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Stochastic meshless analysis of elastic—plastic cracked structures

B. N. Rao, S. Rahman

Abstract This paper presents a stochastic mesh-free
method for probabilistic fracture-mechanics analysis of
nonlinear cracked structures. The method involves
enriched element-free Galerkin formulation for calculat-
ing the J-integral; statistical models of uncertainties in
load, material properties, and crack geometry; and the
first-order reliability method (FORM) for predicting
probabilistic fracture response and reliability of cracked
structures. The sensitivity of fracture parameters with
respect to crack size, required for probabilistic analysis,
is calculated using a virtual crack extension technique.
Numerical examples based on mode-I fracture problems
have been presented to illustrate the proposed method.
The results from sensitivity analysis indicate that the
maximum difference between sensitivity of the J-integral
calculated using the proposed method and reference
solutions obtained by the finite-difference method is
about three percent. The results from reliability analysis
show that the probability of fracture initiation using the
proposed sensitivity and meshless-based FORM are very
accurate when compared with either the finite-element-
based Monte Carlo simulation or finite-element-based
FORM. Since all gradients are calculated analytically, the
reliability analysis of cracks can be performed efficiently
using meshless methods.

Keywords Probabilistic fracture mechanics, Mesh-free
method, Element-free galerkin method, J-integral,
Sensitivity of J-integral, Probability of failure
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Introduction

Probabilistic fracture mechanics (PFM) is becoming
increasingly popular for realistic evaluation of fracture
response and reliability of cracked structures. The theory
of fracture mechanics provides a mechanistic relationship
between the maximum permissible load acting on a
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structural component to the size and location of a crack -
either real or postulated - in that component. Probability
theory determines how the uncertainties in crack size,
loads, and material properties, when modeled accurately,
affect the reliability of cracked structures. PFM, which
blends these two theories, accounts for both mechanistic
and stochastic aspects of the fracture problem, and hence,
provides a more rational means to describe the actual
behavior and reliability of structures than traditional
deterministic methods [1].

While development is ongoing, a number of methods
have been developed for estimating statistics of various
fracture response and reliability. Most of these methods
are based on linear-elastic fracture mechanics (LEFM) and
the finite element method (FEM) that employs the stress-
intensity factor (SIF) as the primary crack-driving force
[1-5]. For example, using SIFs from an FEM code, Gri-
goriu et al. [2] applied first- and second-order reliability
methods (FORM/SORM) to predict the probability of
fracture initiation and a confidence interval of the direc-
tion of crack extension. The method can account for
random loads, material properties, and crack geometry.
However, the randomness in crack geometry was modeled
by response surface approximations of SIFs as explicit
functions of crack geometry. Similar response-surface-
based methods involving elastic-plastic fracture mechanics
and the J-integral-based ductile tearing theory have also
appeared [6-9]. For example, a stochastic model based on
an engineering approximation of the J-integral and FORM/
SORM have been developed by Rahman and co-workers
for fracture analysis of cracked tubular structures [9].
Based on this model, the probability of fracture initiation
and subsequent fracture instability can be predicted under
elastic-plastic conditions. The response surface approxi-
mation used in these PFM analyses significantly reduces
the complexity in calculating the derivatives of the SIF or
the J-integral. Essentially, this presents a primary rationale
for successful development of FORM/SORM algorithms for
probabilistic analysis of cracked structures. However, the
usefulness of response-surface-based methods is limited,
since they cannot be applied to general fracture-mechanics
analysis. Because of the complexity in crack geometry,
external loads, and material behavior, more advanced
computational tools, such as FEMs or meshless methods,
must be employed to provide the necessary computational
framework for analysis of general cracked structures [6].

In recent years, various Galerkin-based meshless meth-
ods have been developed or investigated to solve fracture-
mechanics problems without the use of a structured grid
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[10-19]. These gridless or meshless methods employ
moving least-squares (MLS) approximation of a function
that permits the resultant shape functions to be constructed
entirely in terms of arbitrarily placed nodes. Since no ele-
ment connectivity data is required, burdensome meshing
or remeshing characteristic of the FEM is avoided. By
sidestepping remeshing requirements, crack-propagation
analysis can be significantly simplified. However, most
mesh-free development in fracture analysis to date has
been focused on either deterministic [10-16] or some
probabilistic [17, 18] LEFM problems. Research in non-
linear fracture mechanics using meshless methods has not
been widespread and is only currently gaining attention.
For probabilistic fracture, Rao and Rahman [17] and
Rahman and Rao [18] recently developed a stochastic
meshless method for sensitivity and reliability analyses of
linear-elastic cracked structures. The method comprises an
element-free Galerkin method (EFGM) as the deterministic
kernel to calculate fracture response characteristics; virtual
crack extension technique to calculate sensitivities; statis-
tical models of uncertainties in load, material properties,
and crack geometry; and FORM to predict probabilistic
fracture response and reliability of cracked structures.
More recently, Rao and Rahman [20] developed an en-
riched meshless method for fracture analysis of cracks in
nonlinear-elastic materials. The method involves two new
enriched basis functions to capture the Hutchinson-Rice-
Rosengren (HRR) [21, 22] singularity field in nonlinear
fracture mechanics. The boundary layer analysis indicates
that the crack-tip field predicted by using these enriched
basis functions matches with the theoretical solution very
well in the whole region considered, whether for the
near-tip asymptotic HRR field or for the far-tip elastic field.
Numerical analyses of standard fracture specimens using
the enriched basis functions also yield accurate estimates of
the J-integral. However, the aforementioned method is
strictly deterministic. Hence, the next stage for further
development should include stochastic meshless methods
that are capable of treating uncertainties in loads, material
properties, and crack geometry and predicting probabilis-
tic fracture response and reliability of nonlinear cracked
structures. Such an undertaking represents a qualitatively
new development, employing meshless methods to account
for both probabilistic and nonlinear aspects of fracture
processes. To the best knowledge of the authors, no
nonlinear meshless models for PFM analysis exist in the
current literature.

