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Abstract

A stochastic micromechanical model is presented for predicting probabilistic characteristics of elastic mechanical prop-
erties of an isotropic functionally graded material (FGM) subject to statistical uncertainties in material properties of con-
stituents and their respective volume fractions. The model involves non-homogeneous, non-Gaussian random field
representation of phase volume fractions and random variable description of constituent material properties, a three-phase
Mori-Tanaka model for underlying micromechanics and homogenization, and a novel dimensional decomposition method
for obtaining probabilistic descriptors of effective FGM properties. Four numerical examples involving statistical proper-
ties of input random fields, limited experimental validation, and the second-moment characteristics and probability density
functions of effective mechanical properties of FGM illustrate the proposed stochastic model. The results indicate that the
model provides both accurate and computationally efficient estimates of probabilistic characteristics of effective FGM
properties.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Functionally graded materials (FGMs) are two-
or multi-phase particulate composites in which
material composition and microstructure vary spa-
tially in the macroscopic length scale to meet a
desired functional performance. The absence of

* Corresponding author. Tel.: +319 335 5679; fax: +319 335
5669.

E-mail address: rahman@engineering.uiowa.edu (S. Rahman).

URL: http://www.engineering.uiowa.edu/~rahman (S. Rah-
man).

sharp interfaces in FGM reduces material property
mismatch, which can lead to significant improve-
ment in damage resistance and mechanical durabil-
ity (Suresh and Mortensen, 1998). Therefore, FGMs
are of great interest in disciplines as diverse as
civil infrastructure, aerospace propulsion, micro-
electronics, biomechanics, nuclear power, and nano-
technology (Suresh, 2001). However, the extent to
which an FGM can be tailored to produce a target
mechanical performance —i.e., the design of FGM —
strongly depends on the resultant effective proper-
ties and, more importantly, on how these properties
relate to its microstructure. Therefore, predicting
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mechanical, thermal, or other relevant properties
for a given microstructure and its spatial distribu-
tion plays a significant role in the design of FGM.

In classical micromechanics (Mura, 1991;
Nemat-Nasser and Hori, 1999), a wide variety of
models exists for predicting effective properties of
heterogeneous materials, such as rules of mixture
and their bounds (Mura, 1991; Nemat-Nasser and
Hori, 1999), the Hashin—Shtrikman model (Hashin
and Strikman, 1963), the Eshelby’s equivalent inclu-
sion theory (Eshelby, 1957), the self-consistent
model (Hill, 1965), the mean-field theory (Weng,
1984), and the Mori-Tanaka model (Mori and
Tanaka, 1973). For FGM applications, a higher-
order thermoelastic theory was developed by cou-
pling local and global effects (Aboudi et al., 1996).
Recently, an elastic model including pair-wise parti-
cle interaction and gradient effects of phase volume
fraction has also appeared (Yin et al., 2004). The
determination of effective properties has also been
demonstrated using the Voronoi cell finite element
method (VCFEM) (Grujicic and Zhang, 1998).
Although these predictive models are continuously
evolving, they are strictly deterministic. In other
words, microstructural features, such as phase vol-
ume fraction, shape and spatial arrangement of an
included phase, and other relevant characteristics,
must be defined locally with absolute certainty. This
fundamental determinism of the classical microme-
chanics is a practical concern because there is sam-
ple-to-sample variability in FGM microstructural
features (Ferrante and Graham-Brady, 2005). Fur-
thermore, a viable FGM manufacturing technology
to create a pre-determined microstructural profile
can be produced only in a statistical sense. Using
mean or median values of random microstructural
details as input for predicting deterministic effective
properties is not always meaningful, as it does not
provide any measures of the stochastic behavior of
FGM. As a few researchers have already pointed
out, a predictive micromechanical model must
include statistical variability of phase volume frac-
tions as random input (Ferrante and Graham-
Brady, 2005; Buryachenko and Rammerstorfer,
2001). Therefore, it makes sense to formulate and
explore the FGM micromechanics problem in a sto-
chastic framework.

This paper presents a stochastic micromechanical
model for predicting probabilistic characteristics of
elastic mechanical properties of an isotropic FGM
subject to statistical uncertainties in volume frac-
tions of particle and porosity and constituent mate-

rial properties. The model involves (1) non-
homogeneous, non-Gaussian random field represen-
tation of phase volume fractions and random
variable description of constituent material proper-
ties; (2) a three-phase Mori-Tanaka model for
underlying micromechanics and homogenization;
and (3) novel dimensional decomposition methods
for probabilistic descriptors of effective mechanical
properties. Section 2 describes the problem of inter-
est, random field and random variable models of
various input parameters, and the three-phase
Mori-Tanaka model. Section 3 explains the newly
developed decomposition methods for predicting
statistical moments and probability density func-
tions of effective mechanical properties of FGM.
Four examples involving statistical properties of
input random fields, limited experimental valida-
tions, and stochastic characteristics of effective
properties of FGM illustrate the proposed model
in Section 4. Finally, Section 5 provides conclusions
from this work.

2. Stochastic micromechanics
2.1. Problem definition

Consider a three-phase FGM heterogeneous
body with domain Z C R® and a schematic illustra-
tion of its microstructure, as shown in Fig. 1. The
microstructure includes three distinct material
phases: phase 1 (grey), phase 2 (black), and phase
3 (white), each of which represents an isotropic

Particle-matrix regions
(.@] and _@3)

(grey) = phase 1
® (black) = phase 2

o (white) = phase 3

Transition region
(22)

Fig. 1. Schematic representation of a three-phase FGM.
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and linear-elastic material. The stochastic elasticity
tensors of these three phases, denoted by C O
C? and C?, can be expressed by (Mura, 1991;
Nemat-Nasser and Hori, 1999)

0 _ viE; E; .
R e T L T e

i=1,23, (1)
where the symbol ® denotes tensor product; E; and
v; are respectively elastic modulus and Poisson’s
ratio of phase i; and 1 and I are respectively second-
and fourth-rank identity tensors. In general, E; and
v; are random variables because of statistical varia-
tion in the material properties of each constituent
phase. One phase defines the matrix material, and
the remaining two characterize ellipsoidal particles.
Two classes of particles allow modeling multi-phase
FGM with distinct properties of its first (grey or
black) and second (white) classes of inclusions.
Material porosities, if they exist, can also be conve-
niently modeled as voids by employing degenerative
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properties of the second class of particles, leading to
two-phase porous FGMs.

