cylinder reached its equilibrium state, in which half of the
cylinder was above the free surface, after some time. The buoy-
ancy force at the final equilibrium state should be 1

8 πD2L ρwaterg,
which is 15.4kN for a cylinder of length L = 1m. This case was
used in [19].

A grid of 200×120 was used in this simulation with a local
grid spacing of 0.02D around the cylinder. Since a non-reflecting
boundary condition was not applied in this study, the simulation
took a long time to reach the equilibrium state. Fig. 9 shows
the free surface profiles at several instances, e.g., the initial state
of 3/4 portion submerged and the final state of 1/2 portion sub-
merged. Fig. 10 shows the time history of the vertical force on
the cylinder, after a long time, the equilibrium force 15.4kN is
reached. The corresponding time history of the vertical velocity
of the cylinder is shown in Fig. 11 and the approaching to a zero
velocity is illustrated.

(a) t = 0s (b) t = 4s

(c) t = 8s (d) t = 12s

(e) t = 16s (f) t = 100s

FIGURE 9. FREE SURFACE PROFILES DURING THE COURSE
OF A HALF BUOYANT CIRCULAR CYLINDER REACHING ITS
EQUILIBRIUM STATE.

FIGURE 10. TIME HISTORY OF THE VERTICAL FORCE ON
A HALF BUOYANT CYLINDER REACHING ITS EQUILIBRIUM
STATE.

CONCLUSIONS AND FUTURE WORK
In this work, the sharp interface immersed-boundary/level-

set method developed in [2] has been extended to fully coupled
wave-body interaction problems. The non-iterative strong cou-
pling scheme in [8] for an immersed boundary method in a non-
inertial reference frame has been adopted for efficiency. The
combination of this scheme with our method has been discussed
in detail to highlight the differences of the treatment in a gas-
liquid-solid system. Several cases have been tested to validate
the computational method and demonstrate the applicability of
the new method.

The cases with rotations were not considered in this work.
Usually, in a inertial reference frame, the air-water interface can
be aligned well with grid lines in one (e.g., the horizontal) di-
rection. Then the grid in this direction can be locally refined
to resolve the interface, whereas the other direction(s) can be
stretched to save computational cost. However, in a non-inertial
reference frame, such a stretched grid will not have enough res-
olution for the interface away from the solid body. To solve this
problem, either an adaptive mesh refinement approach for the

9 Copyright c© 2010 by ASME



FIGURE 11. TIME HISTORY OF THE VERTICAL VELOCITY OF
A HALF BUOYANT CYLINDER REACHING ITS EQUILIBRIUM
STATE.

whole solver, or the refined level set grid method [20], in which
only the level set equation is solved on a fine uniform Cartesian
grid in a narrow band around the interface, can be used.
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