This paper presents a stochastic meshless method for
probabilistic fracture-mechanics analysis of homogeneous,
isotropic, nonlinear-elastic, two-dimensional solids, sub-
ject to mode-I loading conditions. The method involves a
nonlinear EFGM formulation for calculating fracture
response characteristics; a virtual crack extension tech-
nique for sensitivity analysis; statistical models of uncer-
tainties in load, material properties, and crack geometry;
and FORM for fracture reliability analysis. Enriched basis
functions are employed to capture the HRR singularity
field of nonlinear fracture mechanics. Two numerical
examples are presented to illustrate both the sensitivity
and reliability aspects of the proposed method.

2
The element-free Galerkin Method

2.1

Moving least squares and meshless shape function
Consider a function u(x) over a domain Q C %, Let

Q, C Q denote a sub-domain describing the neighborhood
of a point x € RX located in Q. According to the MLS [23]
method, the approximation u"(x) of u (x) is

3 = > pix)aitx) = p(0a(x) )

where pT(x) = {p1(x), -, pm(x)} is a vector of complete
basis functions of order m and a(x) = {a;(x),...,am(x)}
is a vector of unknown parameters that depend on x. The
coefficient vector a(x) is determined by minimizing a
weighted discrete L, norm, defined as

J(x) — Z wi() [p" (xr)a(x) — i)’

= [Pa(x) — d]"W[Pa(x) —d] , (2)

where x; denotes the coordinates of node I,
d" ={d,,d,,...,d,} with d; representing the nodal
parameter for node I , W = diag[w; (x), wp(x), ..., w,(x)]
with w;(x) being the weight function associated with node
I, such that wi(x) > 0 for all x in the support Qy of w;(x)
and zero otherwise, n is the number of nodes in Q, for
which w;(x) >0, and P = [pT(x),...,pT(x,)] €
L(R" x R™) . In this study, a weight function proposed by
Rao and Rahman [15] was used, which is
144
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where [ is a shape controlling parameter, z; =[x — x ||,
and z,,; is the domain of influence of node I . The sta-
tionarity of J(x) with respect to a(x) yields

AlR)ax) = C(d @
where

AG) =3 (e (1) = PTWP s)
and

Cx) = b (PG ) W (pxn) = PTW (6

Solving for a(x) in Eq. (4) and then substituting into
Eq. (1) yields

ul(x) = Z:(DI(x)dI =oT(x)d , (7)
where
O (x) = {®)(x), Dy (x),... D, (x)}

=p’(x)A7' (x)C(x) (8)



is a vector with its Ith component,
m

®;(x) = > _pi(x) (A~ (x)Cx)], | 9)
j=1

representing the shape function of the MLS approximation
corresponding to node I. The partial derivatives of ®;(x)
can also be obtained as

m

®pi(x) =) {Pji(A_lC)jI +pj(A;'C+ A_IC-,i)jI} :

=1
(10)
where A;l =—A"'A;A"! and ();=0()/0x;.

2.2

Variational formulation and discretization

For small displacements in two-dimensional, homoge-
neous, isotropic solids, the equilibrium equations and
boundary conditions are

V.6+b=0 in Q (11)

and

6-n=t on I} (natural boundary conditions)
u=1u on [, (essential boundary conditions)

(12)
respectively, where o is the stress vector, € = V_u is the
strain vector, u is the displacement vector, b is the body
force vector, t and u are the vectors of prescribed surface
tractions and displacements, respectively, n is a unit
normal to the domain, Q,I', and I', are the portions of
boundary I" where tractions and displacements are pre-
scribed, V! = {9/0x,,0/0x,} is the vector of gradient
operators, and V,u is the symmetric part of Vu. The
variational or weak form of Eqgs. (11) and (12) is

because of the nonlinearity in the stress—strain relationship.
From Eq. (7), the MLS approximation of

T . . . .
u(x) = {u;(x), uz(x)}" in two dimensions is

u'(x) = ®'d | (14)
where

T . q)l (X) 0 q)z (X) 0 - (DN (X) 0
@ =10 o) 0 Dyx) - Dyx) |

(15)
d={d,d,...dy,d5}" ¢ R is the vector of nodal
parameters or generalized displacements, and N is the total
number of nodal points in Q. Applying the MLS approx-
imation of Eq. (14) into Eq. (13) yields nonlinear algebraic
equations, which must be solved by iterative methods. The
standard Newton-Raphson method was used to solve
these nonlinear equations, as follows.

Let d” denote the nodal parameter vector at the rth
iteration. Upon Taylor series expansion at d” and retaining
only the linear term, Eq. (13) leads to

40 £} {5 )

where Ad” = d"! — d is the incremental solution,
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is the tangent stiffness matrix at d” with
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_(Dl (Xl) 0 (1)1 (Xz) 0 (I)l (XN) 0
0 (Dl (Xl) 0 (Dl (Xz) 0 (D1 (XN)
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/ 6ToedQ — / b7 oudQ — / t'oudlr

Q Q Q
+ ) £ (xk)ou(xx)
+ Y of (xk)[u(xk) — u(xx)] =0 , (13)
xxely,

where f (xx) is the vector of reaction forces at the con-
strained node K on I';, and 6 denotes the variation operator.
Note, Eq. (13) is nonlinear with respect to displacement u,

is a matrix comprising shape functions of L nodes at which
the displacement boundary conditions are prescribed on

FuafR = {ﬁ(xKl)J.fz(xKl)7 .. 'ﬁ(XKL)7f2(XKL)}T € ‘SRZL is the

vector of all reaction forces on I',,

£ = / ®bdQ + / ®Ttdlr e R (20)
Q I,

is the external Tforce vector. Noting that _
d; = {d),,d},} € R, £7(d) = {£"(d)),.... £ (d)}
€ RN is the internal force vector with

T
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1
} B;djdQ e R* | (21)

int @ qr Oe -
) - [s1f5e]
Q

g = {u(xg,),...,1(xx,)}" € R is the vector of all
prescribed displacements on T, h(d'L)

={®"(xg,)d’,...,®"(xg,)d'} € R*, and
(D[J 0

Bj=| 0 @ (22)
Q;, Dpy

Equation 16 represents a system of linear equations in Ad’
and can be easily solved using standard numerical meth-
ods. Hence, the total solution at the (r+1)th iteration is

dt=d+Ad . (23)

The iteration in Eq. (23) is continued until both conver-
gence criteria, defined by

|Ad"]|
< 24
s =" 0
and
[|ART]|
r Sé (25)
IR =

are satisfied, where R” = f** — f*(d") is the residual at
the ith iteration, AR" = R — R" , and ¢, and ¢, are the
pre-selected tolerances.

