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Chapter 5: Energy Decay in Isotropic Turbulence 

Part 4: Energy Spectrum Equation 

 

In Part 3, an equation for ℛ𝑖𝑗(𝑟, 𝑡) was derived by taking the average of 𝑢𝑖(𝑥, 𝑡) 

times 𝑁𝑆𝑗  at 𝑦 + average of 𝑢𝑗 (𝑦, 𝑡) times 𝑁𝑆𝑖 at 𝑥 subject assumptions of 

homogeneous turbulence: 

 

𝜕ℛ𝑖𝑗

𝜕𝑡
(𝑟, 𝑡) =

𝜕𝑆𝑗𝑘,𝑖

𝜕𝑟𝑘
(−𝑟, 𝑡) +

𝜕𝑆𝑖𝑘,𝑗

𝜕𝑟𝑘
(𝑟, 𝑡) −

1

𝜌

𝜕𝒦𝑖
𝜕𝑟𝑗

(𝑟, 𝑡) −
1

𝜌

𝜕𝒦𝑗

𝜕𝑟𝑖
(−𝑟, 𝑡) + 2𝜈

𝜕2ℛ𝑖𝑗

𝜕𝑟𝑘
2 (𝑟, 𝑡) 

 

Where: 

𝒦𝑖 (𝑥, 𝑦, 𝑡) = 𝑢𝑖(𝑥, 𝑡)𝑝 (𝑦, 𝑡) 

 

is the two-point pressure-velocity correlation vector. 

 

Recall Fourier transform definitions of the velocity-spectrum ℰ𝑖𝑗(𝜅, 𝑡) and ℛ𝑖𝑗(𝑟, 𝑡) 

tensors: 

 

ℰ𝑖𝑗(𝜅, 𝑡) =
1

(2𝜋)3
∫ℛ𝑖𝑗(𝑟, 𝑡)𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

 

 

ℛ𝑖𝑗(𝑟, 𝑡) = ∫ℰ𝑖𝑗(𝜅, 𝑡)𝑒
−𝑖𝜅∙𝑟𝑑𝜅

∀

 

 

These two equations provide a means of decomposing turbulence correlations 

into contributions from a continuous range of scales as represented by Fourier 

components 𝑒𝑖𝜅∙𝑟. 

𝑑𝑟 = 𝑑𝑟1𝑑𝑟2𝑑𝑟3 

𝑑𝜅 = 𝑑𝜅1𝑑𝜅2𝑑𝜅3 
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Fourier transform of the ℛ𝑖𝑗  equation gives, 

 

𝜕ℰ𝑖𝑗
𝜕𝑡

(𝜅, 𝑡) = 𝑇𝑖𝑗(𝜅, 𝑡) + 𝑃𝑖𝑗(𝜅, 𝑡) − 2𝜈𝜅
2ℰ𝑖𝑗(𝜅, 𝑡)     (1) 

 

Which is a 2nd order tensor equation, where: 

𝑇𝑖𝑗(𝜅, 𝑡) =
1

(2𝜋)3
∫𝑆𝑖𝑗(𝑟, 𝑡)𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

     (2) 

Is the Fourier transform of 

𝑆𝑖𝑗(𝑟, 𝑡) =
𝜕𝑆𝑗𝑘,𝑖
𝜕𝑟𝑘

(−𝑟, 𝑡) +
𝜕𝑆𝑖𝑘,𝑗
𝜕𝑟𝑘

(𝑟, 𝑡)     (3) 

 

i.e.,   𝑆𝑖𝑗(𝑟, 𝑡) = ∫ 𝑇𝑖𝑗(𝜅, 𝑡)𝑒
−𝑖𝜅∙𝑟𝑑𝜅

∀
 

 

𝑇𝑖𝑗(𝜅, 𝑡) = rate of transfer of energy (gains or losses) between different scales of 

turbulent motion due to vortex stretching and re-orientation.  

 

𝑃𝑖𝑗(𝜅, 𝑡) = −
1

(2𝜋)3
∫ [
1

𝜌

𝜕𝒦𝑖
𝜕𝑟𝑗

(𝑟, 𝑡) +
1

𝜌

𝜕𝒦𝑗
𝜕𝑟𝑖

(−𝑟, 𝑡)] 𝑒𝑖𝜅∙𝑟𝑑𝑟
∀

 

 

is the Fourier transformed pressure velocity term. 

 

𝑃𝑖𝑗(𝜅, 𝑡) = 0 for isotropic turbulence = influence of pressure field on bringing 

anisotropic turbulence to an isotropic state. 

 

The viscous dissipation term is evaluated as follows:  

 

2𝜈

(2𝜋)3
∫
𝜕2ℛ𝑖𝑗

𝜕𝑟𝑘
2 (𝑟, 𝑡)𝑒𝑖𝜅∙𝑟𝑑𝑟

∀

=
2𝜈

(2𝜋)3
∫𝑖2𝜅2ℛ𝑖𝑗𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

= −2𝜈𝜅2ℰ𝑖𝑗(𝜅, 𝑡) 
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Contracting indices in Eq. (1), the pressure term drops out and integrating over a 

spherical shell converts ℰ𝑖𝑗  to the energy spectrum 𝐸(𝜅, 𝑡) =
1

2
∫ ℰ𝑖𝑖(𝜅, 𝑡)|𝜅|=𝜅

𝜅2𝑑𝛺 with 𝐾 = ∫ 𝐸(𝜅, 𝑡)𝑑𝜅
∞

0
 to obtain the energy spectrum equation: 

𝜕𝐸

𝜕𝑡
(𝜅, 𝑡) = 𝑇(𝜅, 𝑡) − 2𝜈𝜅2𝐸(𝜅, 𝑡)     (4) 

Which is a scalar equation, where: 

 

𝑇(𝜅, 𝑡) =
1

2
∫ 𝑇𝑖𝑖(𝜅, 𝑡)
|𝜅|=𝜅

𝜅2𝑑𝛺 = 2𝜋𝜅2𝑇𝑖𝑖(𝜅, 𝑡)    (5) 

 

is the transfer term and 𝑇𝑖𝑖 = ℱ𝑘{𝑆𝑖𝑖(𝑟, 𝑡)}, as will be shown. 

