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ME:7268 Turbulent Flows – Student Project Instructions 

Frederick Stern, Christian Milano, Zach Starman  

1. Introduction 

Additional analyses of the Four-dimensional particle tracking velocimetry (4DPTV) static drift 𝛽 = 10 

deg results for the 5415 sonar dome vortices have been done to realize its full potential for the assessment 

of the turbulence structure and vortex breakdown and interactions and for providing data for scale 

resolved computational fluid dynamics (CFD) validation.  

 

Figure 1: DTMB 5415 geometry. 

The focus is on the strongest primary sonar dome vortex (SDVP) at x/L = 0.12 (just downstream of the 

sonar dome) and its interaction with the second strongest (SDVS) of the multiple sonar dome vortices. 

Both vortices are counterclockwise and due to cross flow separations with SDVP and SDVS onset from 

the windward (port) and leeward (starboard) sides of the sonar dome. 

  

  

  
Figure 2: SDVP, SDVS, SDVT, and SDVT2 vortices (top and middle) and turbulence analysis location 

for SDVP core (bottom). 
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Figure 2 (top and middle) shows the overall structure and onset and progression of the 5415 sonar dome 

vortices, including the primary vortices SDVP, SDVS, SDVT, and SDVT2, whereas Figure 1 (bottom) 

shows the location for the turbulence structure and vortex breakdown and interaction analysis for the SDVP 

vortex core at x/L = 0.12. The analysis methods are largely based on Bernard (2019) and Pope (2000) with 

detailed derivations provided by Stern et al. (2023). 

The students will be required to partially follow the analysis conducted in Stern et al. (2024) to obtain the 

turbulence characteristics starting from the raw timeseries data of the flow at different points in the 

4DPTV volume, as shown in Figure 3.  

 

Figure 3: 4DPTV sampling points for turbulence analysis. 

 

2. Velocity time series  

Velocity (𝑈(𝑡), 𝑉(𝑡), and 𝑤(𝑡)) time histories of SDVP vortex (upstream, downstream, and around core) 

are extracted using the Butterworth filtered instantaneous four-dimensional particle-tracking-velocimetry 

(4DPTV) dataset. This step is already completed, and the SDVP vortex core timeseries data (at 

desired locations) is provided to students. 

 

3. Microscale, Macroscale, and temporal autocorrelation  

Starting from the provided velocity time histories, students are required to perform the following: 

a. Reynolds’s decomposition of the velocity 

i. Find time-averaged velocity components, 𝑈̅, 𝑉̅, and 𝑊̅ 

ii. Get fluctuating velocity components 

𝑢(𝑡) =  𝑈(𝑡) − 𝑈̅ 

𝑣(𝑡) =  𝑉(𝑡) − 𝑉̅ 
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𝑤(𝑡) =  𝑊(𝑡) − 𝑊̅ 

iii. Determine macroscale estimates 

𝑘 =
1

2
(⟨𝑢2⟩  + ⟨𝑣2⟩  + ⟨𝑤2⟩) 

𝑢0 = √𝑘 

𝑢′ = √⟨𝑢2⟩ 

𝑙0 = 0.025 𝑚 = 25 𝑚𝑚 

𝜀 = 𝑢0
3/l0 

𝑅𝑒𝑙0 = 𝑢0𝑙0/𝜐 

 

b. Perform temporal autocorrelation on the fluctuating velocity component time history 

𝑅𝐸(𝜏) =
⟨𝑢(𝑡)𝑢(𝑡 + 𝜏)⟩

⟨𝑢2⟩
 

c. Student should calculate temporal microscale and macroscale (𝜏𝐸 and 𝛵, respectively) with the 

following equations 

𝜏𝐸 = [
−2

𝑅𝐸
′′(0)

]

1
2

 

a. Pope pg. 198 details method of using a osculating parabola at 𝜏 = 0 to determine second 

derivative or 𝑅𝐸
′′(0) which also shows that 𝜏𝐸 is where the parabola intersects the 

horizontal axis 

i. Student can curve fit a parabola (built-in functions in python/MATLAB to the 

autocorrelation function 

 

𝛵 = ∫ 𝑅𝐸(𝜏)
∞

0

𝑑𝜏 

 

d. Use Taylor’s frozen turbulence hypothesis to convert temporal scales into microscale and 

macroscale length scales. Additionally, estimates can be calculated for dissipation and the 

Kolmogorov length scale 

𝜆𝑓 = 𝑈̅𝜏𝐸  

𝛬𝑓 = 𝑈̅𝛵 

𝜀 = 30𝜈𝑢
′2

𝜆𝑓
2⁄  

𝜂 = (𝜈
3

𝜀⁄ )

1
4
 



February 10, 2025 

 

 

𝑅𝜆 =
√2 𝑢′𝜆𝑓

𝜈
 

Note: 𝑢′ = (
2

3
𝑘)

1

2 is used here instead of  ⟨𝑢2⟩ or 𝑢0. 