To perform numerical integration in Egs. (18), (20) and
(21), a background mesh is required, which can be
independent of the arrangement of the meshless nodes.
However, in this study, the nodes of the background mesh
coincide with the meshless nodes. Standard Gaussian
quadratures were used to evaluate the integrals for
assembling the stiffness matrix and the force vector. In
general, a 4 x 4 quadrature is adequate, except in the cells
surrounding a high stress gradient (e.g., near a crack tip)
where a 8 x 8 quadrature is suggested.

In solving for Ad’, the essential boundary conditions
must be enforced. The lack of Kronecker delta properties
in the meshless shape functions presents some difficulty in
imposing the essential boundary conditions in EFGM.
Nevertheless, several methods are currently available for
enforcing essential boundary conditions. A full transfor-
mation method [15, 24] was used in this work.

It should be noted that the generalized displacement
vector d represents the nodal parameters, not the actual
displacements at the meshless nodes. However, the actual

displacement vector d = {u(x;), ..., u(xyx)}’ € R can
be easily calculated from
d=nd (26)

where A = [@(xy),...,®(xy)]" € L(R™N x R2V) is the
transformation matrix.

3

The J integral and HRR field

Consider a two-dimensional structure with a rectilinear
crack of length 24, orientation y, subjected to external
loads, S1,S,,- - -, Sm » as shown in Fig. 1. Under quasi-static

Fig. 1. A cracked structure under mixed-mode loading

condition, in the absence of body forces, thermal strains,
and crack-face tractions, the domain form of the J-integral
for a two-dimensional problem is

Ou; 0q
]—/(O’l]a—XI—W51]>a—deA s
A

where W = [ 6 dg;; is the strain energy density, u; and
T; = ojin; are the ith component of displacement and
traction vectors, A is the area inside an arbitrary contour
around the crack tip, and g is a weight function that has a
value of unity at the outer boundary of A and zero at the
crack tip.

Consider a power-law hardening material with a
uniaxial stress-strain (¢ — ¢) relation as

n
o
— = — s
& )

where o, is the reference stress, ¢ = g /E is the
reference strain with E representing Young’s modulus, o
is a material constant, and »n is the material hardening
exponent. When n = 1 and oo, Eq. (28) represents linear-
elastic and rigid-perfectly plastic materials, respectively.
In reality, however, the Ramberg-Osgood law [25] is
employed to describe nonlinear stress-strain curve, which
is

& 0 a\"
“=—tal—]) .
& 0o )

For multiaxial stress state, the Ramberg-Osgood law can
be generalized as

(27)

™

(28)

(29)

e = 5 (05) + e5(a3) (30)
where

14+v 1-—2v
82- = o Sij + 3E Ukkfsij (31)
and

3 o\ si

e = Zagg( — = (32)
J 2 0o ()

are the elastic and plastic components of strain, respec-

tively, v is the Poisson’s ratio, s;j = gj; — g4d;j/3 is the
deviatoric stress, g, = y/3s;;s;7/2 is the von Mises effective



stress, and 517 is the Kronecker delta. If elastic strains are
negligible compared with plastic strains (i.e., &; ~ .sf;.),
Eq. (32) represents a pure power-law-strain-hardening
material, for which the asymptotic crack-tip fields under
mode-I loading are [26, 27]

1
o = GOL;;;Eiﬁi"“aﬁ(e,n) , (33)
i
&jj = 0L {W] &j(0,n) (34)
and
W
U; = ogyr Lwoﬁolnr] u;(0,n) (35)

where r and 0 are the polar coordinates with the origin at
the crack tip, I, is a dimensionless constant that depends
on n, and &,-j,éij, and u; are dimensionless angular
functions of 0 and n. The parameters I,, G, &;, and u;
also depend on the state of stress. Eqs. (33)-(35) repre-
sent the well-known HRR field under mode-I deforma-
tion [26, 27]. Note, the same HRR field also exists in
mixed-mode fracture, in which case the dimensionless
angular functions also depend on the magnitude of
mode-mixity [28].

Although the HRR solution describes the nature of the
dominant singularity, higher order terms may have an
important effect on the constraint of plane strain crack-tip
fields [29-32]. The HRR field is thus not the only possible
crack-tip field, but should be regarded as an important
limiting case of a family of fields, which arise when higher
order terms are insignificant.

4

Enriched basis functions

When solving problems involving cracks, a convenient way
of capturing stress-singularity at a crack tip is by using
appropriately defined enriched basis functions. Existing
enriched basis functions, typically used to capture the
LEFM singularity [12], may not be appropriate for solving
nonlinear fracture-mechanics problems. The singularity of
crack-tip field in nonlinear fracture is different than that in
LEFM and depends on the material hardening character-
istics. In a recent study, Rao and Rahman [20] developed
two new enriched basis functions for fracture analysis of
cracks in nonlinear-elastic materials.

There are several ways to enrich the EFGM formulation to
capture the HRR stress singularity in elastic-plastic mate-
rials. One approach involves augmenting the EFGM trial
functions by the near-tip displacement field, thereby
including additional unknown coefficients for each crack
tip. Hence, both the stiffness matrix and the force vector
need to be augmented leading to a larger system of equa-
tions. Furthermore, the computer programming can be ra-
ther involved. An alternative approach entails expanding
the EFGM basis functions directly to include terms from the
near-tip displacement field. The enrichment based on
expanded basis functions requires simpler computer pro-
gramming, but can become expensive for multiple cracks.
The enrichment based on expanded basis functions was

developed by Rao and Rahman [20]. In this section, both the
enrichment for LEFM basis functions and the enrichment
for nonlinear fracture mechanics are briefly summarized.