 

Next assume in addition to homogeneous also isotropic turbulence and substitute 

the isotropic form of 𝑆𝑖𝑘,𝑗 , obtained in Chapter 4 Part 2, into Eq. (3) which gives, 

 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3

1

𝑟2
𝑑

𝑑𝑟
(𝑟3

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡))     (6) 

 

Where 𝑘(𝑟, 𝑡) = 𝑆111(𝑟𝑒̂1)/𝑢𝑟𝑚𝑠
3  is the previously defined (Chapter 4 Part 2) 

correlation function, not to be confused with wave number 𝜅.  Note that 𝑆𝑖𝑖 = 𝑓(𝑟) 

only in isotropic turbulence. 

 

Using Eq. (6) and contracting indices, Eq. (2) becomes [Bernard Eq. (5.121)], 

 

𝑇𝑖𝑖(𝜅, 𝑡) =
1

(2𝜋)2
∫ 𝑆𝑖𝑖(𝑟, 𝑡)𝑟

2
sin 𝜅𝑟

𝜅𝑟
𝑑𝑟

∞

0

= 𝑓(𝜅) ≠ 𝑓(𝜅)   (7) 

 

Appendix A.1 

Appendix A.2 

𝑑𝛺 =elemental solid 

angle 

𝑑𝑆(𝜅) = 𝜅2dΩ 

∮𝑑𝑆(𝜅) = 4𝜋𝜅2 
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Substituting Eq. (7) into Eq. (5) gives, 

𝑇(𝜅, 𝑡) =
1

2𝜋
∫ 𝑆𝑖𝑖(𝑟, 𝑡)𝜅𝑟 sin 𝜅𝑟 𝑑𝑟 = 2𝜋𝜅

2𝑇𝑖𝑖(𝜅, 𝑡)
∞

0

     (8) 

 

Which can be interpreted as the Fourier transform of 𝑆𝑖𝑖 such that the inverse 

transform is, 

 

𝑆𝑖𝑖(𝑟, 𝑡) = 2∫ 𝑇(𝜅, 𝑡)
sin 𝜅𝑟

𝜅𝑟
𝑑𝜅 =

∞

0

2∫ (2𝜋𝜅2𝑇𝑖𝑖(𝜅, 𝑡))
sin 𝜅𝑟

𝜅𝑟
𝑑𝜅

∞

0

     (9) 

 

Substituting Eq. (6) into Eq. (8) and integrating by parts twice gives 

 

𝑇(𝜅, 𝑡) =
𝑢𝑟𝑚𝑠
3

𝜋
∫ 𝜅
∞

0

[(3 − 𝜅2𝑟2) sin(𝜅𝑟) − 3𝜅𝑟 cos(𝜅𝑟)]𝑘(𝑟, 𝑡)𝑑𝑟     (10) 

 

Which shows that 𝑘(𝑟, 𝑡) determines the rate of energy transfer between the 

scales of turbulence, as shown later. 

 

Integrating Eq. (4) between 0 and ∞ and using 

 

𝐾(𝑡) = ∫ 𝐸(𝜅, 𝑡)𝑑𝜅
∞

0

 

𝜀 = 2𝜈∫ 𝜅2𝐸(𝜅, 𝑡)𝑑𝜅
∞

0

 

Gives 
𝑑𝐾(𝑡)

𝑑𝑡
= ∫ 𝑇(𝜅, 𝑡)𝑑𝜅

∞

0

− 𝜀 

 

And in isotropic turbulence 

 
𝑑𝐾

𝑑𝑡
= −𝜀 

 

Appendix A.3 
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Therefore, in isotropic turbulence (alternate derivation to follow) 

 

∫ 𝑇(𝜅, 𝑡)𝑑𝜅
∞

0

= 0 

 

i.e., net energy transfer between scales equals zero or in other words gains and 

losses are conserved.  

 

When 𝑓(𝑟, 𝑡) is known, 𝐸(𝜅, 𝑡) can be evaluated using: 

 

𝐸(𝜅) =
𝑢2

𝜋
∫ (3𝑓(𝑟) + 𝑟𝑓′(𝑟))𝜅𝑟 sin(𝜅𝑟)𝑑𝑟
∞

0

     (11) 

 

For the final decay, 𝑓(𝑟, 𝑡) = 𝑒
−
𝑟2

2𝜆𝑔
2

, such that 𝐸(𝜅) for the final decay is given by: 

 

𝐸(𝜅, 𝑡) =
𝑢𝑟𝑚𝑠
2 𝜆𝑔

√2𝜋
(𝜅𝜆𝑔)

4
𝑒−

1
2
(𝜅𝜆𝑔)

2

     (12) 

 

 

Substituting Eq. (12) into Eq. (4) yields 

 

𝑇(𝜅, 𝑡) = 𝐸(𝜅, 𝑡)
𝑢𝑟𝑚𝑠
𝜆𝑔

((𝜅𝜆𝑔)
2
− 5) 

 

 

Appendix A.4 

Appendix A.5 
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Transfer term shows that in final decay scales for which 𝜅 < √5/𝜆𝑔 lose energy to 

those for which 𝜅 > √5/𝜆𝑔.  √5 = 2.2 

 

𝜅𝑒 = 2/𝜆𝑔 peak 𝐸 

 

𝜅𝑑 = √6/𝜆𝑔 peak dissipation √6 = 2.4 

 

In this example, 𝜅𝑒  and 𝜅𝑑  not well separated due to low 𝑅𝜆. 

