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Abstract

This paper presents a new continuum shape sensitivity method for calculating the mixed-mode stress-intensity fac-
tors of a stationary crack in two-dimensional, linear-elastic, orthotropic functionally graded materials with arbitrary
geometry. The method involves the material derivative concept taken from continuum mechanics, the mutual potential
energy release rate, and direct differentiation. Since the governing variational equation is differentiated prior to discret-
ization, resulting sensitivity equations are independent of approximate numerical techniques, such as the finite element
method, boundary element method, mesh-free method, or others. The discrete form of the mutual potential energy
release rate is simple and easy to calculate, as it only requires multiplication of displacement vectors and stiffness sen-
sitivity matrices. By judiciously selecting the velocity field, the method only requires displacement response in a subdo-
main close to the crack tip, thus making the method computationally efficient. Three finite-element based numerical
examples, which comprise mode-I and mixed-mode deformations, are presented to evaluate the accuracy of the fracture
parameters calculated by the proposed method. Comparisons have been made between stress-intensity factors predicted
by the proposed method and available reference solutions in the literature, generated either analytically or numerically
using various other fracture integrals or analyses. Excellent agreement is obtained between the results of the proposed
method and previously obtained solutions. Therefore, shape sensitivity analysis provides an attractive alternative to
fracture analysis of cracks in homogeneous and non-homogeneous orthotropic materials.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Functionally graded materials (FGMs) that
possess a nonuniform microstructure with contin-
uously graded mechanical/thermal macro proper-
ties are essentially multi-phase particulate
composites engineered to meet a predetermined
functional performance such that the volume frac-
tion of constituent materials vary smoothly (Sur-
esh and Mortensen, 1998; Erdogan, 1995). Given
the nature of processing techniques, graded mate-
rials can become anisotropic. For example, graded
materials processed by a plasma spray technique
generally have a lamellar structure (Sampath
et al., 1995), whereas processing by electron beam
physical vapor deposition would lead to a highly
columnar structure (Kaysser and Ilschner, 1995).
Such materials would not be isotropic, but ortho-
tropic, with material directions that can be consid-
ered perpendicular to one another in an initial
approximation. In recent years, various theoreti-
cal, computational, and experimental studies have
been conducted to understand the fracture behav-
ior of FGMs. A collection of technical papers,
published in Volume 69, Issues 14-16 of (Paulino,
2002) Engineering Fracture Mechanics reflects such
state-of-the-art research into FGM fracture. A
major component of such studies involves calculat-
ing crack-driving forces in FGMs accurately and
efficiently. Consequently, various numerical meth-
ods have been developed or examined to calculate
stress-intensity factors (SIFs), such as the displace-
ment correlation method and the modified crack-
closure integral method (Kim and Paulino, 2002).
Recently, Rao and Rahman (2003a,b) developed
two new interaction integrals for the mixed-mode
fracture analysis of cracks in both isotropic and
orthotropic FGMs. In contrast to existing meth-
ods, it is not necessary to perform integration
along the crack face of the discontinuity. Hence,
the interaction integral method is simpler and
more efficient than previously developed methods.
Nevertheless, the majority of current numerical
methods for orthotropic FGM fracture analysis
stem from extensions to methods originally devel-
oped for cracks in homogeneous orthotropic
materials.

An alternative approach to previously devel-
oped methods involves shape sensitivity analysis,
which is frequently employed in structural design
optimization. Shape sensitivity analysis permits
direct, analytical evaluation of first-order (and
higher-order, if required) derivatives of potential
energy with respect to crack size. Broadly speak-
ing, there are two fundamentally different
approaches to shape sensitivity analysis. The first,
known as the discrete approach, employs a discret-
ized numerical model (e.g., finite element method
[FEM], boundary element method [BEM], mesh-
free method, etc.) to approximate the potential
energy and then transforms shape derivatives into
differentiations of algebraic equations by control-
ling node motions. The second, known as the con-
tinuum approach and adopted in the present work,
relies on the variational formulation used in con-
tinuum mechanics (Gurtin, 1981). In the latter
approach, shape sensitivity analysis is conducted
by introducing a smooth velocity field to simu-
late shape change of the initial domain due to
the crack advance. While discrete and continuum
approaches are related (the former is an approxi-
mation of the latter), the continuum approach
has two principal advantages: (1) a rigorous math-
ematical theory is obtained, without the uncer-
tainty/errors associated with finite-dimensional
approximation errors; and (2) explicit relations
for sensitivity are obtained in terms of physical
quantities rather than in terms of sums of deriva-
tives of element matrices. These characteristic fea-
tures of the continuum approach are of major
importance in developing structural optimization
theory (Céa, 1981; Haug et al., 1986).

For homogeneous materials, several shape sen-
sitivity methods involving discrete (Fuenmayor
et al., 1997; Hwang et al., 1998; Giner et al., 2002)
and continuum (Feijoo et al., 2000; Taroco, 2000;
Lee and Grosse, 1993; Bonnet, 2001) formulations
have appeared in calculating SIFs. Both FEM and
BEM have been employed for the shape sensitivity
analysis of cracks. Most of these investigations are
applicable only to linear-elastic fracture-mechanics
problems. More recently, continuum shape sensi-
tivity methods have also been developed for pre-
dicting first-order sensitivities of mixed-mode
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SIFs for isotropic materials (Chen et al., 2002,
2001a,b). These analytical sensitivities of SIFs
provide a convenient means by which subsequent
fracture reliability analysis can be performed accu-
rately and efficiently. However, all of the aforemen-
tioned shape sensitivity methods are strictly
applicable to homogeneous materials. As a result,
there is considerable interest in developing shape
sensitivity methods for the numerical evaluation
of crack-driving forces in FGM. With this need in
mind, the authors recently developed a continuum
shape sensitivity method for calculating mixed-
mode SIFs for a stationary crack in two-dimen-
sional, linear-elastic, isotropic FGMs of arbitrary
geometry (Rao and Rahman, submitted for publi-
cation). The main objective of present work is to
extend that continuum shape sensitivity method
for the numerical evaluation of crack-driving
forces in orthotropic FGMs.

This paper presents a continuum shape sensitiv-
ity method for calculating mixed-mode SIFs for a
stationary crack in two-dimensional, linear-elastic,
orthotropic FGMs of arbitrary geometry. The
method involves using the material derivative con-
cept from continuum mechanics, the mutual
potential energy release rate, and direct differenti-
ation. Since the governing variational equation is
differentiated prior to discretization, resulting sen-
sitivity equations are independent of approximate
numerical techniques, such as FEM, BEM, the
mesh-free method, or others. Three numerical
examples in conjunction with FEM are presented
to evaluate the accuracy of fracture parameters
calculated by the proposed method. Comparisons
have been made between the SIFs predicted by
the proposed method and available reference solu-
tions in the literature, generated either analytically
or numerically using various other fracture inte-
grals or analyses.