4.1

Linear-elastic fracture mechanics

In LEFM, the asymptotic near tip displacement field
u = {u;,u,}" is given by

0=\ {Kg0) + Kigl 0] ()
and
=1\ [ Kigh0) + Kugl! ()] )

where u = E/[2(1 + v)] is the shear modulus,

g(0)=xr— cosg—ksin() sing

o(0) =x+ sing —sinf cos—

2 2

0 0 (38)
gH0) = Kk + sin5+sin0 cos

0
Iy — o el U
g (0)=x cos - sm@sm2

are the well-known angular functions of LEFM, K; and Kj;
are mode-I and mode-II SIFs, and the Kolosov constant
Kk = (3 —v)/(1+v) for plane stress and x = 3 — 4v for
plane stress. Using trigonometric identities, it can be
shown that the basis, given by

p'(x)=

0 0 0 0
{1,x1,x2, \ﬁcosi, \ﬁsini, \/;sinisin& \/;cosisinﬁ} ,

(39)

spans the LEFM crack-tip displacement field in Eqs. (36)
and (37) exactly [12]. Indeed, the enriched basis in Eq. (39)
has been successfully used in meshless analysis of linear-
elastic cracked structures [12, 15-18], including analysis of
cracks in functionally graded materials [19]. However, the
HRR field is different from the LEFM crack-tip field.
Hence, there is a need of new basis functions for nonlinear
fracture-mechanics analysis.

4.2
Nonlinear fracture mechanics
According to Egs. (33)-(35), the HRR field is a known
field. Hence, by embedding the HRR displacement field,
enriched basis functions similar to Eq. (39) can be
developed for its use in nonlinear fracture mechanics.
However, the angular functions #;(6,n) in Eq. (35) can-
not be obtained in closed-form. An eigenvalue problem
needs to be solved numerically to determine #;(0, n) [33].
As an alternative, simpler functional forms that can
approximate the HRR field can be potentially used to
form the enriched basis.

Consider two approximations of #;(0, n), given by
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Approximation I:
- - ~ 0 .
u;(0,n) ~ ag;(n) + a;(n) cos + a,i(n) sin>
- .0 . ~ 0 .
+ asi(n) sin—sin 0 + a4i(n) cos 7 sin 0
(40)
and
Approximation II:
- - - 0 .
u;(0,n) ~ ag;i(n) + a(n) cos + ayi(n) sin>
- .0 - 0 .
+ asi(n) sin > sin 0 + as4i(n) cos - sin 0

+ asi(n) singsin 30 + agi(n) cosgsin 30 (41)

The first equation (Eq. (40)) involves a linear combination
of components of the basis function vector in Eq. (39)
(minus the linear terms). The second equation (Eq. (41))
entails adding two arbitrarily chosen terms, sin 6/2 sin 30
and cos 0/2sin 30, to Eq. (40) for a better approximation.
To evaluate these two approximations, Shih’s [33] HRR
field data of #;(6,n),i = 1,2, obtained by solving the

and (41). Note that Shih’s [33] HRR field data was reported
in polar coordinate system, so a polar to rectangular
coordinate system transformation was performed before
fitting the HRR data using Egs. (40) and (41). Figure 2a
shows the plots of #;(6, n) from Eq. (40), as a function of 6
for materials with high-hardening n = 3), medium-hard-
ening (n = 10), and low-hardening (n = 50) characteristics
for the plane stress condition. The comparison with Shih’s
HRR field data indicates that Eq. (40), obtained from the
LEFM basis function, provides a reasonably good
approximation of #;(0, n) . Similar comparisons in Fig. 2b,
which involve plots of Eq. (41), show slightly improved
results in fitting Shih’s numerical results. The above
observations also hold true for the plane strain condition,
the results of which are shown in Fig. 3a and 3b, involving
plots of Egs. (40) and (41), respectively. Hence, both Eq.
(40) and (41) can be used to approximate #;(0, n) for
nonlinear-fracture mechanics analysis. Consequently, two
types of enriched basis functions are proposed, which are

0 0
Type L p (x) = {1ax17x2,7”L“COSE,rn;+lsinE,rﬁ

0 0
X sinEsin 0, pr cosEsin 9} ,

eigenvalue problem numerically, were fitted with Eqs. (40) (42)
3 3
- HRR N --—- HRR
——  Approximation I - \ —— Approximation IT
2 | i 2 i
ity, tip il iy, il il
1 1
n=3 n=3
0 . ‘ o ‘ ‘
0 1 2 3 4 0 1 2 3 4
0, radians 0, radians
2 2
- HRR & - HRR
—— ApproximationI o ——  Approximation IT ~
o 125 Us
il il
i 1> ﬁ2 [ N 17|, 172 1
n=10 n=10
0 - - . 0 . .
0 1 2 3 4 0 1 2 3 4
0, radians 0, radians
2 2
-  HRR ----  HRR
——  Approximation I ——  Approximation IT
- . Uup . ﬁg ﬁl
Uy, Uy 1 U, Uy 1 /
n=50 n=50 Fig. 2. Approximations of
o ) 5 3 i % : ) 3 »  HRR displacement field for
0, radians 9, radians plane stress: a Approximation I
[Eq. (40)], b approximation II
(a) (b) [Eq. (41)]
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(@)

and

1 1
l,xl,xz,rnﬂcosg,rw1
0
2
L. g
re1singsin 30, re1 cossin 360

T c 0 L g 1 .
TypeIl:p' (x) =< xsinY, rm smgsm 0, ras cosgsm 0,

(43)

Note, the linear terms in both enriched bases are not
related to crack-tip fields, but are needed for linear com-
pleteness of EFGM. The Type I enriched basis function in
Eq. (42) can be viewed as a generalized enriched basis
function, which degenerates to the LEFM basis function
(Eq. (39)) when n =1 (linear-elastic). Both types of basis
functions have been successfully utilized to predict
accurate elastic-plastic crack-tip fields [20].