 

No inertial range for above form of 𝐸(𝜅, 𝑡) equation. As 𝜆𝑔 rises the balance in Fig. 

5.8 shifts to smaller wave number, i.e., larger scale → higher wave numbers lose all 

their energy before lower wave numbers.  

Energy range Dissipation range 

Peak E 

Peak  

𝜕𝐸/𝜕𝑡 

Loss 

energy 

Gain 

energy 

𝑇 

See Bernard Problem 4.1 

(HW3) 
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Shows that T(k) ≈  in the inertial subrange. 
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Hinze pp. 218-220 

 

Consider the integrated form of Eq. (4) 

 

𝑑

𝑑𝑡
∫ 𝐸(𝜅, 𝑡)𝑑𝜅
𝜅

0

= ∫ 𝑇(𝜅, 𝑡)𝑑𝜅
𝜅

0

− 2𝜈∫ 𝜅2𝐸(𝜅, 𝑡)𝑑𝜅
𝜅

0

     (13) 

 

If, as previously done, the upper limit of the integral is increased to 𝜅 = ∞ 

 

∫ 𝑇(𝜅, 𝑡)𝑑𝜅
∞

0

= 0     (14) 

 

i.e., net energy transfer between scales is zero or in other words gains and losses 

are conserved. 

 

An alternative derivation for Eq. (14) can be obtained starting from Eq. (9). 

Specifying 𝑟 = 0 in Eq. (9) recovers Eq. (14)  

 

∫ 𝑇(𝜅, 𝑡) lim
𝑟→0

sin𝜅𝑟

𝜅𝑟⏟    
1

𝑑𝜅 =
1

2

∞

0
𝑆𝑖𝑖(0, 𝑡)=0 

 

If 𝑆𝑖𝑖(0, 𝑡) = 0. 
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An alternative form of Eq. (6) for 𝑆𝑖𝑖(𝑟, 𝑡) is: 

 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3 (7

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 𝑟

𝑑2𝑘

𝑑𝑟2
(𝑟, 𝑡) +

8

𝑟
𝑘(𝑟, 𝑡))     (15) 

 

Substituting the Taylor expansion of 𝑘(𝑟, 𝑡) =
𝑟3

3!
𝑘′′′(0, 𝑡) + ⋯ into Eq. (15) gives 

 

𝑆𝑖𝑖(𝑟, 𝑡) =
35

6
𝑟2𝑘′′′(0, 𝑡) 

 

Which shows that 𝑆𝑖𝑖(𝑟, 𝑡) behaves like 𝑟2 for small values of 𝑟. Consequently, 

 

𝑆𝑖𝑖(0, 𝑡) = 0 

And Eq. (14) must hold. 

 

Therefore, for 𝜅 = ∞, Eq. (13) becomes, 

 

𝑑

𝑑𝑡
∫ 𝐸(𝜅, 𝑡)𝑑𝜅
∞

0

= −2𝜈∫ 𝜅2𝐸(𝜅, 𝑡)𝑑𝜅
∞

0

 

𝑑𝐾(𝑡)

𝑑𝑡
= −𝜀 

 

The LHS shows the change of total kinetic energy of turbulence and since there are 

no external energy sources, LHS must equal the dissipation caused by viscous 

effects. 

 

Appendix A.6 

Appendix A.7 
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𝑇(𝜅, 𝑡) is the Fourier transform of 𝑆𝑖𝑖(𝑟, 𝑡), which is related to 𝑘(𝑟, 𝑡).  In the K-H 

equation, it was previously stated that the term: 

 

𝑢𝑟𝑚𝑠
3 [

𝜕𝑘

𝜕𝑟
+
4

𝑟
𝑘] 

 

represents inertial processes. However, it can also be interpreted as a “convective” 

action in the transport of 𝑓(𝑟, 𝑡), caused by the interaction of eddies of different 

sizes.  

 

Similarly, the term ∫ 𝑇(𝜅, 𝑡)𝑑𝜅
𝜅

0
 can be interpreted as the interaction of eddies of 

different wave numbers, transferring energy by inertial effects to or from the 

eddies in region 0 to 𝜅, which is the reason 𝑇(𝜅, 𝑡) is referred to as the energy-

transfer-spectrum function. 