Fig. 2 illustrates three disjoint FGM regions in
the macroscopic length scale (x) with subdomains
D, 9>, and %5, where 9 = U;;@i; 2:N2; =1,
i # j. The particle-matrix region 1 (), depicted
in Fig. 2(a), comprises particles from phase 2 mate-
rial (black) embedded in the matrix material, which
is phase 1 (grey). The particle-matrix role reverses
in region 3 (Z;), where particles and matrix are
phase 1 (grey) and phase 2 (black) materials, respec-
tively, as shown in Fig. 2(c). In the transition region
2 (2,), illustrated by Fig. 2(b), the definition of par-
ticle or matrix is ambiguous as both phases have
interpenetrated each other, forming intertwined
clusters. If there are porosities, phase 3 material
(white) may exist as voids in each region with a dis-
tribution depending on the fabrication process.

Let x € 2 C R® define a point in the macroscopic
length scale. The volume fractions of material
phases 1, 2, and 3 are respectively denoted by
¢1(x), da(x), and ¢5(x), each of which is bounded

£
&3 &

a

b

& &
&

c

Fig. 2. Three macroscopic regions and associated RVEs in microscopic length scale (¢); (a) particle-matrix region 1; (b) transition region 2

and (c) particle-matrix region 3.
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between 0 and 1 and satisfy the constraint
¢1(x) + ¢da(x) + ¢3(x) =1. The volume fractions
are stochastic and must be modeled as random fields
due to their spatial variability. A representative vol-
ume element (RVE) at x characterizes material het-
erogeneity in the microscopic length scale with the
coordinate system & = (&q,&,,&3). Since the FGM
microstructure varies in the macroscopic length
scale, two distinct points in Fig. 2 will have two
distinct RVEs. For an RVE associated with
x € 9, U 25, volume fractions of the matrix, the
first class of particles, and the second class of parti-
cles, respectively denoted by ¢,(x), ¢,(x), and
¢.(x), are related to volume fractions of constituent
materials as

(%), ifxe D,
e AN, @
o, (x), if x€ 2,
9pl(x) = { ¢, (x), if x € 2, 3)
and
(pbv(x) = ¢3(x) =1- d)m(x) - d)p(x)a
if xe2,U9;. (4)

A major objective of stochastic micromechanics is
to obtain probabilistic characteristics of effective
properties when random elastic properties of its
constituents (e.g., E; and v;) and random volume
fractions of any two material phases (e.g., ¢,(x)
and ¢5(x)) are prescribed.

2.2. Stochastic description of volume fractions by
random fields

Let (Q, 7, P) be a probability space, where Qs the
sample space Z is the g-algebra of subsets of 2, and
P is the probability measure, and R" be an N-dimen-
sional real vector space. Defined on the probability
triple (Q, # , P) endowed with the expectation opera-
tor E, consider a non-homogeneous (non-stationary),
non-Gaussian, random field ¢4x); i = 1,2, 3, which
has mean u(x) and standard deviation o{x). The
standardized phase volume fraction

¢;(x) — p;(x)

o;(x)

i(x) = : (5)
which has zero mean and unit variance, is at least
a weakly homogeneous (stationary) random field
with prescribed covariance function I’y (s) =
E[¢:(x)p:(x + 5)] and marginal cumulative distribu-

tion function F, ,-(c]),—) such that 0 < ¢(x) <1 with

probability one.

2.2.1. Translation random field

Consider a zero-mean, homogeneous, Gaussian
random field «fx) with the covariance function
I,.(s) = Eoy(x)o;(x + 5)], which is continuous over
9. If G; is a real-valued, monotonic, differentiable
function, the standardized phase volume fraction

&,—(x) = Giloy(x)] (6)
can be viewed as a memoryless transformation of
the Gaussian image field «{x). From the condition
that the marginal distribution and the covariance
function of ¢;(x) coincide with specified target func-
tions F; and I'y , respectively, it can be shown that
(Grigoriu, 1995)

Gi(o) = F; ' [®()] (7)

1

and

Gi(12) @2 (11,12, T2, (s)) dny dnpy,

ol [
(8)

where  ®(o;) = [* (1/v2m)exp(—n?/2)dn is the
standard Gaussian distribution function and
¢, (1,12, I'y,) 1s the bivariate standard Gaussian den-
sity function with the correlation coefficient I',,. For
given values of F; and I'; (s), G; can be calculated
from Eq. (7) and the required covariance function
I',,(s) of a{x) can be solved from Eq. (8), if the target
scaled covariance function Iy (s)/I;,(0) lie in the
range (Grigoriu, 1995)

E[Gi(2:) Gi(—2)] — E[Gi(o4)]? < () <
E[Gi(2:)*] — E[Gi(o)]? I;,0)

In many applications, Inequality (9) is satisfied,

leading to the standardized volume fraction ¢;(x)

that can be mapped to the associated Gaussian
image field of(x).

©)

2.2.2. Karhunen—Loeve approximation

Let {AixVix(x)}, k=1,2,...,00, be the eigen-
values and eigenfunctions of I, (s) = Efo;(x)o;
(x+5)] = i(x1,x2); x; =x, x, =x + s that satisfy
the integral equation (Davenport and Root, 1958)

/EWMWMWMFWWAM,
9
Vk=1,2,...,00. (10)
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The eigenfunctions are orthogonal in the sense that

/ a0 () dx = 3y,
g
Yk 1=1,2,... 00, (11)

where J;; is the Kronecker delta. The Karhunen—
Loeve (K-L) representation of oyx) is

(x) = iziﬁk\/z:;wi,k(x% (12)

where Z;;, k=1,...,00 is an infinite sequence of
uncorrelated Gaussian random variables, each of
which has zero mean and unit variance. In practice,
the infinite series of Eq. (12) must be truncated,
yielding a K-L approximation

o(x) = Zzak\/zz;‘pi,k(x% (13)

which approaches af{x) in the mean square sense as
the positive integer M — oo. Finite element (Gha-
nem and Spanos, 1991) or mesh-free (Rahman and
Xu, 2005) methods can be readily applied to obtain
eigensolutions of any covariance function and do-
main of the random field. For linear or exponential
covariance functions and simple domains, the eigen-
solutions can be evaluated analytically (Ghanem
and Spanos, 1991).