5
Rates of fracture parameters

5.1

Virtual crack extension

In fracture analysis, the coordinates of all meshless nodes,
or any other arbitrary point are measured using the crack

plane strain: a Approximation I
[Eq. (40)], b approximation II
() [Eq. (41)]

0, radians

tip as the origin, where the x; axis is oriented along the
direction of the crack length and the x, axis is perpen-
dicular to the crack length. When the crack tip is virtually

- perturbed by a small amount, say da = {day, da,}" for

which da; and da, represent the components of virtual
crack extension in the x; and x, directions, the coordinates
of all nodes and any arbitrary point, except the crack-tip
node (the reference point), are virtually shifted in the
opposite direction by the same amount, as shown in the
Fig. 4. In general, da has two components, da; and da,,
respectively measured along the crack-length direction
and perpendicular to the crack-length direction. The var-
iation of any arbitrary point x is then

0 if x =

5x = { o B ETA (44)
—o0a, otherwise

where
0, if I = crack-tip node

m={" | (45)
—oa, if I # crack-tip node

Note that Eq. (45) is valid only when the crack-tip node is
virtually perturbed. If all nodes along the crack length are
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Fig. 4. Meshless discretization and virtual crack extension

virtually perturbed proportionally to their distance from
the crack tip, Eq. (45) can be generalized as

. —d.da,
(SXI = { —53’

if I € nodes along crack length
if I'¢ nodes along crack length

b

(46)

where d, is the ratio of the distance between node I and the
crack tip to the length of the crack.

5.2

Variations of shape function and its derivatives
Using Egs. (9) and (10), the variations of the shape
function ®;(x) and its partial derivative ®;;(x) are

o®; = SpTATIC; + pTOATIC, + pTATIOC (47)
and
o®p; = opiAT'C+ SpTAL'C + SpTATICy;
+PpioATICr+p'0ATIC +pTSATIC;
+piAT0C + pTA6C + pTATIOC,
(48)

where variations op, Jp ;, 6Cy, 0Cy;, 0A, JA 0A71, and
5A;1 can be obtained from the EFGM formulation
described in a previous section. See Rao and Rahman
[17] for explicit details of these variations.

5.3
Sensitivity of generalized displacement
When the converged solution is reached, Eq. (16) leads to

e

Taking the variation on both sides of Eq. (49) yields

[k(d) G|[od)  [dkd) oG]|[ d 50

6" o) \ofef | 66" o0 |\fey OV
which is a linear system of equations with respect to dd.
Note, the solution of éd can be obtained efficiently, since
the same set of linear equations is obtained at the con-
verged state, although a different fictitious load, i.e., the
right hand side of Eq. (50), is involved.

Suppose the crack length is virtually perturbed by a
small arbitrary value da in the original direction of the

(49)

crack length, i.e., da; = da and da, = 0. The derivative of
the generalized displacement d with respect to the crack
length a can then be approximated by

od od

oa da

Equation 51 was used for all numerical calculations
presented in forthcoming sections.

Note that by assigning appropriate values of da; and da,,
similar expressions can be derived to calculate rates of d
with respect to crack length extensions in any direction. For
example, if the values of da; and da, are arbitrarily selected,
then od/||da|| provides the rate of the generalized dis-
placement with respect to the crack length extension at an
angle tan~! (da,/da; ) with respect to the direction of the
crack length, where ||da|| = \/da? + da3. This issue, how-
ever, was not explored in detail during the course of this
study.

(51)

5.4

Sensitivity of the J-integral

The derivative of the J-Integral with respect to crack length
a can be calculated from the derivatives of displacement,
strain, and stress with respect to a at all meshless nodes.
Differentiating both sides of Eq. (27) with respect to a yields

o 0 Ou; 0q
—= [ —|oij=—— W |—dA
Oa /aa (61 0x; 11) 0x;

A
Ou; 0 (0q
i=—— Wby | — (= |dA .
+/ <616x1 U) Oa (ax)
A

In Eq. (52), derivatives of stress components g;; with respect
to a can be obtained using the derivatives of generalized
displacements and the strain-displacement relation in
conjunction with the stress—strain relation. Derivatives of
the displacement components u; with respect to a can be
obtained using the derivatives of the generalized displace-
ments and the shape function values of meshless nodes.

6
Probabilistic fracture mechanics and reliability

(52)

6.1

Random parameters and fracture response

Consider a mode-I loaded nonlinear-elastic cracked
structure under uncertain mechanical and geometric
characteristics that is subject to random loads. Denote by
X an N-dimensional random vector with components
X1,X5, ..., Xy characterizing uncertainties in the load,
crack geometry, and material properties. For example, if
the crack size g, elastic modulus E, far-field applied stress
magnitude >, Ramberg-Osgood parameters o and n, and
mode-I fracture toughness at crack initiation Jj are
modeled as random inprut variables, then
X={a,E,0%,a,n,Jic} . Let the J-integral (J) be the
relevant crack-driving force that can be calculated from
nonlinear meshless analysis. Suppose the structure fails
when J > Ji. . This requirement cannot be satisfied with
certainty, because J depends on input vector X, which is
random, and J, itself is a random variable. Consequently,
the performance of the cracked structure should be



evaluated using the reliability Pg, or its complement, the
probability of failure Pr(Ps = 1 — Pg) , defined as

P pr(g(X) < 0] / fx(x) (53)

where fx(x) is the joint probabihty density function of X,
and

8(x) = Jie(x) = J(x)

is the performance function. Note that P in Eq. (53) rep-
resents the probability of crack-growth initiation and pro-
vides a conservative estimate of structural performance. A
less conservative evaluation requires calculation of failure
probability based on crack-instability criterion. The latter
probability is more difficult to compute, since it must be
obtained by incorporating crack-growth simulation in a
finite element or meshless analysis. However, if suitable
approximations of J can be developed analytically, the
failure probability due to crack-instability can be easily
calculated as well [6, 34].