 

Neglecting the interaction of eddies in Eq. (4) gives 

 

𝜕𝐸

𝜕𝑡
(𝜅, 𝑡) = −2𝜈𝜅2𝐸(𝜅, 𝑡) 

 

And integrating 

 

𝐸(𝜅, 𝑡) = 𝐸(𝜅, 𝑡0) exp[−2𝜈𝜅
2(𝑡 − 𝑡0)]     (16) 
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Comparing this expression with Eq. (12) 

 

𝐸(𝜅, 𝑡) =
𝑢𝑟𝑚𝑠
2 𝜆𝑔

√2𝜋
(𝜅𝜆𝑔)

4
𝑒−

1
2
(𝜅𝜆𝑔)

2

     (12) 

 

The two exponential forms are equivalent for 𝑡 ≫ 𝑡0 → 𝑡 − 𝑡0 ≈ 𝑡 since (Hinze 

p.210, for final decay) 

𝜆𝑓 = √8𝜈𝑡   ⇒ 𝜆𝑔 = √4𝜈𝑡 

 

exp[−2𝜈𝜅2𝑡] = exp [−
1

2
𝜅2√4𝜈𝑡√4𝜈𝑡] = exp−

1

2
(𝜅𝜆𝑔)

2
 

 

Moreover, assuming IC 

𝐸(𝜅, 𝑡0) =
𝑢𝑟𝑚𝑠
2 𝜆𝑔

√2𝜋
(𝜅𝜆𝑔)

4
 

 

Eq. (12) and Eq. (15) become identical.  

 

Eq. (12) shows that the decrease of kinetic energy with time occurs at a higher rate 

for large wave number eddies and 𝐸(𝜅, 𝑡) increases very rapidly, proportional to  

𝜅4 for small wave numbers, and decreases monotonously to zero as 𝜅 increases. 

 

 

 

 

 

𝜆𝑓 = √2𝜆𝑔 
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Appendix A 

A.1 

𝑆𝑖𝑗𝑙(𝑟) = 𝑢𝑟𝑚𝑠
3 [(𝑘 − 𝑟

𝑑𝑘

𝑑𝑟
)
𝑟𝑖𝑟𝑗𝑟𝑙
2𝑟3

−
𝑘

2
𝛿𝑖𝑗
𝑟𝑙
𝑟
+
1

4𝑟

𝑑(𝑘𝑟2)

𝑑𝑟
(𝛿𝑖𝑙

𝑟𝑗
𝑟
+ 𝛿𝑗𝑙

𝑟𝑖
𝑟
)] 

For 𝑗 = 𝑘 and 𝑙 = 𝑖 

𝑆𝑖𝑘𝑖(𝑟) = 𝑢𝑟𝑚𝑠
3 [(𝑘 − 𝑟

𝑑𝑘

𝑑𝑟
)
𝑟𝑘
2𝑟
−
𝑘

2
𝛿𝑖𝑘
𝑟𝑖
𝑟
+
1

4𝑟

𝑑(𝑘𝑟2)

𝑑𝑟
(𝛿𝑖𝑖

𝑟𝑘
𝑟
+ 𝛿𝑖𝑘

𝑟𝑖
𝑟
)] 

= 𝑢𝑟𝑚𝑠
3 [(𝑘 − 𝑟

𝑑𝑘

𝑑𝑟
)
𝑟𝑘
2𝑟
−
𝑘

2

𝑟𝑘
𝑟
+
1

4𝑟

𝑑(𝑘𝑟2)

𝑑𝑟
(4
𝑟𝑘
𝑟
)] 

= 𝑢𝑟𝑚𝑠
3 [−

𝑑𝑘

𝑑𝑟

𝑟𝑘
2
+
𝑟𝑘
𝑟2
𝑑(𝑘𝑟2)

𝑑𝑟
] 

= 𝑢𝑟𝑚𝑠
3 [

𝑟𝑘
2

𝑑𝑘

𝑑𝑟
+ 2𝑘

𝑟𝑘
𝑟
] 

 

Taking a derivative with respect to 𝑟𝑘 yields 

𝜕𝑆𝑖𝑘𝑖
𝜕𝑟𝑘

(𝑟) = 𝑢𝑟𝑚𝑠
3 [

𝑟

2
𝑘′′(𝑟) +

7

2
𝑘′(𝑟) +

4𝑘(𝑟)

𝑟
]     (1𝐴) 

As shown in Chapter 5 Part 1 Appendix A.2. 

Similarly,  

𝜕𝑆𝑖𝑘𝑖
𝜕𝑟𝑘

(−𝑟) = 𝑢𝑟𝑚𝑠
3 [−

𝑟

2
𝑘′′(−𝑟) +

7

2
𝑘′(−𝑟) −

4𝑘(−𝑟)

𝑟
]     (2𝐴) 

 

And using the following relations 

𝑘(𝑟) = −𝑘(−𝑟) 

𝑘′(𝑟) = 𝑘′(−𝑟) 

𝑘′′(𝑟) = −𝑘′′(−𝑟) 
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Into Eq. (2A) gives 

𝜕𝑆𝑖𝑘𝑖
𝜕𝑟𝑘

(−𝑟) = 𝑢𝑟𝑚𝑠
3 [

𝑟

2
𝑘′′(𝑟) +

7

2
𝑘′(𝑟) +

4𝑘(𝑟)

𝑟
]     (3𝐴) 

Now, defining 

𝑆𝑖𝑖(𝑟, 𝑡) =
𝜕𝑆𝑖𝑘,𝑖
𝜕𝑟𝑘

(−𝑟, 𝑡) +
𝜕𝑆𝑖𝑘,𝑖
𝜕𝑟𝑘

(𝑟, 𝑡) 

And using Eqs. (1A) and (3A) yields 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3 [𝑟𝑘′′(𝑟) + 7𝑘′(𝑟) +

8𝑘(𝑟)

𝑟
] 

Multiplying and dividing by 𝑟2 results in 

𝑆𝑖𝑖(𝑟, 𝑡) =
1

𝑟2
𝑢𝑟𝑚𝑠
3 [𝑟3𝑘′′ + 7𝑟2𝑘′ + 8𝑘𝑟] 

Or equivalently  

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3

1

𝑟2
𝑑

𝑑𝑟
(𝑟3𝑘′ + 4𝑟2𝑘) 
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A.2 

𝑇𝑖𝑗(𝜅, 𝑡) =
1

(2𝜋)3
∫𝑆𝑖𝑗(𝑟, 𝑡)𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

     (4𝐴) 

Converting to spherical coordinates 

𝑟 = 𝑟(sin𝜃 cos𝜙 𝑒̂1 + sin 𝜃 sin𝜙 𝑒̂2 + cos 𝜃 𝑒̂3) 

Also, for isotropic turbulence 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3

1

𝑟2
𝑑

𝑑𝑟
(𝑟3

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡)) 

Such that 𝑆𝑖𝑖 is only a function of 𝑟, a scalar quantity.  