Once I',,(s) and its eigensolutions are determined,
the parameterization of ¢;(x) is achieved by the K-L
approximation of its Gaussian image, 1.e.,

(E)i(x) =G, Zzi,k\/mwzlk(x) . (14)

According to Eq. (14), the K-L approximation pro-
vides a parametric representation of the standardized
volume fraction ¢;(x) and, hence, of ¢(x) with M
random variables. The random field description of
¢{x) allows a volume fraction to have random fluctu-
ation at a point x in the macroscopic length scale.

2.3. Stochastic description of constituent material
properties by random variables

In addition to spatially variant random volume
fractions, the constituent properties of material
phases can be stochastic. Defined on the same prob-
ability space (Q, ., P), let E; and v; denote the elas-
tic modulus and Poisson’s ratio, respectively, of the
ith material phase. Therefore, the random vector
{E\, Ey, E3, v, V2, v3}T € R® describes stochastic elas-

tic properties of all three constituents. Unlike volume
fractions, however, the constituent properties are
spatially invariant in the macroscopic (x) length scale.
In addition, for a given x € &, the volume fractions
and constituent properties, although both stochastic,
do not vary spatially in the microscopic (&) length
scale. The probability density function of constituent
material properties is either assumed or derived from
available material characterization data.

If N is the total number of possible random vari-
ables including 2M random variables due to the dis-
cretization of random fields ¢,(x) and ¢;(x) and six
random constituent properties, the maximum value
of N is 2M + 6. Hence, an input random vector
R= {Z2_’1 PR 7ZZ,MaZS‘l PR 7Z3‘MaEl ,E27E37V1,V2, V3}T S
RY characterizes uncertainties from all sources in an
FGM and is completely described by its known
joint probability density function fz(r) : RV —R.

2.4. Effective properties at particle—matrix regions

Consider a single, linear-elastic, isotropic, ellip-
soidal particle of domain €, and elasticity tensor
C”) which is embedded in an infinitely large
linear-elastic isotropic matrix of domain ,, and
elasticity tensor C"”, as shown in Fig. 3(a). The sin-
gle particle-matrix system, which has a local coordi-
nate system & = (&, &,, &3), 1s subjected to a uniform
far-field stress 6. Let &(€) and o(&) define local elas-
tic strain and stress fields, respectively, inside the
particle (£ € Q). Using the Eshelby’s equivalent
inclusion method (Eshelby, 1957), the decomposi-
tion of the elasticity problem depicted in Fig. 3(a)
for an infinite domain yields

s =86+8:8; £€Q, (15)
o(&) =00+ C" . [S-1):¢; E€Q, (16)
where symbols ““” and “:”” denote tensor contrac-

tions between two fourth-rank tensors and between
fourth- and second-rank tensors, respectively, g, =
[C"]!: 6y, eigenstrain & =[(C? —C™)- S+
CTL(Cm — ) [CPT e, T(E,n) is  the
fourth-rank Green’s function tensor that depends
on the shear modulus and Poisson’s ratio of the
matrix material, and S = f!z,, T(&n)dn is the
fourth-rank Eshelby’s interior-point tensor. For an
ellipsoidal domain, § is independent of & € Q,, lead-
ing to constant stress and strain inside the particle.

For the FGM, consider an RVE at x € 9, U 23,
where an infinite number of ellipsoidal particles
from both classes, each with respective total
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i
g, =

Fig. 3. Micromechanics: (a) Eshelby’s equivalent inclusion; (b) homogenization.

domains Q,(x) and Q,(x) and respective elasticity
tensors C ) and C", are filled in a matrix of
domain Q,,(x) and elasticity tensor C™, as shown
in Fig. 3(b). Since phase volume fractions of a given
RVE depend on x, the matrix and total particle
domains with their volumes V,,(x), V,(x), and
V,(x) are spatially variant. So are the volume-
averaged strains at the matrix, the first class of par-
ticles, and the second class of particles which are

defined as E,,,( ) I/Vm ) Sy, 8(8)dE, &)(x) =
l/V f,, and s‘,( ) [1/V,(x)]x
er ) respectlvely. Using the equilibrium

equation, these average strains can be related to
the far-field uniform stress

o0 = ¢, (x)C": ()+¢() 18 (x)
+ 1= ¢, (x) = ¢, (0)]C™ - g, (x);

X € 9,UY;s.

(17)
By applying the Mori-Tanaka model, which in-
volves Eshelby’s equivalent-inclusion solution for
infinite number of particles and the assumption that

an additional particle does not significantly change
volume fractions, the relationship between average

particle strain and average matrix strain can be
obtained as (Mori and Tanaka, 1973)

&x) =[-8 [C"]"-(C” — ") 1 5, (x);
X € @1 U @3, (18)
g(x) =[-8 [C™]" - (CV — ") g (x);

xe@lugg. (19)

Using Eqgs. (17)—(19), three unknown volume-aver-
aged strains §,(x), &,(x), and &,(x) can be calculated
at any macroscopic point x € , U Z; for known
values of applied stress, volume fractions and elas-
ticity tensors of material phases, and Eshelby’s inte-
rior-point tensor.

Let C(x) denote the effective elasticity tensor at
a point x € ¥, UZ;. Based on the equilibrium

equation,
o0 = C(x) : &(x); x€2UT;, (20)
where
&(x) = ¢,(x)8,(x) + ¢,(x)z,(x)
+[1 = ¢,(x) — ¢,(x)]en(x); x € Z1UZ;
(21)
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is the volume-averaged strain in the homogenized
RVE that can be calculated following the solution
of Egs. (17)«(19) for &,(x), &,(x), and &,(x). There-

fore, the effective tensor C(x) can be evaluated from
Eq. (20) when 6y and &(x) are known. Defining

v(x)E(x) E
[T+ v(x)][1 — 29(x)] (14 v(x)]

C(x) =
(22)

the effective elastic modulus E(x) and effective
Poisson’s ratio v(x) can thus be evaluated at any
macroscopic point x € Z, U ;.