(54)

6.2

Reliability analysis by FORM

The generic expression for the failure probability in

Eq. (53), for which the performance function is repre-
sented by Eq. (54) involves multi-dimensional probability
integration for evaluation. In this study, FORM [35] was
used to compute this probability. It is briefly described
here to compute the probability of failure Pr in Eq. (53)
assuming a generic N -dimensional random vector X and
the performance function g (x) defined by Eq. (54).

The first-order reliability method is based on linear
(first-order) approximation of the limit state surface g (x) =
0 tangent to the closest point of the surface to the origin of
the space. The determination of this point involves non-
linear constrained optimization and is usually performed in
the standard Gaussian image of the original space. The
FORM algorithm involves three major steps. First, the space
x of uncertain parameters X is transformed into a new
N-dimensional space u consisting of independent standard
Gaussian variables U. The original limit state g (x) = 0 then
becomes mapped into the new limit state gy(u) = 0 in the u
space. Second, the point on the limit state gy (u) = 0 having
the shortest distance to the origin of the u space is deter-
mined using an appropriate nonlinear optimization algo-
rithm. This point is referred to as the design point, or beta
point, and has a distance f;; (known as reliability index) to
the origin of the u space. Third, the limit state gy(u) = 0 is
approximated by a hyperplane g; (u) = 0, tangent to it at the
design point. The probability of failure Py [Eq. (53)] is thus
approximated by Pr; = Pr[g;(u) < 0] in FORM and is
given by [35]

Ppy = (D(_ﬁHL)

(55)

where

(u) = \/%—n/ exp (—§<2>d«:

(56)

is the cumulative probability distribution function of a
standard Gaussian random variable. A recursive qua-
dratic-programming algorithm [36, 37] was employed to
solve the associated optimization problem in this work.
The first-order sensitivities were calculated analytically
and are described as follows.

6.3

Analytical gradients

In the u space, the objective function is quadratic; hence,
calculating its first-order derivative with respect to uy ,
k=1,2,..., Nis trivial. For the constraint function, i.e., the
performance function, one must also calculate its deriva-
tive with respect to uy. Assume that a transformation of
x € RV to u € RV, given by

(57)
exists. Hence, the performance function in the u space can
then be written as

gu(w) = g(x(u)) = Jre(x(w)) — J(x(w)) . (58)
Using the chain rule of differentiation, the first-order
derivative of with gy(u) respect to uy is

Z ax]
=

where Rj, = 0Ox; /Ouy, which can be obtained from the
explicit form of Eq. (57).

In mode-I fracture with X = {4, E, 0™, a, n,]Ic}T, the
partial derivatives of g in the x space can be obtained as

Ogu(u) Z 0g 6xj

Ouy ax] Ouy (59)

0 —oJ

ai da’ (60)
og 9 _J .

- "3 (since J < 1/E) (61)
og

5 _ 62
ic o

For the partial derivatives of the J-Integral with respect to
o and ¢, it is assumed that the plastic component of ] is
much larger than the elastic component of J. This is true
when the elastic strains are much smaller than the plastic
strains, which is characteristic of moderate to high loads in
a nonlinear-elastic material. Accordingly,

g o ]

9« da o (63)
og O _7(n+1)]

Og>® - Og>® - g : (64)

When the assumption above is not valid, the partial
derivatives of the J with respect to « and ¢* can no longer
be approximated using Eqs. (63) and (64). In this case, size
sensitivity analysis method must be applied. If required,
the derivative of the J with respect to n can also be cal-
culated by size sensitivity analysis. Size sensitivity analysis,
which is simpler than the shape sensitivity analysis
developed herein, is not considered in this study.

Using the shape sensitivity formulation presented in a
past section, the partial derivative of J with respect to crack
size can be easily calculated. For a given u or x, all
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gradients of gy(u) can then be evaluated analytically.
FORM or any other gradient-based reliability analysis can
therefore be performed efficiently.

7

Numerical examples

Three numerical examples involving mode-I loading con-
ditions are presented in this section. The first example is
presented to assess the performance of the nonlinear EFGM
formulation for evaluating the elastic-plastic fracture
parameters. The next two examples demonstrate the capa-
bility of the proposed stochastic meshless method in eval-
uating the sensitivity and reliability of cracked structures.
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Example 1: J-integral evaluations for SE(T), DE(T),

and M(T) specimens

Consider three rectangular plates illustrated in Fig. 5a-c,
comprising single-edge tension [SE(T)], double-edge

J

AR AR AR KRR AR RALATATAIAL,

(b)

Fig. 5. Fracture specimens under far-field
tension: a SE(T) specimen, b DE(T)
specimen and ¢ M(T) specimen

(c)

tension [DE(T)], and middle tension [M(T)] specimens
[25], subjected to a far-field remote tensile stress ¢*°. For
numerical analysis, values of width 2W = 1.016 m, length
2L = 5.08 m, crack length a = 0.254 m. The material
parameters involved: E = 206.8 GPa, v = 0.3,

09 = 154.8 MPa, oo = 3.8, and n = 8.073.

Due to symmetry, meshless discretizations were per-
formed for only half the plate for the SE(T) specimen, and
a quarter of the plate for the DE(T) and M(T) specimens,
as depicted by the shaded regions in Fig. 5a-c. The dis-
cretization involves 286 regularly distributed nodes, how-
ever, in the vicinity of the crack-tip region Q;Q,Q3Qy, [see
Fig. 6a] additional 63 nodes were used, as shown in the
Fig. 6b, for a total of 349 meshless nodes. A domain of size
2b x b, with b = 0.254 m, was used to calculate the
J-integral. The domain of the plate in Fig. 6a was divided
by 10 x 25 rectangular cells with corner points coincident
with the 286 meshless nodes, solely for the purpose of
numerical integration. An 8 x 8 Gaussian integration
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scheme was employed over the background grid. The
weight function parameter f§ = 3 was used for meshless
analysis. Both plane stress and plane strain conditions
were employed.