Assume that, 

𝜅 = 𝜅𝑒̂3 

Which is possible due to the isotropy hypothesis, i.e., invariance under rotation 

and reflection. 

Therefore, Eq. (4A) for 𝑇𝑖𝑖 becomes, 

𝑇𝑖𝑖(𝜅) =
1

(2𝜋)3
∫𝑆𝑖𝑖(𝑟)𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

 

=
1

(2𝜋)3
∫ 𝑑𝑟𝑆𝑖𝑖(𝑟)∫ 𝑑𝜙

2𝜋

0

∫ 𝑑𝜃𝑒𝑖𝜅𝑟 cos 𝜃𝑟2 sin(𝜃)
𝜋

0

∞

0

 

=
1

(2𝜋)2
∫ 𝑟2𝑑𝑟𝑆𝑖𝑖(𝑟)∫ 𝑑𝜃𝑒𝑖𝜅𝑟 cos 𝜃 sin(𝜃)

𝜋

0

∞

0

 

Multiply and divide by −𝑖𝜅𝑟 

𝑇𝑖𝑖(𝜅) = −
1

𝑖𝜅𝑟(2𝜋)2
∫ 𝑟2𝑑𝑟𝑆𝑖𝑖(𝑟)∫ −𝑖𝜅𝑟𝑒𝑖𝜅𝑟 cos 𝜃 sin(𝜃)

𝜋

0

𝑑𝜃
∞

0

 

And use the relation: 

𝑑

𝑑𝜃
𝑒𝑖𝜅𝑟 cos𝜃 = −𝑖𝜅𝑟 sin(𝜃)𝑒𝑖𝜅𝑟 cos𝜃  
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Gives 

𝑇𝑖𝑖(𝜅) = −
1

𝑖𝜅𝑟(2𝜋)2
∫ 𝑟2𝑑𝑟𝑆𝑖𝑖(𝑟)∫

𝑑

𝑑𝜃
𝑒𝑖𝜅𝑟 cos𝜃

𝜋

0

𝑑𝜃
∞

0

 

= −
1

𝑖𝜅𝑟(2𝜋)2
∫ 𝑟2𝑑𝑟𝑆𝑖𝑖(𝑟)[𝑒

𝑖𝜅𝑟 cos𝜃]
0

𝜋
∞

0

 

=
2

𝜅𝑟(2𝜋)2
∫ 𝑟2𝑆𝑖𝑖(𝑟)

𝑒𝑖𝜅𝑟 − 𝑒−𝑖𝜅𝑟

2𝑖⏟        
sin(𝜅𝑟)

𝑑𝑟
∞

0

 

𝑇𝑖𝑖(𝜅) =
2

(2𝜋)2
∫ 𝑟2𝑆𝑖𝑖(𝑟) 

sin(𝜅𝑟)

𝜅𝑟
𝑑𝑟

∞

0
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A.3 

𝑇𝑖𝑖(𝜅, 𝑡) =
1

(2𝜋)2
∫ 𝑆𝑖𝑖(𝑟, 𝑡)𝑟

2
sin 𝜅𝑟

𝜅𝑟
𝑑𝑟

∞

0

     (5𝐴) 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3

1

𝑟2
𝑑

𝑑𝑟
(𝑟3

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡))     (6𝐴) 

𝑇(𝜅, 𝑡) =
1

2
∫ 𝑇𝑖𝑖(𝜅, 𝑡)
|𝜅|=𝜅

𝜅2𝑑𝛺 = 2𝜋𝜅2𝑇𝑖𝑖(𝜅, 𝑡)    (7𝐴) 

𝑇(𝜅, 𝑡) =
𝑢𝑟𝑚𝑠
3

𝜋
∫ 𝜅
∞

0

[(3 − 𝜅2𝑟2) sin(𝜅𝑟) − 3𝜅𝑟 cos(𝜅𝑟)]𝑘(𝑟, 𝑡)𝑑𝑟 

 

Substituting Eq. (6A) into (5A) gives 

𝑇𝑖𝑖(𝜅, 𝑡) =
1

2𝜋2
∫ 𝑢𝑟𝑚𝑠

3
𝑑

𝑑𝑟
(𝑟3𝑘′(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡))

sin 𝜅𝑟

𝜅𝑟
𝑑𝑟

∞

0

 

=
𝑢𝑟𝑚𝑠
3

2𝜋2
∫

𝑑

𝑑𝑟
(𝑟3𝑘′(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡))

⏟                  
𝑑𝑣

sin 𝜅𝑟

𝜅𝑟⏟  
𝑢

 𝑑𝑟
∞

0

 

 

Integration by parts 

∫𝑢𝑑𝑣 = 𝑢𝑣 −∫𝑣𝑑𝑢 

 

