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Bulk production = Area under curve 
                        

Log	region	dominated	at	high	Re	

Z
P+dz+ =

Z
z+P+d(log z+)Bulk production ~  



Log	region	dominated	at	high	Re	

LOG REGION

NEAR WALL
0 < z+ < 30

Contribution to Bulk Production vs Re

Bulk production = Main contributor to skin friction drag 
                             (Renard & Deck 2016)



Townsend (1976), Page 153:

Attached eddy hypothesis of A. A. Townsend 



u2
+
= B1 �A1 log(z/�),

v2
+
= B2 �A2 log(z/�),

w2
+
= A3, �uw+ = 1.

for z0 ⌧ z ⌧ �

A1 ⌘ Townsend-Perry constant

Attached eddy hypothesis of A. A. Townsend 
(and Perry & Chong 1982)

Log law in mean flow follows from  
-1 power law PDF of  representative eddy 
length scales 



Implications for turbulence models



4 I. Marusic, J.P. Monty, M. Hultmark & A.J. Smits
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Figure 1. (Colour online) Streamwise turbulence intensity and mean velocity profiles: Mel-
bourne wind tunnel Reτ = 18,010 (2.5 µm hot-wire); Large Cavitation Channel Reτ = 68,780
(LDV); Princeton Superpipe Reτ = 98,190 (NSTAP); SLTEST Reτ ≈ 628,000 (Sonics). The
solid straight lines correspond to equations (1.1) and (1.2) with κ = 0.39; A = 4.3 and A1 = 1.26,
respectively.

suggest that the outer bound is a fixed fraction of the boundary layer thickness, with
typical estimates ranging from 0.1δ to 0.2δ. Accordingly, for our purposes here, we will
adopt the outer bound at the location z/δ = 0.15. For the lower bound of the logarithmic
region, estimates vary significantly. For example, Tennekes & Lumley (1972) indicate the
start of the logarithmic region to be z+ > 30, while Nagib et al. (2007) suggest z+ > 200
and Zagarola & Smits (1998) adopt z+ > 600 for pipe flows. Recent studies have also
questioned the classical theory assumption that the inertial subrange begins at a fixed
value of z+. Zagarola & Smits (1998) showed that the full extent of the viscous influence
can exceed z+ = 1000 for the mean velocity at their highest Reynolds numbers in the
Superpipe, and studies such as that of Wei et al. (2005) have considered the balance

Melbourne WT 
Re⌧ = 18000

LCC 
Winkel et al. (2012) 

Re⌧ = 68800

Superpipe 
Hultmark et al. (2012) 

Re⌧ = 98200

SLTEST 
Hutchins et al. (2012) 

Re⌧ ⇡ 650000

Marusic, Monty, Hultmark & Smits 
J. Fluid Mech., 2013
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Two concepts: 

1. Range of scales with changing Reynolds number 

2. Geometric progression of scales

Attached eddy model



Van Dyke (1982)



Landsat photo: 9/15/99 
Courtesy of Brad LiebstIsland in South Pacific

Perry, Lim & Chong



Cantwell, Dimotakis & Coles



Cantwell, Dimotakis & Coles



Geometric progression of scales





















•Attached eddies - do they exist or are they just a 
statistical construct?  

•Statistical self-similarity of eddies that scale with 
distance from the wall. 

•Random spatial distribution of attached eddies in plane 
of the wall, which are independent of each other.

Attached eddy model 
- Main assumptions/issues 



1. Are attached eddies real or just a 
statistical construct?



Theodorsen (1952) “hairpin vortex” 

Perry, Lim & Teh

Wu & Moin

Ganapathisubramani, 
Longmire & Marusic

Hairpin-vortices as candidate attached eddies 



“A qualitative analysis of the present data suggests that the flow is not dominated by 
wall-attached hairpins beyond Reθ = 350”

Eitel-Amor, Orlu, Schlatter & Flores (2015) Phys. Fluids

Existence of hairpin vortices at high Re?



Velocity gradient tensor Invariants

Flow topology classification



Courtesy of Gerrit Elsinga (Jodie & Elsinga. JFM. In press)



Spanwise  
vorticity

Streamwise 
velocity

f+

Energy vs. enstrophy contributing scales 

f�+
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de Silva et al. (2016) 



Adrian, Meinhart and Tomkins (2000)

Zhou et al (1999) 
Christensen & Adrian (2001) 
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2. Statistically self-similar attached eddies?



de Silva, Hutchins & Marusic (2016) J. Fluid Mech. 