Figure 7a-c show plots of J-integral versus ¢ for the
plane stress condition, as predicted by the meshless method
for SE(T), DE(T), and M(T) plates, respectively using both
Type I and Type II basis functions. A domain form of
Eq. (27) was used in calculating the J-integral [15]. Also
plotted in the same figures are the corresponding analytical
J-integral solutions, which are described in Appendix A.
Similar comparisons between meshless and analytical re-
sults are shown in Fig. 8a—c for the plane strain condition.
In both stress states, the meshless results using proposed
basis functions match very well with the analytical solu-
tions for load intensities and material constants considered.

The CPU time required for meshless methods in-
creases with the length of basis functions, because the
dimension of the matrix that needs to be inverted for the
construction of meshless shape function is directly pro-
portional to the square of the length of basis function.
Hence, the CPU time using the Type II enriched basis is
slightly higher than that using the Type I enriched basis.
This numerical example shows that in terms of accuracy,
the performance of the Type I enriched basis function is
comparable to the Type II enriched basis function.

7.2

Example 2: sensitivity analysis of M(T) and SE(T) specimens
Consider a middle-tension [M(T)] and a single-edged-
tension [SE(T)] specimens with width 2W = 1.016 m

(40 inches), and length 2L = 5.08 m (200 inches), that are
subject to a far-field tensile stress > = 172.4 MPa. Three
distinct crack sizes with normalized crack lengths

a/W = 0.3, 0.4 and 0.5 were considered for both M(T) and
SE(T) specimens. The material properties of both
specimens were: reference stress oo = 154.8 MPa; elastic
modulus E = 207 GPa; Poisson’s ratio v = 0.3; and Ram-
berg-Osgood parameters « = 8.073 and n = 3.8. A plane
stress condition was assumed.

Fig. 6. Meshless discretization of fracture
specimens for a/W = 0.5: a Half (SE(T))

and Quarter (DE(T)) model, b Closeup of
Q1Q2Q3Qq region
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Fig. 7. J-integral versus ¢*° for all the three specimens under
plane stress: a SE(T) specimen, b DE(T) specimen and ¢ M(T)
specimen
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Fig. 8. J-integral versus ¢* for all the three specimens under
plane strain: a SE(T) specimen, b DE(T) specimen and ¢ M(T)
specimen

Figure 5a and c depict geometry and loads of the SE(T)
and M(T) specimens, respectively. Due to symmetry,
meshless discretization was performed on only a half
SE(T) specimen model (single symmetry) and a quarter
M(T) specimen model (double-symmetry). Figure 6a
shows the meshless discretization for a/W = 0.5. The
discretization involved 286 regularly distributed nodes,
however, in the vicinity of the crack-tip region Q;Q,Q5Q4,
[see Fig. 6a] additional 63 nodes were used, as shown in
the Fig. 6b, for a total of 349 meshless nodes. The domain
of the plate in Fig. 6a was divided by 10 x 25 rectangular
cells with corner points coincident with the 286 meshless
nodes, solely for the purpose of numerical integration. A
domain of size 2b x b, where b = min{a, (W — a)}, was
used to calculate the J-integral. An 8 x 8 Gaussian inte-
gration scheme was employed over the background grid.
The enriched basis function described by Eq. (42) and
weight function parameter = 3 were used for meshless
analysis.

Tables 1 and 2 present, respectively, the predicted re-
sults of J and 0J/0a for the M(T) and SE(T) specimens,
respectively. Two sets of results are shown. One involves
the proposed nonlinear meshless method and the virtual
crack extension method for sensitivity analysis. The other
entails nonlinear finite element method using the ABAQUS
commercial code [38] and finite-difference method for
sensitivity analysis. A one-percent perturbation of crack
length was employed in the finite-difference method. The
results in Tables 1 and 2 show that the proposed meshless
method provides reasonably accurate estimates for 0J /Oa
in comparison with the corresponding results of the finite-
difference method. The maximum difference between the
results of the proposed method and the finite-difference
method is about three percent.
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Example 3: reliability analysis of DE(T) specimen

Consider a double-edge tension [DE(T)] specimen with
width 2W = 1.016 m (40 inches), length 2L = 5.08 m
(200 inches), and crack length a = 0.254 m (10 inches), as
shown in Fig. 5b. The specimen is subject to a far-field

Table 1. Sensitivity of J for

2
M(T) specimen by the propo- alw J-Integral J, kJ/m

Sensitivity of J-Integral dj/da, kJ/m’

sed and finite difference Proposed FEM

Difference Proposed Finite Difference

methods method percent method difference percent
0.3 2.6 x 10° 2.7 x 10° +3.70 36.5 X 10° 358 x 10° -1.95
0.4 5.1 x 10° 5.1 x 10° 0.0 709 X 10°  69.64 x 10° —1.81
0.5 10.9 x 10° 11.2 x 10° +2.68 18.1 x 10* 17.6 x 10* —2.84

Table 2. Sensitivity of J for

2
SE(T) specimen by the propo- /W J-Integral J, kJ/m

Sensitivity of J-Integral dj/da, kJ/m?

sed and finite difference

methods Proposed FEM Difference Proposed Finite Difference
method percent method difference percent
0.3 1.1 x 10* 1.1 x 10 0.00 292x 10" 302x10° 4331
0.4 5.4 x 10* 5.2 x 10* -3.85 18.5 x 10° 18.1 x 10° -2.21

0.5 3.6 x 10° 3.7 x 10° +2.70 17.6 x 10° 16.8 x 10° —-2.38




Table 3. Statistical properties
of random input for DE(T)
specimen

tensile stress ¢™°. The load ¢, crack size a/W, and
material properties E, « and J;. were treated as statistically
independent random variables. Table 3 lists the means,
coefficients of variation (COV), and probability distribu-
tions of these random parameters. The Poisson’s ratio

v = 0.3, and the Ramberg-Osgood exponent n = 3.8 were
assumed to be deterministic. A plane stress condition was
assumed.