𝑇𝑖𝑖(𝜅, 𝑡) = [
𝑢𝑟𝑚𝑠
3

2𝜋2𝜅
(𝑟2𝑘′(𝑟, 𝑡) + 4𝑟𝑘(𝑟, 𝑡)) sin 𝜅𝑟]

0

∞

−
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ (𝑟3𝑘′(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡))

𝑑

𝑑𝑟
 (
sin 𝜅𝑟

𝜅𝑟
)𝑑𝑟

∞

0

      (8𝐴) 
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Where: 

[
𝑢𝑟𝑚𝑠
3

2𝜋2𝜅
(𝑟2𝑘′(𝑟, 𝑡) + 4𝑟𝑘(𝑟, 𝑡)) sin 𝜅𝑟]

0

∞

=
𝑢𝑟𝑚𝑠
3

2𝜋2𝜅
[(𝑟2𝑘′(𝑟, 𝑡) + 4𝑟𝑘(𝑟, 𝑡)) sin 𝜅𝑟]

∞

−
𝑢𝑟𝑚𝑠
3

2𝜋2𝜅
[(02𝑘′(0, 𝑡) + 4 ∙ 0𝑘(0, 𝑡)) sin 0] 

 

And using the fact that at large 𝑟, the triple correlation 𝑘(𝑟, 𝑡) behaves like 𝑟−4 

(see Part 3) 

 

lim
𝑟→∞

𝑟2𝑘′(𝑟, 𝑡) = lim
𝑟→∞

𝑟𝑘(𝑟, 𝑡) = 0 

 

Therefore,  

 

[
𝑢𝑟𝑚𝑠
3

2𝜋2𝜅
(𝑟2𝑘′(𝑟, 𝑡) + 4𝑟𝑘(𝑟, 𝑡)) sin 𝜅𝑟]

0

∞

= 0 

 

And Eq. (8A) becomes: 

 

𝑇𝑖𝑖(𝜅, 𝑡) = −
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ (𝑟3𝑘′(𝑟,𝑡) + 4𝑟2𝑘(𝑟, 𝑡))

𝑑

𝑑𝑟
 (
sin 𝜅𝑟

𝜅𝑟
)𝑑𝑟

∞

0

     (9𝐴) 

 

Evaluating the derivative of sin 𝜅𝑟 /𝜅𝑟 as 

 

𝑑

𝑑𝑟
 (
sin 𝜅𝑟

𝜅𝑟
) =

cos 𝜅𝑟

𝑟
−
sin 𝜅𝑟

𝜅𝑟2
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And substituting into Eq. (9A) gives 

 

𝑇𝑖𝑖(𝜅, 𝑡) = −
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ (𝑟3𝑘′(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡)) [

cos 𝜅𝑟

𝑟
−
sin 𝜅𝑟

𝜅𝑟2
] 𝑑𝑟

∞

0

 

 

= −
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ (𝑟2𝑘′(𝑟, 𝑡) cos 𝜅𝑟 + 4𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 −

𝑟

𝜅
𝑘′(𝑟, 𝑡) sin 𝜅𝑟

∞

0

−
4

𝜅
𝑘(𝑟, 𝑡) sin 𝜅𝑟)𝑑𝑟 

 

Using the Product Rule of derivatives 

 

𝑇𝑖𝑖(𝜅, 𝑡) = −
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ (

𝑑(𝑟2𝑘(𝑟, 𝑡))

𝑑𝑟
− 2𝑟𝑘(𝑟, 𝑡)) cos 𝜅𝑟 + 4𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟

∞

0

−
1

𝜅
(
𝑑(𝑟𝑘(𝑟, 𝑡))

𝑑𝑟
− 𝑘(𝑟, 𝑡)) sin 𝜅𝑟 −

4

𝜅
𝑘(𝑟, 𝑡) sin 𝜅𝑟 𝑑𝑟 

 

= −
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ (

𝑑(𝑟2𝑘(𝑟, 𝑡))

𝑑𝑟
+ 2𝑟𝑘(𝑟, 𝑡)) cos 𝜅𝑟

∞

0

−
1

𝜅
(
𝑑(𝑟𝑘(𝑟, 𝑡))

𝑑𝑟
+ 3𝑘(𝑟, 𝑡)) sin 𝜅𝑟 𝑑𝑟 
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Grouping terms depending on 𝑘(𝑟, 𝑡) and integrating by parts again 

 

𝑇𝑖𝑖(𝜅, 𝑡) = −
𝑢𝑟𝑚𝑠
3

2𝜋2
(∫ 2𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 −

3𝑘(𝑟, 𝑡)

𝜅
sin 𝜅𝑟

∞

0

𝑑𝑟) 

−
𝑢𝑟𝑚𝑠
3

(2𝜋)2
∫ (

𝑑(𝑟2𝑘(𝑟, 𝑡))

𝑑𝑟
)

⏟          
𝑑𝑣

cos 𝜅𝑟⏟  
𝑢

𝑑𝑟
∞

0

+
𝑢𝑟𝑚𝑠
3

𝜅(2𝜋)2
∫ (

𝑑(𝑟𝑘(𝑟, 𝑡))

𝑑𝑟
)

⏟        
𝑑𝑣

sin 𝜅𝑟⏟  
𝑢

𝑑𝑟
∞

0

 

 

= −
𝑢𝑟𝑚𝑠
3

2𝜋2
(∫ 2𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 −

3𝑘(𝑟, 𝑡)

𝜅
sin 𝜅𝑟

∞

0

𝑑𝑟) 

−
𝑢𝑟𝑚𝑠
3

2𝜋2
[𝑟2𝑘(𝑟, 𝑡) cos 𝜅𝑟|0

∞ +∫ 𝜅𝑟2𝑘(𝑟, 𝑡) sin 𝜅𝑟 𝑑𝑟
∞

0

]

+
𝑢𝑟𝑚𝑠
3

2𝜋2𝜅
[𝑟𝑘(𝑟, 𝑡) sin 𝜅𝑟|0

∞ −∫ 𝜅𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 𝑑𝑟
∞

0

] 

 

Where the fact that at large 𝑟, the triple correlation 𝑘(𝑟, 𝑡) behaves like 𝑟−4 was 

invoked.  