2. Crack tip fields in FGM

Consider a plane problem in rectilinear aniso-
tropic elasticity. The generalized Hooke’s law for
stress—strain relationship is given by

6
ei:Za,«jaj, i,j:1,2,...,6, (1)
j=1

where the compliance coefficients a;;, with a; = aj;,
are contracted notations of the compliance tensor
Sijkl and

& = €11, & = &xn, & = €33,

&4 = 2823, &5 = 28137 &6 = 2812, (2)
01 =011, 02 =02, 03=033,

04 = 023, O05=013, 0= 012.

The compliance coefficients in Eq. (2) are ay,
i,j=1,2,6, for plane stress conditions, and the
a; coefficients are exchanged with b; where
by = a;; — aifi”, i,j=1,2,6, for plane strain
conditions.

Fig. 1 shows a crack tip that is referred to the
Cartesian coordinate system in orthotropic FGMs.
Two-dimensional anisotropic elasticity problems
can be formulated in terms of the analytic func-
tions ¢/z;) of the complex variable z;= x;+ iy,
(j=1,2), where

X; =X+ oy, yj:ﬁj

U=12). 3)

The parameters o; and f8; are the real and imagi-
nary parts of y; = o; + if3;, which can be determined
from (Lekhnitskii et al., 1986)

Eas(x), vai(x) crack

—_—E(x), via(x)

Fig. 1. A crack in an orthotropic functionally graded material.
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an it = 2ai6’ + (2a12 + age) 1’ — 2azp + azxn = 0.
(4)
The roots u; are always either complex or purely
imaginary in conjugate pairs as py, f;, Mz, and
U,. Hence, the linear-elastic singular stress field

near the crack tip can be obtained as (Shih et al.,
1965)

K [adla?) Hy
o Re
! \/271', My — \/cos 0 + i, sin
- COSH+H1 sin 0 >]
KII
27t cos9 + \/cos 0 + 1, sin 0
- )] g
cos0+ \/cos 0 + i, sin 0
KI 1 /11
o Re
2o V2rnr | — <\/0030+u2sm9
COSH+#1 sin 0 >]
+ KII
27t \/cos 0 + 1, sin 0
- )] ©
cosH—F,u1 sin 0
Ky [adla?) 1
op = Re
. V2nr

My — Hy \ \/cos 0+ u,; sin0
1

(
i)

Ky 1 M
+ Re
V2nr My — (x/cos 0+ pysin0

H
_\/cose—kuzsin@)]' @)

The near tip displacement field z = {z, z,} T can be
obtained as (Shih et al., 1965)

2r 1
=Ki{/—R \/cos 0 in 0
Z Vi eLh—ﬂz (#1}72 Ccos ¥ + u, sin
—uzpn/cos0+/11sin0)]
2 1 -
+ Ky —rRe[ (pzx/coséH—uQsm()
T My —
—p;\/cos 0 + p; sin 0)} ) (8)
and
/2 1
z; = K —rRe{ (ulqﬂ/cos0+u2sin0
n =l
— g4/ cos 0 + , sin ())]
2r 1
+K \/—Re[ \/cos 0+ p,sin0
"Won = (q2 o
—gy\/c0s 0 + i, sin 0)} . 9)

In Egs. (5)-(9), 1y and u, denote the crack-tip
parameters calculated as the roots of Eq. (4),
which are taken such that ;>0 (j=1,2), and p,
and g; are given by

_a16,uj7 (10)

2
p;=ani; +an

qj:alz,uj—&-@—a%. (11)
K
Even though the material gradient does not influ-
ence the square-root singularity or the singular
stress distribution, the material gradient does affect
the SIFs. Hence, the fracture parameters are func-
tions of the material gradients, external loading,
and geometry.

3. Shape sensitivity analysis
3.1. Velocity field

Consider a general three-dimensional body with
a specific configuration, referred to as the initial
(reference) configuration, with domain Q, bound-
ary I, and a body material point identified by
position vector x € Q. Consider the motion of
the body from an initial configuration with do-
main Q and boundary I into a perturbed configu-
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Fig. 2. Variation of domain.

ration with domain Q. and boundary I',, as shown
in Fig. 2. This process can be expressed as

xeQ, (12)

where x, is the position vector of the material
point in the perturbed configuration, T is a trans-
formation mapping, and t € R* is a scalar, ficti-
tious, time-like parameter denoting the amount
of shape change, with

T:x— x,

x, = T(x,1),
Q. =T(Qn), (13)
r.=T(Tx).

A velocity field can then be defined as

dx, dT(x,7) 0T(x,7)
=—= = . 14
V(¥ 7) dr dr ot (14)
In the neighborhood of the initial time t =0,
assuming a regularity hypothesis and ignoring

high-order terms,

0T (x,0)
ot
= x + w(x,0), (15)

x.=T(x,7) = T(x,0) +1 +0(7%)

where x = T(x, 0). For the rest of this paper, the
velocity field v(x, 0) will be denoted by V(x) or
V. Thus, a velocity field characterizes the direction
of domain variation, which implies that for a given
V(x), the shape change of Q2 is uniquely controlled
by the scalar parameter 7.

3.2. Sensitivity analysis

The variational governing equation for a linear-
elastic, non-homogeneous or homogeneous ortho-
tropic solid with domain Q can be formulated as
(Haug et al., 1986)

aq(z,z) =lo(z) forallze Z, (16)

where z and 7 are the actual and virtual displace-
ment fields of the structure, respectively, Z is the
space of kinematically admissible virtual displace-
ments, and ag(z,z) and ¢o(Z) are energy bilinear
and load linear forms, respectively. The subscript
@ in Eq. (16) is used to indicate the dependency
of the governing equation on the shape of the
structural domain. If z,(x,) represents the displace-
ment at x; = x + tV(x) of the perturbed domain,
the pointwise material derivative at x € Q is de-
fined as (Haug et al., 1986)

Hx) = lrli% {zT(x + rV(Tx)) - z(x)}

=7(x) +Vz"V(x), (17)
where
7= HE% {zf(x)r_z(x)] (18)

is the partial derivative of z and V = {0/0x;, 0/0x;,
0/dx5} T is the vector of gradient operators.