2.5. Effective properties at transition region

The particle and matrix are well-defined when a
phase volume fraction is close to 0 or 1. However,
when a volume fraction is in the vicinity of 0.5, it
is difficult to identify the particle or the matrix
phase, as in the transition region 2. Consequently,
the homogenized elastic fields for a transition region
cannot be determined from a classical microme-
chanical analysis. However, in a realistic FGM,
the transition region %,, which lies between bound-
aries 0%, and 023 as shown in Fig. 2, is much smal-
ler than the particle-matrix regions 1 and 3. In that
case, the effective properties at the transition region
can be approximated using interpolation of the
micromechanical results of particle-matrix regions.

In the macroscopic scale, consider collections of
K points {x; €0%;; k=1,...K} and {x] € 0Zs;
k=1,...K} located at boundaries 02, and 0Z3,
respectively. Let {&'(x;); k=1,...K} and {&(x});
k=1,...K} represent volume-averaged strains of
homogenized RVEs at {x} €02;; k=1,...K}
and {x; €02;; k=1,...K}, respectively, which
can be determined from particle-matrix equations
(e.g., Egs. (17)—(19) and (21)). The interpolated vol-
ume-averaged strain of a homogenized RVE at the
transition zone depends on volume-averaged strains
at boundaries 0%, and 0Z; and a judiciously chosen
interpolation function w(x). The interpolation func-

N N
y(r; x) = yy(x) +Z)’i(”i§x)+ Z Viiy (Fips i3 X) -0+ +
i=1 i

i1,ih=1
i1 <ip

=p1(r;x)

=P (r;x)

tion can be derived by forcing continuity, differen-
tiability, and other relevant properties of average
strains. Implicitly,

8(x) = /(2 (x]), . B (x))s B(x])s., B (6 W)

X € @2, (23)

which, when combined with Egs. (20) and (22),
yields effective elastic properties at a macroscopic
point x € 9, in the transition region. Explicit forms
of f and w(x) depend on the FGM geometry and
gradation properties.

Egs. (15)+23) provide a deterministic micro-
mechanics framework for predicting effective
properties of FGM. However, any statistical uncer-
tainties in volume fractions and constituent material
properties, represented by a random vector R, must
be propagated through these micromechanical
equations. Therefore, an effective FGM property is
not only spatially variant, but also randomly depen-
dent on R, and should be expressed as a function of
both x and R. Henceforth, let y(R;x) describe a gen-
eric, but relevant elastic property (e.g., the effective
elastic modulus or the effective Poisson’s ratio) at
x € & for a given FGM problem of interest. In gen-
eral, for a given spatial location (x), the multivariate
function y(r; x) is implicit and can only be viewed as
a high-dimensional input-output mapping, where
the evaluation of the output function y for a given
input r requires classical micromechanical analysis.
Therefore, methods employed in stochastic microm-
echanics must be capable of generating accurate
probabilistic characteristics of y(R;x) with an
acceptably small number of output function
evaluations.

3. Dimensional decomposition method

Atagiven x € Z, consider a continuous, differen-
tiable, real-valued function y(r;x) that depends on
r=A{r,... ,rN}T € R". A dimensional decomposi-
tion of y(r;x), described by Xu and Rahman
(2004, 2005)

N
yi]mis(rila'"’rl};x)"""'+y12...N(r1v"',rN;x)7

—islrix)
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can be viewed as a finite hierarchical expansion of
an output function in terms of its input variables
with increasing dimensions, where yg(x) is a
constant with respect to r, y(r;x) is a univariate
component function representing individual contri-
bution to y(r;x) by input variable r; acting alone,
Yii, (i, 71,3 X) is a bivariate component function
describing cooperative influence of two input vari-
ables r;, and r;,,y, , (ry,...,7;X) is an S-variate
component function quantifying cooperative effects
of § input variables 7, ..., r;, and so on. If

N N
Is(r;%) = 9o(0) + D _3,(ri ) + D> v (7, 75 %)
i=1

iir=1
i1<ip

N
-+ Z yi]u.[s(ril7""riv;x) (25)

i]yeenisg=1
i1 <--<ig

represents a general S-variate approximation of
y(r; x), the univariate (S = 1) and bivariate (S = 2)
approximations y;(r;x) and J,(r;x) respectively
provide two- and three-term approximants of the fi-
nite decomposition in Eq. (24). Similarly, trivariate,
quadrivariate, and other higher-variate approxima-
tions can be derived by appropriately selecting the
value of S. In the limit, when S = N, s(r; x) con-
verges to the exact function y(r;x). In other words,
Eq. (25) generates a hierarchical and convergent
sequence of approximations of y(r;x).

3.1. Lower-variate approximations

Consider univariate and bivariate approxima-
tions of y(r; x), defined by

nx)=3(r, ..., rv; X)
N
= Zy(cl,...,ci,l,r[,c[+1,...,cN;x)
. =y, (rizx)
—(N — 1)y(¢; x) (26)
=yp(x)
and
Pa(rx) = Pa(r1,. . rwsx)
y i1y 7y i )
= Z V(€1 e oy Ciy 1T s Ciyt s+« 5 Ciy—1 3 Fiy s Ciy 1 -+ -y CNG X))

i1,ih=1
i <iy

N
*Z —(N =2)y(ct,. s Cin1,7i,Citly -+, CN; X)

=y;(riix)

+Wy(c; x), (27)

=g (x)

respectively, where ¢ = {cy,. ..,en)T is a reference
point in the input domain of R, y(c;x) = y(cy,. ..,
N X), ydrix) = (e, .. ¢n;x) and
Vi (it s i3 X) = V(€1 e ey Cipmty Fi s ity v v vy
Ciyt1,---,Cn; X). Based on the authors’ past experi-
ence, the mean point of random input defines a suit-
able reference point. These univariate or bivariate
approximations should not be viewed as first- or
second-order Taylor series expansions nor do they
limit the nonlinearity of y(r;x). In fact, all higher-
order univariate or bivariate terms of y(r;x) are
included in Egs. (26) or (27), which should therefore
generally provide a higher-order approximation of a
multivariate function than equations derived from
first- or second-order Taylor expansions.