 

𝑇𝑖𝑖 = −
𝑢𝑟𝑚𝑠
3

2𝜋2
∫ [3𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 −

3𝑘(𝑟, 𝑡)

𝜅
sin 𝜅𝑟

∞

0

+ 𝜅𝑟2𝑘(𝑟, 𝑡) sin 𝜅𝑟] 𝑑𝑟     (10𝐴) 
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Substituting Eq. (10A) into (7A) gives 

𝑇(𝜅, 𝑡) =
𝜅2𝑢𝑟𝑚𝑠

3

𝜋
∫ [−3𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 +

3𝑘(𝑟, 𝑡)

𝜅
sin 𝜅𝑟 − 𝜅𝑟2𝑘(𝑟, 𝑡) sin 𝜅𝑟]

∞

0

𝑑𝑟 

 

=
𝑢𝑟𝑚𝑠
3

𝜋
∫ [−3𝜅2𝑟𝑘(𝑟, 𝑡) cos 𝜅𝑟 +3𝜅𝑘(𝑟, 𝑡) sin 𝜅𝑟 − 𝜅3𝑟2𝑘(𝑟, 𝑡) sin 𝜅𝑟]
∞

0

𝑑𝑟 

 

𝑇(𝜅, 𝑡) =
𝑢𝑟𝑚𝑠
3

𝜋
∫ 𝜅
∞

0

[(3 − 𝜅2𝑟2) sin(𝜅𝑟) − 3𝜅𝑟 cos(𝜅𝑟)]𝑘(𝑟, 𝑡)𝑑𝑟 
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A.4 

In Chapter 2, the velocity spectrum tensor was defined as 

ℰ𝑖𝑗(𝜅, 𝑡) =
1

(2𝜋)3
∫ℛ𝑖𝑗(𝑟, 𝑡)𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

 

Using a contraction of indices 

ℰ𝑖𝑖(𝜅, 𝑡) =
1

(2𝜋)3
∫ℛ𝑖𝑖(𝑟, 𝑡)𝑒

𝑖𝜅∙𝑟𝑑𝑟
∀

 

And for isotropic turbulence, as shown in Chapter 4 Part 2 

ℛ𝑖𝑖(𝑟, 𝑡) = 3𝑓(𝑟) + 𝑟𝑓′(𝑟)    (11A1) 

Proves that ℛ𝑖𝑖 is only a function of 𝑟, a scalar quantity. 

Following the same steps taken for 𝑇𝑖𝑖(𝜅) in Appendix A.2 to convert from vector 

to scalar equation with time dependence implied, the following result is obtained, 

ℰ𝑖𝑖(𝜅) =
2

(2𝜋)2
∫ 𝑟2ℛ𝑖𝑖(𝑟) 

sin(𝜅𝑟)

𝜅𝑟
𝑑𝑟

∞

0

     (11𝐴2) 

 

It is also possible to relate ℰ𝑖𝑖(𝜅) to 𝐸(𝜅), as shown for relation between 1D and 

3D spectra [Chapter 4 Part 2 Eq. (10)], obtaining the equation: 

𝐸(𝜅) = 2𝜋𝜅2ℰ𝑖𝑖(𝜅)     (12𝐴) 

 

Substituting Eq. (11A) into (12A) gives 

𝐸(𝜅) = 𝜅2
1

𝜋
∫ 𝑟2ℛ𝑖𝑖(𝑟) 

sin(𝜅𝑟)

𝜅𝑟
𝑑𝑟

∞

0

     (13𝐴) 

 

And substituting Eq. (11A1) into (13A) yields 

𝐸(𝜅) =
𝑢2

𝜋
∫ (3𝑓(𝑟) + 𝑟𝑓′(𝑟))𝜅𝑟 sin(𝜅𝑟)𝑑𝑟
∞

0
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A.5 

𝑓(𝑟, 𝑡) = 𝑒
−
𝑟2

2𝜆𝑔
2
     (14𝐴) 

Evaluate 1D spectrum 𝐸11 using (Chapter 4 Part 5 Eq. (14)) 

𝐸11(𝜅1, 𝑡) =
2

𝜋
𝑢2∫ 𝑓(𝑟, 𝑡) cos 𝜅1𝑟 𝑑𝑟

∞

0

     (15𝐴) 

Substituting Eq. (14A) into (15A) gives 

𝐸11(𝜅1, 𝑡) =
2

𝜋
𝑢2∫ 𝑒

−
𝑟2

2𝜆𝑔
2
cos 𝜅1𝑟 𝑑𝑟

∞

0

 

This integral can be reconducted to a differential equation. Differentiate with 

respect to 𝜅1 

𝑑𝐸11(𝜅1, 𝑡)