 

4. Fourier transform of temporal autocorrelation and 1D energy spectrum 

a. Take Fourier transform of 𝑅𝐸(𝜏) 

𝑅̂𝐸(2𝜋𝜔) = 2∫ 𝑅𝐸(𝜏) 𝑐𝑜𝑠(2𝜋𝜔𝜏)𝑑𝜏 
∞

0

   

𝑅̂𝐸(2𝜋𝜔) =
1

𝑢2
lim
𝑇→∞

1

2𝑇
 ∫ 𝑢(𝑡)𝑒−𝑖𝜔

′𝑡𝑑𝑡
𝑇

−𝑇⏟          

𝑢̂(𝜔)

∫ 𝑢(𝑡)𝑒𝑖𝜔
′𝑡𝑑𝑡

∞

−∞⏟          

𝑢̂∗(𝜔)

 

Fourier transform code/function will be provided to students as it should be important to keep the 

windowing and scaling. A MATLAB/Python code will be available to download on the course website. 

Students wanting to use another program should talk to the TA and double check results. 

b. Verify that the FFT of the autocorrelation and PSD of 𝑢(𝑡) are equivalent. 

 

c. Transform 𝑅̂𝐸(2𝜋𝜔) to 1D energy spectrum in Time 𝐸̂11(𝜔) and space  𝐸11(𝑘1) (using Taylor’s 

frozen hypothesis again) 

𝐸̂11(𝜔) = 2⟨𝑢
2⟩𝑅̂𝐸(2𝜋𝜔) = lim

𝑇→∞

1

𝑇
|𝑢̂(𝜔)|2 

 

𝐸11(𝑘1) =
𝑈̅

2𝜋
𝐸̂11(𝜔) 

 

d. Scale 𝐸11(𝑘1) and plot for Kolmogorov scaling and compensated scaling  

a.  𝐸11(𝑘1) (𝜀𝜈
5)

1

4⁄  vs. 𝑘1𝜂  

b. 𝜀−
2

3𝑘1

5

3𝐸11(𝑘1) vs. 𝑘1𝜂 

i. Log-linear 

ii. Linear-log 

 

e. Compare results with model spectrum for 𝐸11(𝑘1) 

𝐸(𝜅) = 𝐶𝜀
2
3𝜅−

5
3𝑓𝐿(𝜅𝐿)𝑓𝜂(𝜅𝜂) 

𝑓𝐿(𝜅𝐿) = (
𝜅𝐿

[(𝜅𝐿)2 + 𝑐𝐿]
1
2

)

5
3
+𝑝0

 

𝑓𝜂(𝜅𝜂) = 𝑒𝑥𝑝 {−𝛽 {[(𝜅𝜂)
4 + 𝑐𝜂

4]
1
4 − 𝑐𝜂}} 
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𝐸11(𝜅1) = ∫
𝐸(𝜅)

𝜅

∞

𝜅1

(1 −
𝜅1
2

𝜅2
)𝑑𝜅 

*Model spectrum could be provided, or we can provide our MATLAB script to generate the model 

spectra for 𝐸11(𝑘1) (TBD). 

 

5. Anisotropy analysis  

 

Starting from the given Reynolds stress tensor, determine/verify the following: 

a. Decompose the Reynolds stress tensor into its isotropic and anisotropic components:  

𝑅𝑖𝑗 = 𝑎𝑖𝑗 +
2

3
𝑘𝛿𝑖𝑗  

b. Determine the anisotropic Reynolds stress tensor: 

𝑏𝑖𝑗 =
𝑎𝑖𝑗

2𝑘
 

And confirm that it respects the realizability constraints: 

−
1

3
≤ 𝑏11, 𝑏22, 𝑏33 ≤

2

3
,−
1

2
≤ 𝑏𝑖𝑗 ≤

1

2
 𝑖 ≠ 𝑗 

c. Plot the Reynolds stress tensor and anisotropic stress tensor components in the 

original frame of reference. Comment the plot. 

d. Determine the eigenvalues and eigenvectors of 𝑅𝑖𝑗 and 𝑏𝑖𝑗. Verify that the 

eigenvalues respect this relation: 

𝜆𝑏𝑖 = −
1

3
+

𝜆𝑢𝑖
𝜆𝑢1 + 𝜆𝑢2 + 𝜆𝑢3

 

Verify that the eigenvectors are the same for 𝑅𝑖𝑗 and 𝑏𝑖𝑗. Why? 

e. Plot the eigenvalues of the Reynolds stress tensor and anisotropic stress tensor. 

Comment the plot. 

 

f. Plot the Lumley triangle and the anisotropic invariant map of the Reynolds stress. 

Comment the plot. 

 

g. Plot the Reynolds stress ellipsoid, its principal axes, and the directions of the mean 

velocity and vorticity of the flow. What does the ellipsoid represent? 

 

i. Determine the angles generated by the Reynolds stress principal axes 

and the mean velocity vector. 

ii. Determine the angles generated by the Reynolds stress principal axes 

and the mean vorticity vector. 

 

 

 