»Ci15Ti Citlse v

Ciz*l ) rip

3.2. Lagrange interpolations

Consider the univariate component function
Yilrsx) = y(er, .o, CGio1,Fi Citts - - 'sCN;-’F) in Eq. (26)
or (27). If for sample points 7; :rl-(’); j=1,...,n
of R, n distinct function values y(cl,...,c,-,l,r,.("),
Citly---sCn;X); j=1,...,n are given, the function
value for an arbitrary r; can be obtained by the
Lagrange interpolation

7CN;x)7

I",, Zg rl Cl;'"7ci717r1‘0)a0[+17"'
(28)

k
where £;(r) =TTy (o = ) /Tl 07 = 11Y)
is the Lagrange shape functlon. The same idea can

be applied to approximate the bivariate component
function

n n

ylllz Tips Vi X ZZCM Tiy C/z ri)y(er -Gt 1(1/])’
=l j1=
c,-1+1,...,c,-z,hrg”,cizﬂ,...,cN;x),

(29)
where yiliz(rg‘),rgZ);x)Ey(cl,.. L Ci—1, T, 1(1/) Cij+15
.,c,-z_l,rgZ),c,-ZH,...,cN;x); Jisjo=1,...,n. The

procedure is repeated for all univariate and bivariate
component functions, i.e., for all y(r;x),i=1,...,N

and forall y, ;, (i, 7i,; %), i1,i2 =1,...,N,leading to
the univariate approximation
N -
ZZ€ Cl, . 7ci717r[0)7ci+1""7CN;x)

i=1

*(*W@M (30)
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and to the bivariate approximation

Z ZZCH i g}v 12 ( Cn 1s VE{')y

inib=1 =1 j1=
i <iy

ChtteeesCots P iyt X)
-(N=-2) ZZ( y(ci,.. Ci—l’rzmacHla~~~7CN§x)
N—-1)(N-2

+()2#y(c;x). (31)

3.3. Monte Carlo simulation

Once the Lagrange shape functions ((r; and
deterministic coefficients y(c;x), y(cl,.A..,c,-_l,r/' ,
Citl,---,en3X), and  y(er, ... ¢, 7" Gty
Ciy-1,75, 5 Ciys15 - -, Cy; X) are generated, Egs. (30)
and (31) provide explicit approximations of an effec-
tive elastic property in terms of random input R.
Therefore, any probabilistic characteristics of the
effective property, including its statistical moments
and probability density function, can be easily eval-
uated by performing Monte Carlo simulation on
Egs. (30) and (31). For example, the /th moment
of an effective elastic property y(R;x) at a point
Xegis

Ng—o0

E[y'(R;x)] = Lim [ Zys Py X)

1=1,2,..., 00, (32)

where r,, is the mth sample of R, ys(r,; x) is the S-
variate approximation of y(r,;x), and Ny is the
sample size. By setting /=1 and 2, and S=1 or 2
in Eq. (32), the univariate (S=1) or bivariate
(S =2) approximations of the mean and standard
deviation of an effective property can be obtained.
The probability density function of an effective
property can also be determined in a similar man-
ner, e.g., by developing histograms from the gener-
ated samples. Since Egs. (30) and (31) do not
require solving additional micromechanical equa-
tions, the embedded Monte Carlo simulation can
be efficiently conducted for any sample size. Note
that y(R;x) is a non-homogeneous output random
field and hence, both the moments and probability
density function of y(R;x) depend on x € 2.

The stochastic methods involving univariate (Eq.
(30)) or bivariate (Eq. (31)) approximations, n-point
Lagrange interpolation (Eq. (28) or (29)), and asso-
ciated Monte Carlo simulation are defined as the

univariate or bivariate decomposition method in this
paper.

3.4. Computational effort

The univariate and bivariate approximations
require numerical function evaluations of y(r;x)
(e.g., solving micromechanical equations) to deter-

mine coefficients y(¢;x), y(ci,...,ci1, rf’), Citly s

. - 1 » 2
ev;x), and  y(cr, ..., 1,7"  Ciitts e Ci 1575
Ciyt1y---s0nyX) for G, =1,...,N and j,j,jh=
1,...,n. Hence, the computational effort required

by the proposed method can be viewed as numeri-
cally solving a micromechanics problem at several
deterministic input defined by user-selected sample
points of R. There are n and n> numerical evalua-
tions of y(r; x) involved in Egs. (28) and (29), respec-
tively. Therefore, the total cost for the univariate
decomposition method entails a maximum of
nN + 1 function evaluations, and for the bivariate
approximation, N(N — 1)n*/2+nN+ 1 maximum
function evaluations are required. If the selected
sample points include a common sample point in
each coordinate r;, the number of function evalua-
tions reduces to (n—1)N+1 and NN —-1) X
(n — 1)*/2+ (n — 1)N + 1 for univariate and bivari-
ate methods, respectively.

The stochastic framework presented here in con-
junction with the Mori-Tanaka model is not limited
to a specific micromechanical formulation. For
problems requiring more advanced deterministic
formulations entailing finite element or other
numerical analyses can be easily incorporated by
replacing Eqs. (15)—(23) with their relevant equa-
tions or algorithms. In other words, any output
function y(R;x) associated with a selected determin-
istic micromechanical formulation is applicable for
subsequent stochastic analysis. However, all numer-
ical results reported in this paper are based on the
Mori-Tanaka model.

4. Numerical examples

Four FGM examples including a limited effort of
deterministic experimental validation are presented
to illustrate various aspects of the stochastic micro-
mechanical model developed. The material compo-
sition in Examples 1, 3, and 4 varies along a single
dimension (x), leading to spatially-variant volume
fractions ¢fx); i=1,2,3. Since ¢1(x)+ ¢po(x)+
¢3(x) =1, only two volume fractions must be spec-
ified, such as the material volume fraction ¢,(x) of
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phase 2 and the porosity volume fraction ¢3(x) of
phase 3. In all examples, ¢,(x) is a one-dimensional
Beta random field, which has the marginal probabil-
ity density function (Ferrante and Graham-Brady,
2005)

-1 1
fig) = L ® (= #)", 0S¢ <
l 0, otherwise

(33)

where ¢; and ¢; are distribution parameters, B(g;, t;) =
I'(g)I(1)/T(q;+1t) is the beta function, and

1) = [ exp(—n)n*'dy is the Gamma function.
It has mean ,u,( )= ZS oa:x and standard devia-
tion o;(x) = Z obi X, Where a;;and b;; are polyno-
mial coeﬂiments The standardized volume fraction
¢i(x) = [¢;(x) — w;(x)]/o:(x), which has zero mean
and unit variance, is also a Beta random field with
its marginal probability distribution obtained from
the prescribed Beta distribution of ¢,(x). In Exam-
ples 1, 3, and 4, the covariance function of ¢;(x) is
I,(s) = E[pi(x)i(x + 5)] = exp(—cils]), where ¢; is
the correlation distance parameter. The transition
region in Examples 3 and 4 is defined by
0.4 < ¢a(x) < 0.6.