If no body forces are involved, the variational
equation (Eq. (16)) can be written as

aa(z7) = / 05(2)ey(2)dQ = o 2)

E/T,—Z,-df, (19)
Q

where 0,(z) and ¢;(z) are components of the stress
and strain tensors of the displacement z and virtual
displacement z, respectively, 7; is the ith compo-
nent of the surface traction, and z; is the ith com-
ponent of z. Taking the material derivative of both
sides of Eq. (19), it can be shown that (Haug et al.,
1986)

ag(z,2) =0, (z) — ay(z,27) VZ€Z, (20)

where the subscript V indicates the dependency of
the terms on the velocity field. The terms £},(z) and
ay(z,z) can be further derived as (Haug et al.,
1986)

by (z) = /r{—Ti(Z;,-Vj) +[(Tzi) jn;
ir(TE)] (Vi) b (1)
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and

dy(27) = — / [e(2) Dot () GV o)

+&i (Z)D[jkl (x) (Zk,m Vm,l)
—&j(2) Dyjiim(X) e (2) V
_8i/(z)Diik1 (X)Sk[(Z)diV V} d.Q, (22)

where #; is the ith component of unit normal vec-
tor n, xp is the curvature of the boundary, z;; =
0z/0x;, z;; = 0z;/0x;, V,;;=0Vi/0x;, Dyfx) is a
component of the constitutive tensor given by
Diju(x) = Sl.;,gl(x) and Dy n(x) = 0D x)/0x,,.
Notice that the third term in the integrand on
the right-hand side of Eq. (22) arises naturally in
the formulation of continuum shape sensitivity
analysis for non-homogeneous orthotropic materi-
als, but vanishes for homogeneous orthotropic
materials. Also, Dy, is constant for a homoge-
neous orthotropic material.

4. Shape sensitivity method for fracture analysis

In this section, continuum shape sensitivity
method for homogeneous orthotropic materials is
briefly summarized, and then it is extended for
cracks in orthotropic FGM, which is the main
objective of present work. The study of orthotro-
pic FGM should enhance the understanding of
a fracture in a generic material, since upon shrink-
ing, the gradient layer in FGM is expected to
behave like a sharp interface, and upon expansion
the fracture behavior would be analogous to that
of a homogeneous orthotropic material.

4.1. Homogeneous materials

Consider an arbitrary, two-dimensional cracked
body of crack length a, with unit thickness sub-
jected to an arbitrary loading. The total potential
energy I1 of the system in the absence of body
forces is

1
= / &;(2)Dyjuien () dQ — / Tizidr, (23)
2 Ja r

where, for two-dimensional linear elastic material
models, Dy, are the components of the constant
elasticity matrix.

By substituting 7 with z in Eq. (19) and by using
Eq. (23), the following is produced:

11 = —lao(z,2). (24)

The energy release rate is equal to the derivative of
potential energy with respect to the crack area. For
a two-dimensional cracked structure with unit
thickness, the crack area is equal to crack length
a. Assuming crack length a to be the variable of
interest, a change in crack area or crack length
involves a change in the shape of the cracked con-
tinuum. In relation to shape sensitivity theory,
such a change implies that the energy release rate
is equal to the material derivative of potential en-
ergy. Hence, for elastic (linear or nonlinear) solids
under mixed-mode loading conditions, the J-inte-
gral, which is equal to the energy release rate,
can be derived as

J=—I1= %[GQ(Za Z) + aq(z, z) + a/V(z7 Z)], (25)

where the overdot indicates a material deriva-
tive. If (1) velocity field V(x) is defined such
that traction-loading boundary I' is fixed, i.e.,
V(x)=0 on the traction-loading boundary I
and (2) z is replaced with z in Eq. (20), noting that
ao(2,z) = ao(z,z) = —ay(z, z), then

J = —1d,(z,2). (26)

Substituting the expression of @) (z,z) from Eq.
(22) and noting that D, is constant for homoge-
neous materials (D, = 0) gives

J = % /Q[aij(z) (ziaVij) + 0i(2) (Zia Vi)

— 0,;(2)&;(z)divl]dQ. (27)

Defining W = g¢;/2 as the strain energy density
and V(x) = {V1(x), 0} as the velocity field, with
V1 (x) having a value of unity at the crack tip, zero
along the boundary of the domain, and arbitrary
elsewhere, the following is produced:

az,- 6V1

which is the same as the traditional domain form
of the J-integral, with V| taking the place of weight
Sfunction q. Hence, weight function ¢ can be consid-
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ered the virtual change in crack length, having a
value of unity at the crack tip, zero along the
boundary of the domain, and arbitrary elsewhere.

Now, consider two independent equilibrium
states of the cracked body. Let state 1 correspond
to the actual state for given boundary conditions,
and let state 2 correspond to an auxiliary state,
which can be either mode-I or mode-II near crack
tip displacement and stress fields for homogeneous
materials (Rao and Rahman, 2003a,b). Superposi-
tion of these two states leads to another equilib-
rium state (state S) for which the total potential
energy 11 is

1
s = 3 / 6;(2" + 2P) Dy (21 + 27) dQ
Q

—/Xﬂ”+T9xé“+é%dr, (29)
i

where z(l), TV

: ./ are the components of displace-
ment and external force vectors, respectively, of
the actual state for given boundary conditions,
and zl(-z), T ,@ are the components of displace-
ment and external force vectors, respectively, of
the auxiliary state. By using the divergence

theorem,

/(Ti]))(zfl>>drz/‘Si/‘(z(l))Dtjkzﬁkl(Z(l)>dQ, (30)
r

Q

/(sz))(2§2>)dfz/8if(z(2))ijk/3k/(Z<2))dQ, (31)
r

Q

/U%@%M:/%WDWMMMQ(%
I

Q

and

/U%@%M=/MMwwmwm@<w
r

Q

which, when applied to the expanded form of Eq.
(29) yields

% = gm 4 @ + H<1‘2>, (34)
where

7y = —%ag(z(l),z(l))7 (35)
1% = _%ag(z(2)7z(2))7 (36)

and
42 = _%GQ(ZU),Z(Z)) — %ag(z(z),z“)) (37)

are various potential energies with
ag(z<i),z(f>) = / Sij(Z(i))DijkISkl(ZU))dQ;
Q
iLj=1,2. (38)

Hence, the J-integral for the superposed state,
denoted by J*, can be obtained as

J® = _1‘7(5) _ _1'7(1) _ 1'7(2) _ 1'7(1«2). (39)

Again, if the velocity field is defined such that
V(x) = 0 on the traction-loading boundary I' and

under similar  considerations, ag(z', 7)) =
ag(zﬁ)’z(/)) = —a’V(z(i),z(/)); l,_] = 1’ 2’ yleldlng
T = _La, (20, 20) — 1g), (29 7))
— %a/v(z(l)» 7)) — %a/y(zm, zD). (40)

On further expansion, J*® can be decomposed to
JO =g0 4@+ M2, (41)
where

- (1
J = _]'[( ) — _%a/V(z(1)7z(1)) (42)
and

- (2
JO =% = “lg, (2, 2?) 43)

are the J-integrals for states 1 and 2, respectively,
noting that d,(z\V, z®) = a),(z®,z(V),

M — " —dy(zV,2?) (44)
is the mutual potential energy release rate. By
replacing z, and z in Eq. (22) with zV, and z®
respectively, and assuming F(x) with V(x) having
a value of unity at the crack tip, zero along the
boundary of the domain, and arbitrary elsewhere,
the following is obtained:

2 Q)
Mmz/w%ww&f+%w%%
Q Oy '

le
_W<172>51j] % do, (45)
J

where W12 = [oij(z(”)sl-](z (2)) + a,-j(z(z))s,-j(z(l))]/2
is the mutual strain energy density. Again, M
in Eq. (45) is same as the domain form of the M-
integral (interaction integral) for the mixed-mode
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fracture of homogeneous materials, with 7 taking
the place of weight function q. In fact, various frac-
ture integrals can be derived using shape sensitivity
analysis.