Uniform Momentum Zones

Evidence	for	self-similarity

Eisma, Westerweel, Ooms, Elsinga (2015) Phys. Fluids 



Extrac&ng	Uniform	Momentum	Zones	(UMZs)



I How many UMZ are present on average?
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I How many UMZ are present on average?
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DNS, Re⌧ ⇡ 400

Chung & Kozul 
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DNS, Re⌧ ⇡ 400

Chung & Kozul 

z/
δ

PIV velocity field at Reτ ≈ 8000

0

0.2

0.4

0.6

0.8

1

Ũ
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Ũ
+

24

26

28

30

(a)

(b)

z/
δ

PIV velocity field at Reτ ≈ 8000

0

0.2

0.4

0.6

0.8

1

Ũ
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Uniform momentum zones in turbulent boundary layers 323
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FIGURE 9. (Colour online) Comparison of the mean number of UMZs (NUMZ) at varying
Reynolds numbers for both the experimental data (symbols are defined in figure 5) and
the AEM velocity fields (F symbols).

FIGURE 10. (Colour online) (a) Joint p.d.f. of the number of UMZ (NUMZ) and the
instantaneous boundary layer height (�i) at Re⌧ ⇡ 8000. Peaks observed in each contour
are indicated byu symbols. (b) Two-dimensional projection of (a).

observed (instead the thickness of the UMZs seems to increase). Similar results are
also observed from the other datasets, although not reproduced here for brevity.

The schematic shown in figure 11(a) illustrates selected geometrical properties of
UMZs. The lengths zupper and zlower indicate the upper and lower boundaries of the
UMZ encapsulated by the red contour lines, and tUMZ corresponds to the thickness
of the same UMZ (computed using tUMZ = zupper � zlower). Figure 11(b) shows a p.d.f.
of tUMZ for all detected UMZs. Each colour represents UMZs that are composed of
modal velocities (eUm) in a particular range of momentum deficit ((U1 � eUm)/U⌧ ).
Here, we note that a larger momentum deficit can be considered to be closer to the
wall (smaller z+) and vice versa. The p.d.f. of tUMZ at varying momentum deficit
(wall-normal location) shows a positive skewness, which is expected since tUMZ must
always be greater than zero.

Figure 11(c) shows the mean thickness of UMZs (tUMZ) for varying momentum
deficit. Results show that as the momentum deficit of the UMZs increases (i.e.
approaching the wall), the normalised UMZ thickness, tUMZ/�, decreases and
vice versa. This is not surprising if one subscribes to a hierarchically increasing

Attached eddy model

Exp, DNS



POD modes in turbulent pipe flow: 

Hellstrom, Marusic, Smits (2016) J. Fluid Mech., 709 Rapids

n=2 n=3n=1

m=5

m=15

Evidence	for	self-similarity



Larger-scale
(m=5)

Smaller-scale
(m=40)

n=1

n=2

n=3

n=1 Self-similarity of modes 



34%-"$5"+6',+("768(%.%7/,%09

• McKeon & Sharma (2010, 2013), Moarref et al. (2013)  

Self-similar resolvent modes



34%-"$5"+6',+("768(%.%7/,%09
• Flores & Jimenez (2010), Lozano-Duran, Flores & Jimenez (2012), 

Jimenez (2015)

Self-similar, attached  
Q, sweep, & ejection structures 
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Evidence	for	self-similarity

• Hwang (2015), Hwang & Bengana (2016), Cossu & Hwang (2016)  

Self-sustaining and organised around 
invariant solutions of filtered-NSE
(cf. Exact Coherent Structures) 

Self-similar “minimal” 
coherent structures
(attached eddies)



3. Spatial distribution and independence 
of attached eddies?



• Random and independent positioning in plane of the wall 
equates to a Poisson point process. 

• Attached eddy hypothesis assumes a statistical independence 
among summands (representative eddies). Consequently, 
adopting the central limit theorem leads to Gaussian behaviour, 
for which 

where   

is the double factorial. 

Clues looking at high-order moments

⌦
(u+)2p

↵
! (2p� 1)!!

⌦
(u+)2

↵p

n!! ⌘ n(n� 2)(n� 4). . . .1



• Consequently, we expect 

where, for Gaussian behaviour

h(u+)2pi
1
p = Bp �Ap ln(z/�)

= Dp(Re⌧ )�Ap ln z
+

Ap = A1[(2p� 1)!!]1/p

Meneveau & Marusic (2013) J. Fluid Mech, 719, R1

High-order moments
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Gaussian

sub-Gaussian

Streamwise velocity: h(u+
)

2pi1/p = Bp �Ap ln(z/�)



Ap,v

2p

Gaussian

Spanwise velocity: h(v+)2pi1/p = Bp,v �Ap,v ln(z/�)

super-Gaussian



Revisit mathematical basis for  
attached eddy model 

- beyond mean flow and 2nd order statistics

Woodcock & Marusic (2015) Phys. Fluids
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Campbell’s theorem (1909)

t

F (t)

Where tk is random and � = average number of pulses per second

mean: hIi = �
R
Fdt

variance: h�2
I i = �

R
F 2dt

I(t) =
X

k

F (t� tk)



➡  Which returns the Townsend (1976) and Perry & Chong (1982) results

Using Campbell’s theorem for randomly positioned uncorrelated eddy 
velocity signatures and integrating over a range of scales weighted with 
inverse power-law p.d.f. gives for                  :z ⌧ h

max

hUi = 1


log

�
z+

�
+ C, hu2i = B1 �A1 log

✓
z

h
max

◆

hw2i = A3, hv2i = B2 �A2 log

✓
z

h
max

◆



Implications for universality of von Karman’s constant ? 