In Examples 3 and 4, the univariate or bivariate
decomposition method employed to calculate prob-
abilistic characteristics of effective properties was
formulated in the Gaussian image (u space) of the
original space (r space) of the random input R.
The reference point ¢ =0 and n=3 was selected.

In the wu space, sample points (c],...,c,«,l,uf”,
ji
Cip1,---,cn) and  (cr, ..., 1,8 Ciigts e e vy Ciyts
ufz’z ,Ciril,---,Cy) Were chosen with ¢; =0 and uni-
U1) (2) _

formly distrlbuted points um or u;" or u;
—1,0,1. Therefore, (n— 1)N+1 and (n—l)zN
(N—=1)/2+(m—1)N+1 function evaluations are
involved in wunivariate and bivariate methods,
respectively.

4.1. Example 1

The first example entails evaluation of the ade-
quacy of the K-L approximation for representing
random phase volume fractions in three types of
FGM. In type 1, a two-phase cenosphere-polyester
FGM, prepared by dispersing aluminum silicate
cenospheres (phase 2) in a polyester resin matrix
(phase 1) (Parameswaran and Shukla, 2000), was
examined. A three-phase Ni-MgO FGM compris-
ing Ni (phase 1), MgO (phase 2), and porosity
(phase 3) and another three-phase Ni;Al-TiC

FGM comprising NizAl (phase 1), TiC (phase 2),
and porosity (phase 3) define the remaining two
FGM types (Zhai et al., 1993). In each FGM, the
particle or porosity volume fraction varies along a
single coordinate 0 < x < ¢, where ¢ denotes the
total length of the variation. Measured volume
fractions of cenosphere (i.e., ¢»(x) in type 1) and
porosity (i.e., ¢3(x) in types 2 and 3) reported by
Parameswaran and Shukla (2000) and Zhai et al.
(1993) were employed to characterize pfx), o/(x),
and I'; (s). The parameters of these input functions
are hsted in Table 1. These second-moment proper-
ties, along with the assumption of Beta marginal
distribution, completely describe the statistical char-
acteristics of random volume fractions. In all three
FGM types, the number of terms retained in the
K-L approximation of the volume fraction was
M =16.

For 0 < T’y <1, Eq. (8) was solved to determine
the required covariance function I, (s). The
I',, — I';, plot, depicted in Fig. 4, suggests that I,
is, indeed, very close to I di Therefore, I',,(s) can
also be satisfactorily approximated by the exponen-
tial covariance kernel. The eigensolutions of I',.(s)
were obtained analytically (Ghanem and Spanos,
1991).

Fig. 5(a) presents experimentally measured scat-
ter plots of the cenosphere volume fraction as a
function of the normalized spatial coordinate
(x/t). The scatter is due to sample-to-sample
variability observed in various specimens of the

Table 1
Second-moment characteristics of volume fractions in three
FGMs

Parameters Cenosphere Ni-MgO Ni;AL-TiC
polyester (i = 2)* (i=3)° (i=3)°
daio 0 0.069 0.034
a) 0.109 0.85 0.087
a;n 4.25 —3.67 —0.936
a3 —9.762 12.866 2.831
aia 8.629 —17.181 —3.543
a;s —2.748 7.356 1.618
bio 0 0.012 0.001
biy 0.178 0.118 0.014
bis ~0.309 ~0.976 ~0.078
bis 0.155 3.461 0.156
bia 0 —4.798 —0.14
bis 0 2.205 0.049
¢ 5 5 5
 For particle: y,(x) = Efzoaz‘,-x"; oy (x) = st.zobz‘,-x-/; Iy (s) =
exp(—cals]).
For porosity: us;(x) = 25 0a3,X; a3(x) = Z _oba¥; Iy (s)=
exp(—csls]).
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Fig. 7. Porosity volume fraction in Ni;Al-TiC FGM.

dard Gaussian random variables Z;;; i=2;
k=1,...,16 and invoking Egs. (5) and (14), sam-
ples of the cenosphere volume fraction were
determined. The predicted (simulated) samples of
the cenosphere volume fraction, presented in
Fig. 5(b), are in close agreement with experimental
samples in Fig. 5(a). The second-moment proper-
ties of the simulated volume fraction were obtained
from the experimental data.

Figs. 6 and 7 show simulated samples of random
volume fractions of porosity in the Ni-MgO FGM
and the Ni;Al-TiC FGM, which are plotted against
relative volume fractions Vygzo/(Vmeo + Vi) and
Vric/(Vric + Visal), respectively, where 1 indicates
volume and its subscripts denote material phases.
The predicted samples from the proposed random
field model with calibrated second-moment proper-
ties and assuming Beta marginal distribution com-
pare well with experimental data (Zhai et al.,
1993) available at selected points. Both experimen-
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tal data and simulated samples indicate larger
porosity and larger scatter of porosity in Ni-MgO
FGM than in Ni3Al-TiC FGM. Figs. 5-7 demon-
strate the usefulness of the proposed random field
model in accurately simulating spatial variability
of phase volume fractions.