4.2. Functionally graded materials

As with the treatment of homogeneous materi-
als, consider two independent equilibrium states
of an FGM cracked structure. Let state 1 corre-
spond to the actual state for given boundary con-
ditions. Let state 2 correspond to an auxiliary
state, which can be either mode-I or mode-II near
tip displacement and stress fields. Superposition of
these two states leads to another equilibrium state
(state S) for which the ~tostal potential energy,
henceforth referred to as IT ', is
ﬁ(S) 1

= E / Sij(z<1) + z(2>)Dz:/kl(x)8k1(Z(l) + z(z))dQ
Q

- /(Tﬁ” + TV + ZPdr. (46)
r

For states 1 and S, D (x) varies as the function of
spatial location. However, for state 2, which is the
auxiliary state, a different constitutive matrix that
satisfies both equilibrium and compatibility condi-
tions must be defined. For state 2, define a Djjj(x)
that can be obtained from the elastic constants
evaluated at the crack tip. The divergence theorem
yields

/(T,(-U)(Zl(l))drz/Sz:/(zm)Dzj/kl(x)gkl(z(l))dQ7
(47)

/ (T (P)dr = / &1 (22 Dy (%) (z?) A,
(48)

(49)

/ (1) (VY dr = / (2 Dy (%) (V) 2,
(50)

which, when applied to the expanded form of Eq.
(406), gives

mn°=m"+0"+1 ", (51)
where
~ (1
1" = ~lag(z", ), (52)
~ (2
H( ) _ _%aafllux(z(Z)’z(Z))7 (53)
~ (1,2
12 oz, 29 — lag(z?, 22

+ 1at (22, 212, (54)

with

ao(z"V,7%) :/gif(z(l))Dijkl(x)gk/(z(z))an (55)
Q

a0(z®,2?) = / 6y (2D (¥)en(z) e, (56)
Q

and

a (52, 20) = / 6 (20)DMey(z7)dQ. (57)
Q

Hence, the ~Js-integra1 for the superposed state,
denoted as J' >, can be obtained from

~(8) 2 () 2

= (1) L : (12)
J'=-11 =-1 -1 -1 . (58)

If the velocity field is defined such that V(x) = 0 on
the traction-loading boundary I, then

ag(z(”,z(Z)) - —a/V(z“),z(z)),
ag(s?,2%) = —a), (27 ,2?),
and

a;a)ux(z(Z)7 z(Z)) _ _a/:;ux(z(Z)7 z(2)>'

~(s .
Hence, J ®) can be decomposed into

]<S) :j(l) +j(2> +]\~/[(1‘2>, (59)
in which

~(1 = (1)

J< ) =-II = _%all/(z(1>az(l))7 (60)
~(2 = (2) '

TV =1 = L@, ?) (61)

are the J-integrals for states 1 and 2, respectively,
and
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M(l,z) ﬁ(ll)
_ (z(l) z(Z)) +2[ /duX( (2> >)

- ay(z(z), )] (62)
is the mutual potential energy release rate, where
— [ [on D) V)

Q

+8i]<2(1))Dijkl(x)(Zl<€],,)n Vi)
—&;(Z)Dyjia,m (%) (2 V
—&; (2N Dy () gy (21 diiv V} dQ,

a/V(z<1)7z(1)) —

(63)
ay(@.5%) = = [ [ay() D) )
+81/(z(2) Dijea(x )(Zk;)anJ)
=25 (=)Dt (X)) V.
~o5(=V) Dy () () div ¥ | 42,
(64)

aux aux 2
A (20, 7)) :_/[ (22 DA (x) (20 1)
Q

+235 (2 ) DS () (Z00 Vi)
—&;;(z7) D (x)e (27 divV | A,
(65)
and
a,V /Q lj z]k/ )(Z/(CZVZI V m‘l)

iy (22) Dy () (200 V 1)
—£5(2) Dijirn (X610 (2P) Vo
— ey (z?) Dy (x) s (= )divV} de.
(66)

To evaluate all three terms of /" in Eq. (62),
one needs to prescribe an appropriate velocity field
V(x) and auxiliary displacement field z®; and cal-
culate actual displacement field z" for the initial
shape of the cracked body. In other words, a single
stress analysis employing a suitable numerical
method, such as FEM or the mesh-free method,
efficiently evaluates J- and M-integrals. In contrast

to Egs. (26) and (44), which lead to existing expres-
sions of J- and M-integrals in homogeneous mate-
rials, respectively, Eq. (62) is new and applicable to
general non-homogeneous materials. When both
the elastic modulus and Poisson’s ratio have no
spatial variation, a®*(z?,z?) = d,(z1?,z?), the
J- and M-integrals in Eqgs. (60)—(62) degenerate
into homogeneous solutions, as expected.

4.3. Stress intensity factors

For linear-elastic solids, the J-integral also rep-
resents the energy release rate and, as a result,

J = oy K} + anKiKy + a0k, (67)
where
an My + #2)
o = ——Im ) 68
== (M (65)
ap
Oy = Tlm(:ul + 1), (69)
and
an 1 ap
=——"Im —1 . 70
=" <H1ﬂ2> + 5 m(i ph,) (70)

Regardless of how the auxiliary fields are defined,
when Eq. (67) is applied to states 1, 2, and S, the
following is produced:

j(l) = oc“K;m + OtlzKil)Kill) -+ OCZQKS)Z, (71)
j(z) = Ongz)z + 0(12K§2>K§]2) + OszKﬁ)z, (72)
and

~(s

T = 0 (K + K (kD + kP

1 2 1 2)\2
X (Kgl) +K§1>) + “22(K§1) JrK§1>)

)Kg:) + 0622K§}>2 + OCllng)z

= 0(11K§1>2 + OC12K§1
—+ OClzKiz)Kg) + O(zng)Z + 20(11K§1)K§2)
Kiy') + 20mKy Ky

+ (KK + K7

~(1 ~(2
=7V 477 4 20 KK 4 oy (KK
+ KK + 2Ky K (73)