𝑑𝜅1
= −

2

𝜋
𝑢2∫ 𝑟𝑒

−
𝑟2

2𝜆𝑔
2
sin 𝜅1𝑟 𝑑𝑟

∞

0

 

Use the substitution: 

𝑑𝑒
−
𝑟2

2𝜆𝑔
2
= −

𝑟

𝜆𝑔
2
𝑒
−
𝑟2

2𝜆𝑔
2
𝑑𝑟 

To obtain 

𝑑𝐸11(𝜅1, 𝑡)

𝑑𝜅1
=
2

𝜋
𝑢2𝜆𝑔

2 ∫ sin 𝜅1𝑟
∞

0

𝑑𝑒
−
𝑟2

2𝜆𝑔
2

 

Integrate by parts: 

𝑑𝐸11(𝜅1, 𝑡)

𝑑𝜅1
=
2

𝜋
𝑢2𝜆𝑔

2 {[sin(𝜅1𝑟)𝑒
−
𝑟2

2𝜆𝑔
2
]

0

∞

− 𝜅1∫ cos 𝜅1𝑟
∞

0

𝑒
−
𝑟2

2𝜆𝑔
2
𝑑𝑟} 

𝑑𝐸11(𝜅1, 𝑡)

𝑑𝜅1
= −

2

𝜋
𝑢2𝜆𝑔

2𝜅1∫ cos𝜅1𝑟
∞

0

𝑒
−
𝑟2

2𝜆𝑔
2
𝑑𝑟 
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Which is equal to: 

𝑑𝐸11(𝜅1, 𝑡)

𝑑𝜅1
= −𝜆𝑔

2𝜅1𝐸11(𝜅1, 𝑡) 

And using separation of variables yields  

𝑑𝐸11(𝜅1, 𝑡)

𝐸11(𝜅1, 𝑡)
= −𝜆𝑔

2𝜅1𝑑𝜅1 

𝐸11(𝜅1, 𝑡) = 𝐶 exp(−
𝜆𝑔
2𝜅1

2

2
) 

Where the constant 𝐶 is found by evaluating  

𝐸11(0, 𝑡) =
2

𝜋
𝑢2∫ 𝑓(𝑟, 𝑡)𝑑𝑟

∞

0

=
2

𝜋
𝑢2∫ 𝑒

−
𝑟2

2𝜆𝑔
2
𝑑𝑟

∞

0

=
√2

√𝜋
𝑢2𝜆𝑔 

Such that 

𝐸11(𝜅1, 𝑡) =
√2

√𝜋
𝑢2𝜆𝑔 exp(−

𝜆𝑔
2𝜅1

2

2
)     (16𝐴) 

 

Using the relation between 1D and 3D spectra (Chapter 4 Part 5 Appendix A.2) 

𝐸(𝜅1) =
𝜅1
2

2

𝑑2𝐸11

𝑑𝜅1
2 −

𝜅1
2

𝑑𝐸11
𝑑𝜅1

 

 

And substituting Eq. (16A) gives 

 

𝐸(𝜅1) =
√2

√𝜋
𝑢2𝜆𝑔 [

𝜅1
2

2
(𝜆𝑔
4𝜅1

2 − 𝜆𝑔
2) exp(−

𝜆𝑔
2𝜅1

2

2
) +

𝜅1
2
𝜅1𝜆𝑔

2 exp(−
𝜆𝑔
2𝜅1

2

2
)] 

 

𝐸(𝜅1) =
𝑢2𝜆𝑔

√2𝜋
(𝜆𝑔𝜅1)

4
exp(−

𝜆𝑔
2𝜅1

2

2
) 
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A.6 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3

1

𝑟2
𝑑

𝑑𝑟
(𝑟3

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 4𝑟2𝑘(𝑟, 𝑡)) 

= 𝑢𝑟𝑚𝑠
3

1

𝑟2
𝑑

𝑑𝑟
(3𝑟2

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 𝑟3

𝑑2𝑘

𝑑𝑟2
(𝑟, 𝑡) + 8𝑟𝑘(𝑟, 𝑡) + 4𝑟2

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡)) 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3 (7

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 𝑟

𝑑2𝑘

𝑑𝑟2
(𝑟, 𝑡) +

8

𝑟
𝑘(𝑟, 𝑡)) 
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A.7 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3 (7

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) + 𝑟

𝑑2𝑘

𝑑𝑟2
(𝑟, 𝑡) +

8

𝑟
𝑘(𝑟, 𝑡))     (17𝐴) 

 

Taylor expansion for 𝑘(𝑟, 𝑡) and its derivatives 

𝑘(𝑟, 𝑡) ≈
𝑟3

3!
𝑘′′′(0, 𝑡) 

𝑑𝑘

𝑑𝑟
(𝑟, 𝑡) ≈ 3

𝑟2

3!
𝑘′′′(0, 𝑡) =

𝑟2

2
𝑘′′′(0, 𝑡) 

𝑑2𝑘

𝑑𝑟2
(𝑟, 𝑡) ≈ 2

𝑟

2
𝑘′′′(0, 𝑡) = 𝑟𝑘′′′(0, 𝑡) 

 

Substituting these expressions into Eq. (17A) gives 

 

𝑆𝑖𝑖(𝑟, 𝑡) = 𝑢𝑟𝑚𝑠
3 (7

𝑟2

2
𝑘′′′(0, 𝑡) + 𝑟2𝑘′′′(0, 𝑡) +

4

3
𝑟2𝑘′′′(0, 𝑡))

=
35

6
𝑢𝑟𝑚𝑠
3 𝑟2𝑘′′′(0, 𝑡) 