4.2. Example 2

The objective of Example 2 is to deterministically
validate the three-phase Mori-Tanaka model, i.e.,
Egs. (15)—+22) in predicting effective properties of
heterogeneous materials. The validation effort is
focused on evaluating effective elastic modulus (E)
of three types of composites in which the particle
and/or porosity are uniformly distributed (Cohen
and Ishai, 1967): (1) porous matrix, where porosity
in the epoxy matrix (50% shell epicote 815 and
50% versamid 140 by weight) ranges from 1.7% to
34%,; (2) non-porous composite, where silica (Ottawa
sand) particles in the epoxy matrix have volume
fractions varying from 8% to 27.75%; and (3) porous
composite, where both silica particles and porosity
co-exist and have respective volume fractions vary-
ing from 12% to 33.25% and 10% to 30.5%. The
elastic properties of constituents are: E,, =
22,000 kg/cm?; E, = 750,000 kg/cm?; v,, = 0.3; and
v, = 0.25, where the subscripts m and p indicate
matrix and particle, respectively (Cohen and Ishai,
1967). No statistical uncertainties were included
in this example. The micromechanical analysis of
the porous matrix was conducted by forcing

Table 2
Predicted and experimental elastic moduli of porous matrix

Porosity volume E/E,*
fraction, %

Predicted Experimental (Cohen and
Ishai, 1967)

1.7 0.97 0.97

7.9 0.85 0.79

9 0.83 0.82
13.5 0.76 0.72
15 0.73 0.69
16.75 0.71 0.68
18.2 0.69 0.64
20.9 0.65 0.62
26 0.58 0.57
28 0.56 0.55
32 0.51 0.48
34 0.49 0.45

2 E = effective elastic modulus; E,, =elastic modulus of
matrix.

Table 3
Predicted and experimental elastic moduli of non-porous
composite

Particle volume E/E,*
fraction, %

Predicted Experimental (Cohen and
Ishai, 1967)

8 1.22 1.15
12 1.32 1.21
15.75 1.42 1.4
18.25 1.49 1.52
22.25 1.61 1.68
23.25 1.65 1.73
23.5 1.66 1.74
26.25 1.75 1.86
26.75 1.76 1.89
27.75 1.8 2

2 E = effective elastic modulus; E,, =elastic modulus of
matrix.

Table 4

Predicted and experimental elastic moduli of porous composite

Particle Porosity E/E,"

VOlur,ne . VOlume ) Predicted Experimental

fraction, % fraction, % (Cohen and Tshai,
1967)

12 30.5 0.68 0.66

15.75 10 1.11 1.15

18.25 38 0.65 0.57

22.25 25 0.97 1.13

23.25 21.5 1.06 1.07

23.5 20 1.1 1.17

26.25 31.25 0.87 0.81

26.75 10 1.43 1.73

27.75 6.5 1.57 1.9

33.25 14 1.49 1.48

2 E = effective elastic modulus; E,, =elastic modulus of
matrix.

¢,(x) = ¢,(x) and using degenerative properties of
voids. For the non-porous composite, ¢,(x) = 0.

Tables 2-4 respectively list predicted values of
the normalized effective modulus E/E,, for porous
matrix, non-porous composite, and porous compos-
ite, calculated for various input values of porosity
and/or particle volume fractions. Compared with
experimental measurements of E/E,,, also presented
in Tables 2-4, the Mori-Tanaka model provides
reasonably accurate estimates of the effective prop-
erties of heterogeneous materials considered in this
study. The average errors in the prediction relative
to experimental results are 4.7%, 5.5%, and 8.5%
for porous matrix, non-porous composite, and por-
ous composite, respectively.
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4.3. Example 3

Consider again three FGM types defined in
Example 1. The two-phase cenosphere-polyester
FGM (type 1) includes polyester and cenosphere
as phases 1 and 2. The three-phase Ni-MgO FGM
(type 2) includes Ni, MgO, and porosity; and the
three-phase NizAl-TiC FGM (type 3) includes
Ni3Al, TiC, and porosity as phases 1, 2, and 3. In
addition to random field models of stochastic
volume fractions of phase 2 (cenosphere) in type 1
and of stochastic volume fractions of phase 3
(porosity) in types 2 and 3, the elastic moduli E|
and E, and Poisson’s ratios v; and v, of constituent
materials were assumed to be independent lognor-
mal random variables. Means and coefficients of
variation of these constituents for each FGM are
defined in Table 5. Using M =16 for the K-L
approximations of ¢,(x) or ¢;(x), the total number
of random variables is N = M + 4 =20. The uni-
variate decomposition method was employed to cal-
culate second-moment characteristics of the effective
properties of all three FGM:s.

Fig. 8 depicts plots of both predicted mean and
standard deviation of the effective elastic modulus
of the cenosphere-polyester FGM for 0 < x/7 < 1.
The high-low experimental data of Parameswaran
and Shukla (2000), plotted in Fig. §, indicate good
agreement between experimental and predicted
means when x/r < 0.75. However, the predicted

Table 5
Statistical properties of constituents in three FGMs*

Random variable Mean Coefficient of variation, %

Cenosphere-polyester®

E; (GPa) 3.6 0.1
E> (GPa) 6 0.15
" 0.41 0.1
Vs 0.35 0.15
Ni-MgO°

E; (GPa) 146 0.1
E> (GPa) 104 0.1
vy 0.35 0.1
Vs 0.16 0.1
Ni;Al-TiC?

E; (GPa) 199 0.15
E> (GPa) 460 0.15
v 0.295 0.15
Vs 0.19 0.15

% Random variables are independent and lognormal.
® | = polyester; 2 = cenosphere.

° 1=Ni; 2= MgO.
41 =NizAL 2 = TiC.

6.0
55 [}
5.0
45
4.0
35

Effective Young's modulus, GPa

0.5
0.4
03
®  Experiment
02 — Mean
L . T Standard deviation
0.1 t=25cm ——= Deterministic (particle interaction)
0.0 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

X/t

Fig. 8. Mean and standard deviation of effective modulus of
cenosphere-polyester FGM.

mean at x/t = 0.86 is much lower than its experi-
mental value. The underprediction did not improve
when using the results of an alternative microme-
chanical model that includes particle interactions
(Yin et al., 2004), also plotted in Fig. 8. It is not
clear why the experimental modulus at x/r = 0.86
is larger than both micromechanical predictions.

Fig. 9(a) and (b) present second-moment charac-
teristics of effective modulus and effective Poisson’s
ratio, respectively, of the Ni-MgO FGM, obtained
by the proposed stochastic model. The statistics are
plotted against the relative volume fraction Vyeo/
(Vmgo T Vni). The predicted mean curves correlate
well with the experimental trend. Deterministic
results from two alternative models based on the
mean-field theory (Zhai et al., 1993) and VCFEM
(Grujicic and Zhang, 1998), plotted in Fig. 9(a)
and (b), also indicate their satisfactory performance.
The predicted means employing the Mori-Tanaka
model and deterministic results by the mean-field
theory (Zhai et al., 1993), the particle interaction
model (Yin et al., 2004) and VCFEM (Grujicic and
Zhang, 1998) for the Ni;Al-TiC FGM, presented
in Fig. 10(a) and (b) for effective elastic modulus
and Poisson’s ratio, respectively, also compare fairly
well with the associated experimental data.