By comparing Egs. (59) and (73), the following can
be obtained:
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~ (12

" = 20 KUK + o (KUK + KPKY)

+ 20K K. (74)
If a similar procedure is followed and the intensity
of the auxiliary state is judiciously chosen, as pre-

viously discussed, then the SIFs for non-homoge-
neous orthotropic materials can also be derived as

MY = 20K + oKy (75)
and
M(lﬂ) = 0612K§1> + 20(22K§Il), (76)

where M""D and M) are the mutual potential
energy release rates for modes I and II, respec-
tively and can be evaluated using Eq. (62). Egs.
(75) and (76) provide a system of linear algebraic
equations that can be solved for SIFs K§l) and
Kﬁ}) under various mixed-mode loading condi-

D1 (x)V11(x) + Pra(x)V2(x)
B = 0
(Dl,l (X) V]Q(X) + (plyz(X) szz(X)

tions. In general, a numerical method is required
for calculating MY and a1V,

5. Numerical implementation
5.1. Finite element method

Consider a finite element discretization of a
two-dimensional FGM cracked body involving N
number of nodes. Let z%l) € R? and z%z) € R? be
the actual and auxiliary displacement vectors,
respectively, at the Ith node. If dV = {z{"} €
R¥: I=1,Nand d? = {’} € R?"; I=1, N rep-
resent global displacement vectors, the mutual
potential energy release rate can be approximated
by

M(]»Z) ) d(l)TK/d(Z) +%d(2)T(K, _ I(/aux)d(Z)7 (77)

where K' =[k)] € L(R* x R*); I,J=1, N and
K™ = [K™] € L(R* x R™) are two global stiff-
ness sensitivity matrices with k), € L(R* x R?)
and k3™ € L(R? x R?) representing element-level
(domain Q,) sensitivity matrices, given by

K, = / (B'D(x)B, + BID(x)B,

— B! D'(x)B, — B D(x)B,divV)dQ,, (78)

K = / (BID™(x)B, + B D" (x)B,

e

— B D*™(x)B,divV)dQ,. (79)
In Egs. (78) and (79),
@;(x) 0
B(x) = 0 @H(x) |, (80)

Grr(x) Dpy(x)

D1 (x)V12(x) + @po(x)V2a(x) |, (81)
D1 (x)V11(x) + Pro(x) Vo (x)

with @;,(x) serving as the partial derivatives of the
shape function corresponding to the Ith node in
the i direction. Eq. (77) can be viewed as a discrete
analog of the continuum formulation in Eq. (62).
The former involves simple matrix algebra and,
as a result, provides a convenient means for calcu-

lating ',

5.2. Velocity field

Defining the velocity field is an important step
in any continuum shape sensitivity analysis (Choi
and Chang, 1994). For a fracture problem, the
velocity field V(x) is defined with a compact sup-
port Q. i.e., V(x), is non-zero when x € Q. and is
zero when x € Q — Q., where Q. C Q is an appro-
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Fig. 3. Rosette of focused quarter-point 6-noded triangular elements near the crack tip.

priately small subdomain around the crack tip (see
Fig. 1). Hence, the domain Q in various integrals
(see Egs. (63)—(66)) can be replaced by the subdo-
main Q.. Specifically, consider a rosette of eight 6-
noded quarter-point elements around a crack tip,
as shown in Fig. 3. These quarter-point elements
are standard finite elements commonly employed
for fracture analysis of linear-elastic bodies. As-
sume that the size of these elements is small
enough that the rosette can be defined as support
Q.. Inside Q,, the velocity field satisfies the follow-
ing conditions: (1) the crack tip is assigned a

velocity of wunit magnitude, ie., FV(0)=
(1/\/ V3o + V3 i)V 10 Vauip} 5 (2) the velocity

at a point on the boundary I'.. of the rosette is zero;
and (3) velocity at any point between boundary I'.
and the crack tip varies linearly. For example, the
velocity F(x;) at the ith node of the quarter-point
elements in Fig. 3 can be defined as

0, if i is a node on the outer
ring(open circles),

0.75V(0), if i is a quarter-point node
(closed circles),

V(0), if i is the crack-tip node
(closed circle).

(83)

Since the velocity field is zero on and outside the
outer boundary of the quarter point elements,
Eq. (77) reduces to

M M
~ (12 1 N
DD R =PI R LR vl

(84)

where M is the total number of quarter-point and
crack-tip nodes in a rosette of focused quarter-
point elements near the crack tip, as shown by
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the closed circles in Fig. 3. In other words, dis-
placement response is only required at an M num-
ber of noglelsj) Since M <« N, the effort in
computing M~ using Eq. (84) is trivial compared
to that required for a complete stress analysis.

Compared with existing methods, the proposed
method has several advantages: (1) the calculation
of SIFs is simple and straightforward as it only
requires multiplication of displacement vectors
and stiffness sensitivity matrices; (2) since . is
small and the velocity field outside Q. is zero, the
method only requires displacement response in
Q., rendering it computationally efficient; (3) the
accuracy of SIF estimates is not affected by a lack
of smooth transition between mesh resolutions in-
side and outside @, as demonstrated by numerical
results; and (4) the method is applicable to multi-
ple interacting cracks even if crack tips are close
to one other. Also, in contrast to existing methods,
such as the Jj-integral method (Paulino, 2002),
there is no need to perform integration along the
crack face of the discontinuity (e.g., in calculating
J3). Hence, the proposed method is also simpler
and more efficient than existing methods.

6. Numerical examples

In conjunction with the newly developed shape
sensitivity method, standard FEM was applied to
evaluate the SIFs of rectilinear cracks in two-
dimensional orthotropic FGM structures. Both
single-(mode I) and mixed-mode (modes I and II)
conditions were considered and three examples
are presented. For numerical integration purposes,
a 2x2 Gauss quadrature rule was used for all
examples. A plane stress condition and a crack-
tip velocity { V 1ip, Vz,tip}T = {10 %a, 0} T were also
assumed. The results obtained in the current study
were compared with the semi-analytical solutions
by Oztuk and Erdogan (1997, 1999). For compar-
ative purposes, the independent engineering con-
stants, Ej;, E»», Gpo, vip, and v,; have been
replaced by stiffness parameter E, a stiffness ratio
0%, an average Poisson’s ratio, and a shear param-
eter k (Oztuk and Erdogan, 1997, 1999), which are
defined as

E
E=VE\Eyn, &= Ll va
Eyn vy (85)
v =/v2V K= E v
= \/Vi2Vai, =36,
for plane stress, and
EnE
E_ 1nExn ,
(1 =vi3v3)(1 = va3van)
5o En (1 — va3v32)
Exn (1 —vi3vy)’ (86)