Townsend (1976, see also Davidson 2000):  

Proposed that increases in turbulence intensity in log region as per 
attached eddy hypothesis (cf. inactive motions) will lead to 𝜅 varying 
with Reynolds number  

“the difference (in 𝜅) is unlikely to be detectable in ordinary 
circumstances, although, in principal, it would become important at 
extremely large Reynolds numbers.”
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Extend to general order moments  
and cross-correlations 



Define eddy contribution functions

I
k,l,m
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P (h) :
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L2
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probability that an eddy has size h 



Define eddy contribution functions
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Using an extended form of Campbell’s theorem for randomly positioned 
uncorrelated eddies (which can be formally proved) gives:
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hu2i = �2,0,0 hv2i = �0,2,0 hw2i = �0,0,2

huvi = �1,1,0 huwi = �1,0,1

hUi = �1,0,0 hV i = �0,1,0 hW i = �0,0,1

Using an extended form of Campbell’s theorem for randomly positioned 
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hu2i = �2,0,0 hv2i = �0,2,0 hw2i = �0,0,2

huvi = �1,1,0 huwi = �1,0,1
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hu2i = �2,0,0 hv2i = �0,2,0 hw2i = �0,0,2

huvi = �1,1,0 huwi = �1,0,1

hUi = �1,0,0 hV i = �0,1,0 hW i = �0,0,1

Using an extended form of Campbell’s theorem for randomly positioned 
uncorrelated eddies (which can be formally proved) gives:
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➡  Which returns the Townsend (1976) and Perry & Chong (1982) results



huvi = �1,1,0,

hu2vi = �2,1,0,

huvwi = �1,1,1,

hu2v2i = �2,2,0 + �2,0,0�0,2,0 + 2�2
1,1,0,

hu3vi = �3,1,0 + 3�1,1,0�2,0,0,

hu2vwi = �2,1,1 + �0,1,1�2,0,0 + 2�1,0,1�1,1,0

In addition to expressions for general cross-correlations:



and any order u-moments (using short-hand                   ):

hUi = �1,
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2; p = 2, 3, 4...

and any order u-moments (using short-hand                   ):�n ⌘ �n,0,0
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Skewness

Su =
hu3i

hu2i3/2
, Sv =

hv3i
hv2i3/2

, Sw =
hw3i

hw2i3/2

Sw =

�0,0,3
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0,0,2

=

B0,0,3
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! constant, for Re⌧ ! 1
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2
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Flatness

Fu =
hu4i
hu2i2 , Fv =

hv4i
hv2i2 , Fw =

hw4i
hw2i2

104 106 108
2.9

3

3.1

3.2

3.3

Reτ

F
la
t
n
e
s
s

u

v

w



Flatness

Fu =
hu4i
hu2i2 , Fv =

hv4i
hv2i2 , Fw =

hw4i
hw2i2

104 106 108
2.9

3

3.1

3.2

3.3

Reτ

F
la
t
n
e
s
s

u

v

w

Experiments (Fernholz & Finley 1996): 



Spatial Exclusion
µ = 0 (no exclusion)

µ > 1 (no overlap)

µ ⇡ 0.5





(mid-log layer)
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Similar analysis can be carried out for structure functions
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Similar analysis can be carried out for structure functions



Conclusions
• The logarithmic region becomes the dominant region in wall turbulence at very

high Reynolds numbers.

• In addition to the mean flow, the log region is found to also exhibit generalised

logarithmic functions for

– hu2i, hv2i : Townsend (1976); Perry & Chong (1982)

– hu2pi1/p, hv2pi1/p; Meneveau & Marusic (2013)

– Structure functions: h�u2pi1/p; de Silva et al. (2015)

• Attached eddy model with an extended form of Campbell’s theorem formally

shown to agree with these observations, including admitting an asymptotically

universal von Karman constant, and capturing the finite skewness of w (which

conflicts with central-limit theorem).

• Quantitative di↵erences, such as experiments showing sub-Gaussian behavior of

u, point to the need to modify assumption of spatial independence of attached

eddies.

• Discrete, quantized version of attached eddies, is supported by current observa-

tions.