Due to symmetry, meshless discretization was per-
formed on only one-fourth of the model, as shown in
Fig. 6a. The discretization involves 286 regularly distrib-
uted nodes, however, in the vicinity of the crack-tip region

Random Variable Mean cov® Probability
distribution
Normalized crack length (a/W) 0.5 Variable® Lognormal
Elastic modulus (E) 207 GPa 0.05 Gaussian
Yield offset (o) 8.073 0.1439 Gaussian
Initiation fracture toughness (/i) 1243 kJ/m? 0.47 Lognormal
Far-field tensile stress (¢7) Variable® 0.1 Gaussian
% Coefficient of variation (COV) = standard deviation/mean
b Arbitrarily varied
10° g
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Q1Q2Q3Qy, [see Fig. 6a] additional 63 nodes were used, as
shown in the Fig. 6b, for a total of 349 meshless nodes. The
domain of the plate was divided by 10 x 25 rectangular
cells with corner points coincident with the 286 meshless
nodes, solely for the purpose of numerical integration. A
domain of size 2b x b, where b = min{a, (W — a)}, was
used to calculate the J-integral. An 8 x 8 Gaussian inte-
gration scheme was employed over the background grid.
The enriched basis function described by Eq. (42) and
weight function parameter 5 = 3 were used for meshless
analysis.

A number of probabilistic analyses based on meshless
methods were performed to calculate the probability of
failure Pr as a function of the mean far-field tensile stress
E[0°°], in which E[-] is the expectation (mean) operator.
Figure 9 shows the results in the form of Pr vs. E[c®] plots
for v,/w = 10 percent, where v, is the COV of the
normalized crack length a/W. The probability of failure
was calculated using both meshless-based FORM and
FEM-based Monte Carlo simulation. For FORM, the pro-
posed virtual crack extension method was used to obtain
sensitivities of J. For the simulation method, the sample
size was 10,000. Figure 9 demonstrates good agreement
between the FORM-based probability of failure and the
simulation results.

Using meshless-based FORM, Figure 10 plots Pr vs.
E[c>] for both deterministic (v,/w = 0) and random
(vayw = 10 and 20 percent) crack sizes. As expected, the
results indicate that the failure probability increases with
the COV (uncertainty) of a/W. The failure probability can
be much larger than the probabilities calculated for a
deterministic crack size, particularly when the uncertainty
of a/W is large. Figure 10 also contains results of
FEM-based FORM involving continuum shape sensitivity
analysis [39]. Failure probabilities predicted using the
proposed meshless method match very well with those
obtained by FEM.

E[c”], MPa

Fig. 9. Failure probability of DE(T) specimen by FORM and
simulation
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Fig. 10. Failure probability of DE(T) specimen by FORM for
various uncertainties in crack size

8

Conclusions

A stochastic meshless method was developed for probabi-
listic fracture-mechanics analysis of nonlinear cracked
structures. The method involves enriched element-free
Galerkin formulation for calculating the J-integral; statis-
tical models of uncertainties in load, material properties,
and crack geometry; and the first-order reliability method
(FORM) for predicting probabilistic fracture response and
reliability of cracked structures. The sensitivity of fracture
parameters with respect to crack size, required for proba-
bilistic analysis, is calculated using a virtual crack exten-
sion technique. Numerical examples based on mode-I
fracture problems have been presented to illustrate the
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proposed method. The results from sensitivity analysis
indicate that the maximum difference between sensitivity
of the J-integral calculated using the proposed method and
reference solutions obtained by the finite-difference
method is about three percent. The results from reliability
analysis show that the probability of fracture initiation
using the proposed sensitivity and meshless-based FORM
are very accurate when compared with either the finite-
element-based Monte Carlo simulation or finite-element-
based FORM. Since all gradients are calculated analytically,
the reliability analysis of cracks can be performed effi-
ciently using meshless methods.

Appendix A

J-integral for SE(T), DE(T), and M(T) specimens

Consider SE(T), DE(T), and M(T) specimens subjected to
quasi-static far-field tension stress ¢>°. The geometrical
parameters of these specimens are defined in Fig. 5a-c.
The total J-integral can be obtained from

J=Je+]p (65)
where J, and ], are the elastic and plastic solutions,
respectively, and are defined as follows.
A.1 SE(T) specimen [25]
The elastic J is
' na
Jo="% [0.265(1 — a/W)*
+(0.857 +0.265a/W) /(1 —a/W)'5]* . (66)
The plastic J is
0602 P n+1
]p :_O(W_a)hl(a/wu n) D ’ (67)
E Py
where P = ¢® WB is the far-field tensile load,
1.072nB(a — W)ay, plane stress
1.455nB(a — W)ay, plane strain

is the reference load, and h;(a/W,n) is a dimensionless
plastic influence function that are tabulated in Ref. [25].

A.2 DE(T) specimen [25]
The elastic J is

J. = "2/”“ [1.12 4+ 0.2(a/W) — 1.2(a/W)?
+1.93(a/w)*] . (69)
The plastic ] is
a0} <P)n+l
= 20 (W — a)hy(a/W,n) 70
Jo="5 (W —ah@/W,m(5) 70)

where P = ¢®2WB is the far-field tensile load,

Py — %Jo(W—Q)B,
0.72 + 1.82(1 — )] 6o WB,

plane stress

plane strain

(71)

is the reference load, and h;(a/W, n) is a dimensionless
plastic influence function that are tabulated in Ref. [25].

A.3 M(T) specimen [25]
The elastic J is

:
J. = ao;m [1+0.128a/W — 0.288(a/W)?
+1.525(a/W)°]" . (72)
The plastic J is
n+1
=2 —ama/w.n(7) @
where P = ¢®2WB is the far-field tensile load,
2B(a — W)ay,  plane stress
0= {\%B(a — W)oy, plane strain (74)

is the reference load, and h;(a/W,n) is a dimensionless
plastic influence function that are tabulated in Ref. [25].
In Egs. (68), (71), and (74),

P {t
- E
1—v2?

is the effective modulus of elasticity, and v is the Poisson’s
ratio.

plane stress

plane strain (75)
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