(1 - V13V31)(1 - V23V32) ’
o — E
- 2Gn

for plane strain.

v — \/Vlz + vi3v3) (Va1 + va3v31)

v

6.1. Example 1: Plate with an interior crack
parallel to material gradation under Mode-1

Consider an orthotropic square plate of dimen-
sions 2L = 2W = 20 units (L/W = 1) with a central
crack of length 2a = 2.0 units, as shown in Fig.
4(a). Both crack-face pressure loading, and fixed
grip loading (under a constant strain) were consid-
ered. The crack runs parallel to the material grada-
tion, and the following material property data
were employed for FEM analysis: Ej(x;) =
E?le/"‘l, Egz(xl) = Egze"xl, Glz(xl) = G?ze/j"l, where
the average modulus of elasticity E(x;) =
Eoe"(?), with E° = \/E° E%,. The non-homogene-
ity parameter fa is varied from 0.0 to 1.0. Two dif-
ferent values of the shear parameter x = —0.25 and
5.0 were employed. The average Poisson’s ratio v is
varied between 0.1 and 0.9. The stiffness ratio
6*=0.25 was used in FEM analysis.

For crack-face pressure loading, the applied
load corresponds to g2(—1 < x; < 1, £0) = +0(p =
+1.0 along the top and bottom crack faces; and
for fixed grip loading, the applied load results in
a uniform strain &(x;, x») = &y for a corresponding
uncracked plate. The displacement boundary con-
dition is prescribed, such that u; = u, =0 for the
node in the middle of the left edge, and u, =0
for the node in the middle of the right edge.
FEM discretization involves 2808 nodes, 864
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Ex A

(b)

Fig. 4. Plate with an interior crack parallel to material
gradation under mode-I: (a) geometry and loads; (b) FEM
discretization (2808 nodes, 864 8-noded quadrilateral elements,
and 32 focused quarter-point 6-noded triangular elements).

8-noded quadrilateral elements, and 32 focused
quarter-point 6-noded triangular elements in the
vicinity of each crack tip, as shown in Fig. 4(b).
Oztuk and Erdogan (1997) investigated an infi-
nite plate with the same configuration. Obviously,
an FEM model cannot represent the infinite
domains addressed in their analysis, but as long
as the ratios a/W and a/L are kept relatively small
(e.g., a/W=alL <1/10), the approximation is
acceptable. Tables 1 and 2 provide a comparison
between predicted normalized stress intensity fac-
tors K1(a)/o9/na and K{(—a)/a9+/ma at both crack
tips for several values of the non-homogenecous

Table 1

Normalized stress intensity factors for an orthotropic plate

1019

under uniform crack face pressure loading (x = —0.25)

Pa Proposed method Oztuk and Erdogan
(1997)

Ki(a) Ki(=a) Ki(a) Ki(=a)

ao\/ma go\/na go\/na 0o\/ma
0.0 1.0108 1.0108 1.0 1.0
0.01 1.0135 1.0081 1.0025 0.9975
0.1 1.0377 0.9837 1.0246 0.9747
0.25 1.0764 0.9426 1.0604 0.9364
0.50 1.1292 0.8709 1.1177 0.8740
0.75 1.1703 0.8023 1.1720 0.8154
1.00 1.2139 0.7443 1.2235 0.7616
1.50 1.3062 0.6506 1.3184 0.6701
2.00 1.3916 0.5773 1.4043 0.5979
Table 2

Normalized stress intensity factors for an orthotropic plate
under uniform crack face pressure loading (i = 5.0)

pa Proposed method Oztuk and Erdogan
(1997)

Ki(a) Ki(-a) Ki(a) Ki(=a)

a0\/ma ao\/ma ao\/ma aoV/ma
0.0 1.0338 1.0338 1.0 1.0
0.01 1.0365 1.0310 1.0025 0.9975
0.1 1.0611 1.0062 1.0231 0.9733
0.25 1.0994 0.9628 1.0531 0.9306
0.50 1.1458 0.8840 1.0946 0.8594
0.75 1.1740 0.8066 1.1281 0.7932
1.00 1.1921 0.7375 1.1556 0.7339
1.50 1.2142 0.6277 1.1979 0.6367
2.00 1.2310 0.5493 1.2290 0.5636

parameter fa, obtained by using the proposed
method, and those of Oztuk and Erdogan (1997).
In Table 1 the shear parameter is k= —0.25,
whereas in Table 2 the shear parameter is
K =5.0. Numerical results from the proposed
method show that the effect of k¥ on normalized
stress intensity factors is less significant than that
of fa. In addition, the stress intensity factor on
the stiffer side of the medium is always greater than
that on the less stiff side. Tables 3 and 4 provide a
comparison between predicted normalized stress
intensity factors Ki(a)/09y/na and Ki(—a)/o¢\/ma
under uniform crack face pressure loading at both
crack tips for several values of Poisson’s ratio v,
obtained using the proposed method, and those
of Oztuk and Erdogan (1997) for shear parame-
ter k=0.5. In Table 3 the non-homogenecous
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Table 3

The effect of Poisson’s ratio on the normalized stress intensity
factors for an orthotropic plate under uniform crack face
pressure loading (fa = 0.5, k = 0.5)

Table 6

The effect of Poisson’s ratio on the normalized stress intensity
factors for an orthotropic plate under fixed-grip loading &
(Eo = Eo/d*, pa=1.0, k=0.5)

v Proposed method Oztuk and Erdogan v Proposed method Oztuk and Erdogan
(1997) (1997)

Ki(a) Ki(=a) Ki(a) Ki(-a) Ki(a) Ki(-a) Ki(a) Ki(=a)

a0 \/ﬁ 4] \/E a0 \/ﬁ a0 \/H EnEn \/ﬁ Iiufm/ﬁ lluin \/ﬁ EnEn \/ﬁ
0.1 1.1116 0.8599 1.0958 0.8602 0.1 2.0673 0.4371 1.9991 0.4265
0.2 1.1157 0.8627 1.1007 0.8633 0.2 2.0716 0.4395 2.0151 0.4319
0.3 1.1196 0.8655 1.1053 0.8661 0.3 2.0762 0.4419 2.0301 0.4368
0.4 1.1235 0.8682 1.1096 0.8689 0.4 2.0812 0.4444 2.0442 0.4415
0.5 1.1273 0.8709 1.1137 0.8715 0.5 2.0864 0.4469 2.0576 0.4459
0.7 1.1349 0.8763 1.1215 0.8764 0.7 2.0976 0.4520 2.0826 0.4541
0.9 1.1433 0.8824 1.1287 0.8809 0.9 2.1116 0.4576 2.1056 0.4616
Table 4 normalized stress intensity factors Ki(a)/eEo/Ta