In addition to the mean response, the decomposi-
tion method provides standard deviations of the
effective properties of both Ni-MgO and Nis;Al-
TiC FGMs, calculated without (option 1) and with
(option 2) variability of constituent material proper-
ties, as shown in Figs. 9 and 10. Due to the small
randomness of the porosity volume fraction of
NizAl-TiC FGM (Fig. 7), the standard deviations
of the effective properties calculated without constit-
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Fig. 9. Mean and standard deviation of effective properties of
Ni-MgO FGM: (a) elastic modulus; (b) Poisson’s ratio.

uent material property variations in Fig. 10(a) and
(b) are also small and hence negligible. However,
the standard deviations of the effective elastic mod-
ulus of the Ni-MgO FGM in Fig. 9(a), which entails
large randomness of the porosity volume fraction
(Fig. 6), are dependent on variations of both the
constituent material property and porosity volume
fraction. In both FGMs, the randomness of the
porosity volume fraction has a negligible effect on
the variability of the Poisson’s ratio.

4.4. Example 4

The final example entails evaluating probability
density functions of effective FGM properties by
propagating input uncertainties via the stochastic
micromechanical model developed. Consider again
an FGM system with the material composition
varying along a single coordinate 0 < x < ¢, where
t denotes the total length of the variation. Means
and coefficients of variation of constituent elastic
properties, which follow independent lognormal dis-
tribution, are defined in Table 6. The particle (phase
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Fig. 10. Mean and standard deviation of effective properties of
Ni;ALl-TiC FGM: (a) elastic modulus; (b) Poisson’s ratio.

Table 6
Statistical properties of constituents in an FGM?*

Random variable Mean Coeflicient of variation (%)
E;| (GPa) 199 0.1

E, (GPa) 460 0.15

v 0.295 0.1

V2 0.19 0.15

# Random variables are independent and lognormal.

2) and porosity (phase 3) volume fractions ¢,(x)
and ¢3(x) were modeled as non-homogeneous, Beta
random fields with respective means u,(x) =X and
Us(x) = 0.1%(1 — X), respective standard deviations
a(x) = 0.6x(1 — x) and a3(x) = 0.1x(1 — x), where
¥ = x/t and covariance functions I'y (s) = I',(s) =
exp(—3|s|). The Gaussian image field o(x) of ¢;(x)
was parameterized using 8 random variables. There-
fore, the input random vector is R = {Z,...,
Z>3, Z34’1, . 7Z;vg, E\, Ey, vy, Vz}T S RN, where the
total number of random variables is N =2x8 +
4 =20.

Fig. 11(a) and (b) compare predicted probability
densities and/or histograms of the effective elastic
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Fig. 11. Probability densities of FGM effective properties at
x/t =0.5 by various methods: (a) elastic modulus; (b) Poisson’s
ratio.

modulus and Poisson’s ratio at x/¢ = 0.5 by the uni-
variate and bivariate decomposition methods and
the direct Monte Carlo simulation involving 10°
samples. The decomposition method, which entails
Monte Carlo analysis employing the univariate or
bivariate approximations in Egs. (11) or (12), per-
mits inexpensive calculation of the effective modulus
by sidestepping additional micromechanical
analyses. Compared with the direct Monte Carlo
simulation, the univariate method retaining only
individual effects of random variables yields a very
accurate estimate of the probability densities of
the effective properties. The bivariate method, which
includes both individual and cooperative effects of
random variables, also provides excellent results.
No meaningful difference in the results of univariate
and bivariate methods was observed in this particu-
lar example. Therefore, the univariate method can
be employed for subsequent calculations. Using
n=3 and N =20, the univariate and bivariate
decomposition methods involve only 41 and 801
function evaluations (micromechanical analyses),

Q
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Fig. 12. Probability densities of FGM effective properties by the
univariate method at two different locations: (a) elastic modulus;
(b) Poisson’s ratio.

respectively, whereas 10° analyses were performed
by the direct Monte Carlo simulation. Therefore,
the decomposition method developed, in particular
the univariate version, is not only accurate, but also
computationally efficient.

Using the univariate decomposition method, the
probability densities of the effective elastic modulus
at x/t = 0.3 and 0.7 are presented in Fig. 12(a); and
the probability densities of the Poisson’s ratio at
x/t =0.3 and 0.7 are presented in Fig. 12(b). These
probability densities, which can be evaluated at any
spatial location, should provide useful information
for reliability analysis and reliability-based design
optimization of FGMs.

5. Conclusions

A stochastic micromechanical model was devel-
oped for predicting probabilistic characteristics of
elastic mechanical properties of an isotropic func-
tionally graded material (FGM) subject to statistical
uncertainties in material properties of constituents
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and their respective volume fractions. The model
involves: (1) non-homogeneous, non-Gaussian ran-
dom field representation of phase volume fractions
and random variable description of constituent
material properties; (2) a three-phase Mori-Tanaka
model for underlying micromechanics and homoge-
nization; and (3) a novel dimensional decomposi-
tion method for obtaining statistical moments and
probabilistic density functions of effective FGM
properties. The proposed decomposition results in
a finite, hierarchical, and convergent series for an
effective elastic property of interest. The computa-
tional effort in finding probabilistic characteristics
of an effective property can be viewed as performing
deterministic micromechanical analyses at selected
input defined by sample points. Hence, alternative
micromechanical formulations can be easily embed-
ded in the proposed stochastic model. Results of
numerical examples indicate that the stochastic
model developed provides accurate representation
of spatial variability in phase volume fractions and
yields accurate probabilistic characteristics of effec-
tive elastic properties of FGM. The underlying
deterministic analysis employing a three-phase
Mori-Tanaka model also provides excellent predic-
tion of effective properties of several heterogeneous
media examined in this work. The computational
efforts required by the univariate and bivariate ver-
sions of the decomposition method are linear and
quadratic with respect to the number of random
variables involved. Therefore, the model developed
is also computationally efficient when compared
with the direct Monte Carlo simulation.
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