The effect of Poisson’s ratio on the normalized stress intensity
factors for an orthotropic plate under uniform crack face
pressure loading (fa = 1.0, k = 0.5)

v Proposed method Oztuk and Erdogan
(1997)

Kia) Ki(-a) Ki(a) Ki(-a)

aoy/ma do\/ma ao\/ma ao\/ma
0.1 1.1509 0.7185 1.1594 0.7354
0.2 1.1661 0.7250 1.1739 0.7413
0.3 1.1806 0.7312 1.1874 0.7468
0.4 1.1943 0.7371 1.2001 0.7520
0.5 1.2073 0.7427 1.2121 0.7569
0.7 1.2318 0.7535 1.2343 0.7661
0.9 1.2556 0.7644 1.2546 0.7746
Table 5

The effect of Poisson’s ratio on the normalized stress intensity
factors for an orthotropic plate under fixed-grip loading &,
(Eo = Eo/8*, pa=0.5, k=0.5)

v Proposed method Oztuk and Erdogan
(1997)

Ki(a) Ki(=a) Ki(a) Ki(—a)

e Eoy/Ta s Eoy/ma & Eoy/ma & FEoy/ma

0.1 1.4224 0.6650 1.4183 0.6647
0.2 1.4255 0.6669 1.4233 0.6676
0.3 1.4285 0.6687 1.4280 0.6704
0.4 1.4314 0.6705 1.4325 0.6730
0.5 1.4343 0.6723 1.4368 0.6755
0.7 1.4400 0.6757 1.4449 0.6802
0.9 1.4471 0.6798 1.4524 0.6846

parameter is fa = 0.5, while in Table 4 the non-
homogeneous parameter is fa = 1. Tables 5 and
6 provide a similar comparison between predicted

and K;(—a)/eEpy/ma under fixed-grip loading.
These results shows that Poisson’s ratio has a neg-
ligible effect on the SIFs for a mode I crack prob-
lem. The agreement between present results using
the proposed method and Oztuk and Erdogan’s
(1997) analytical solution is excellent.

6.2. Example 2: Plate with an interior crack
perpendicular to material gradation (mixed mode)

Consider an orthotropic square plate of dimen-
sions 2L = 2W = 20 units (L/W = 1) with a central
crack of length 2a = 2.0 units, as shown in Fig. 5.
Except for material properties and loading condi-

Exn

A
a7
e

| 2w |

Fig. 5. Plate with an interior crack perpendicular to material
gradation: geometry and loads.
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tions, all other conditions including FEM discret-
ization were the same as in Example 1. However,
the crack is perpendicular to the material grada-
tion. In Example 2, both crack-face pressure load-
ing and crack-face shear loading were considered
separately. The following material property data
were employed for FEM analysis: Ejj(x;) =
ES\ P2, Ex(xy) = ESef, Gia(xy) = Gef™, where
the average modulus of elasticity is E(x;) =
E%f@) | with E° =
ity parameter fa is varied from 0.0 to 2.0. Two dif-
ferent values of the shear parameter x = 0.5 and
5.0 and two different stiffness ratios &*=0.25,
and 10 were employed in the FEM analysis. Three
different values of the average Poisson’s ratio
v =0.15, 0.30, and 0.45 were used in computations.

For crack-face pressure loading the applied
load corresponds to o2(—1 < x; < 1, £0) = 20 =
+1.0 and for crack-face shear loading the applied
load corresponds to og1p (—1<x;<1,%0)=
t1, = %1.0 along the top and bottom crack faces.

The effect of the non-homogeneity parameter
fa and the average Poisson’s ratio v on normalized
stress intensity factors for both crack-face pressure
loading and crack-face shear loading were stud-
ied. The results obtained by using the proposed
method are compared with those reported by
Oztuk and Erdogan (1999), who investigated an
infinite plate with the same configuration. Tables
7 and 8 provide a comparison between predicted
normalized stress intensity factors Ki(a)/oo\/ma
and K1(—a)/a6o+/na under uniform crack-face pres-
sure loading and uniform crack-face shear loading,

EY\E,. The non-homogene-

Table 7

The effect of the non-homogeneity parameter on the normalized
stress intensity factors for an orthotropic plate under uniform
crack face pressure loading (6* = 0.25, v = 0.3, k=0.5)

Pa Proposed method Oztuk and Erdogan
(1999)

Ki(a) Ku(a) Ki(a) Ku(a)

Gt)\/ﬁ 170\/ﬁ ffo\/ﬁ O‘L\ﬁ
0.0 1.0091 0.0009 1.0 0.0
0.1 1.0158 0.0262 1.0115 0.0250
0.25 1.0451 0.0643 1.0489 0.0627
0.50 1.1279 0.1288 1.1351 0.1263
1.00 1.3468 0.2632 1.3494 0.2587
2.00 1.8673 0.5607 1.8580 0.5529

Table 8

The effect of the non-homogeneity parameter on the normalized
stress intensity factors for an orthotropic plate under uniform
crack face shear loading (8* = 0.25, v = 0.3, k=0.5)

pa Proposed method Oztuk and Erdogan
(1999)

Ki(a) Ku(a) Ki(a) Ku(a)

T0 \/H To \/ﬁ T0 \/ﬁ T0 \/E
0.0 0.0108 0.9924 0.0 1.0
0.1 —0.0389 0.9914 —0.0494 0.9989
0.25 —0.1098 0.9861 —0.1191 0.9968
0.50 —0.2130 0.9799 -0.2217 0.9965
1.00 —0.3781 0.9899 —0.3862 1.0071
2.00 —0.6178 1.0358 —0.5725 1.0499

respectively, obtained by using the proposed meth-
od, and those of Oztuk and Erdogan (1999) for
various values of non-homogeneity parameter fa,
and 6* =0.25; v=0.3; and k = 0.5. Tables 9 and
10 provide a comparison between predicted nor-
malized stress intensity factors under uniform
crack face pressure loading for 0*=0.25, and
0* =10 respectively, obtained by the proposed
method, and those of Oztuk and Erdogan (1999)
for v=20.15, 0.3, and 0.45 and fa =0.5, and 1.0.
Tables 11 and 12 provide a similar comparison
for an orthotropic plate under uniform crack face
shear loading. The agreement between the results
of the proposed method and Oztuk and Erdogan’s
(1999) analytical solution is excellent.

6.3. Example 3: Four-point bending specimen
under mixed-mode loading

Gu and Asaro (1997) investigated the effect of
material orthotropy on mixed-mode SIFs in
FGMs by considering a four-point bending speci-
men with exponentially varying Young’s moduli,
shear modulus, and Poisson’s ratio. Fig. 6(a)
shows the geometry and boundary conditions of
the four-point bending specimen. Due to symmet-
ric geometry and loading with respect to the crack,
only a half model of the beam was analyzed, as
shown in Fig. 6(b). Fig. 6(c) shows details of
FEM mesh discretization for the half beam model
involving 1357 nodes, 396 8-noded quadrilateral
elements, and 32 focused quarter-point 6-noded
triangular elements in the vicinity of the crack
tip. Point loads of magnitude P are applied at
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Table 9

The effect of Poisson’s ratio on the normalized stress intensity factors for an orthotropic plate under uniform crack face pressure
loading (x = 5.0)

Pa =025 Proposed method Oztuk and Erdogan (1999)
v 0.15 0.30 0.45 0.15 0.30 0.45
0.5 Ki(a)/oo\/ma 1.2463 1.2545 1.2625 1.2516 1.2596 1.2674
Ku(a)/oo\/na 0.1264 0.1270 0.1275 0.1259 0.1259 0.1259
1.0 Ki(a)/oo\/ma 1.5596 1.5750 1.5901 1.5589 1.5739 1.5884
Ku(a)/oo\/ma 0.2580 0.2588 0.2595 0.2555 0.2557 0.2558
Table 10

The effect of Poisson’s ratio on the normalized stress intensity factors for an orthotropic plate under uniform crack face pressure
loading (x = 5.0)

pa =10 Proposed method Oztuk and Erdogan (1999)
v 0.15 0.30 0.45 0.15 0.30 0.45
0.5 Ki(a)/oov/ma 1.0599 1.0605 1.0610 1.0748 1.0776 1.0804
Ku(a)/ao\/ra 0.1235 0.1238 0.1241 0.1252 0.1252 0.1251
1.0 Ki(a)/oov/ma 1.1746 1.1757 1.1769 1.1892 1.1955 1.2017
Ku(a)/oo\/na 0.2500 0.2503 0.2506 0.2511 0.2512 0.2512
Table 11

The effect of Poisson’s ratio on the normalized stress intensity factors for an orthotropic plate under uniform crack face shear loading
(x=15.0)

Pa 5*=0.25 Proposed method Oztuk and Erdogan (1999)
v 0.15 0.30 0.45 0.15 0.30 0.45
0.5 Ki(a)/t0/ma —0.1921 —0.1912 —0.1903 —0.1980 —0.1971 —0.1963
Ku(a)/w\/na 0.9600 0.9614 0.9627 0.9898 0.9915 0.9931
1.0 Ki(a)/t0/ma —0.3177 —0.3159 —0.3141 —0.3203 —0.3186 —0.3169
Ki(a)/to/ma 0.9556 0.9587 0.9617 0.9888 0.9921 0.9953
Table 12

The effect of Poisson’s ratio on the normalized stress intensity factors for an orthotropic plate under uniform crack face shear loading
(xk=5.0)

pa =10 Proposed method Oztuk and Erdogan (1999)
v 0.15 0.30 0.45 0.15 0.30 0.45

0.5 Ki(a)/to\/na —0.0328 —0.0328 —0.0328 —0.0366 —0.0365 —0.0365
Ku(a)/t0v/a 0.9419 0.9419 0.9419 0.9956 0.9961 0.9965

1.0 Ki(a)/t0v/na —0.0625 —0.0625 —0.0625 —0.0660 —0.0657 —0.0654
Kiyi(a)/toy/na 0.9355 0.9357 0.9358 0.9913 0.9925 0.9938

the nodes (x7,x5)=(10,—-1.0) and (x1,x») = at (xq, x) = (0, —1.0), and u; = 0 for the node at

(11, 1.0). Displacement boundary conditions are (x1, x2) = (0, 0). Young’s moduli, the shear modu-

prescribed such that (uq, u,) = (0, 0) for the node lus, and Poisson’s ratio are exponential functions
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Fig. 6. Four-point bend specimen under mixed mode loading: (a) Geometry and loads; (b) Half model; (c) FEM discretization (1357
nodes, 396 8-noded quadrilateral elements, and 32 focused quarter-point 6-noded triangular elements).

of X7 given by El](x2) = E?leﬁXZ, Ezz(Xz) = EgzeﬁXZ,
via(x2) = v (1 + exa)ef™, vy (xa) =99, (14 exy) x
eﬁ"z, and Gu(.X'Z) = Ezz(Xz)/p(\//_l—i-Vz] (xz))],where
). = Ex(x2)lEj1(x,). Notice that 1=1/0% as
explained in Egs. (85) and (86). The following data
were used for the FEM analysis: a = 3.0, &/
h,=1.0,6=-09, and P=1.0.

Fig. 7(a) and (b) provide a comparison of the

SIF |K|h?/Pl with |K|=/K}+K?, and the

phase angle = tan~!(Ky;/K;), respectively, ob-
tained by the proposed continuum shape sensitiv-
ity method with those values reported by Gu
and Asaro (1997). There is quite good agreement
between the two solutions, although Gu and Asaro
(1997) did not provide geometry data. Notice that
as fh increases, both the SIF and the phase angle
¥ increase, and the material orthotropy (measured
by A = E»,/E};) shows significant influence on the
results. Moreover, for a fixed fh;, as A increases
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Fig. 7. Four-point bend specimen under mixed mode loading:
(a) normalized mixed-mode SIFs \K|h?/2/Pl; (b) phase angle
l,b = tan’l(KH/KI).

the SIF increases; however, the phase angle
decreases.

7. Summary and conclusions

A new continuum shape sensitivity method
was developed for calculating mixed-mode stress-
intensity factors for a stationary crack in two-
dimensional, linear-elastic, isotropic FGMs having
an arbitrary geometry. The method involves the
material derivative concept taken from continuum
mechanics, the mutual potential energy release
rate, and direct differentiation. Since the governing
variational equation is differentiated prior to dis-
cretization, the resulting sensitivity equations are
independent of approximate numerical techniques,
such as the finite element method, boundary

element method, mesh-free method, or others.
The discrete form of the mutual potential energy
release rate is simple and easy to calculate, as it
only requires multiplication of displacement vec-
tors and stiffness sensitivity matrices. By judi-
ciously selecting the velocity field, the method
only requires displacement response in a subdo-
main close to the crack tip, thus rendering it com-
putationally efficient. Three numerical examples,
including both mode-I and mixed-mode problems,
are presented to evaluate the accuracy of fracture
parameters calculated using the proposed method.
Comparisons have been made between the stress-
intensity factors predicted by the proposed method
and available reference solutions in the literature,
generated either analytically or numerically using
various other fracture integrals or analyses. An
excellent agreement is obtained between the results
of the proposed method and previously obtained
solutions. Therefore, shape sensitivity analysis
provides an attractive alternative for the fracture
analysis of cracks in homogeneous and non-homo-
geneous orthotropic materials.
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