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Derivation -10/7 and -6/5 decay laws 

Fourier transform pair for energy spectrum tensor and two-point two-velocity 

correlation tensor for homogeneous turbulence: 

ℰ𝑖𝑗(𝜅, 𝑡) =
1

(2𝜋)3
∫𝑒𝑖𝜅∙𝑟

∀

ℛ𝑖𝑗(𝑟, 𝑡) 𝑑𝑟 

ℛ𝑖𝑗(𝑟, 𝑡) = ∫𝑒−𝑖𝜅∙𝑟

∀

ℰ𝑖𝑗(𝜅, 𝑡) 𝑑𝜅 

Additionally for isotropic turbulence: 

ℛ𝑖𝑗(𝑟) = 𝑢2 [(𝑓 +
𝑟

2

𝑑𝑓

𝑑𝑟
) 𝛿𝑖𝑗 −

𝑟𝑖𝑟𝑗

𝑟2

𝑟

2
 
𝑑𝑓

𝑑𝑟
]      

And focusing on ℛ𝑖𝑖: 

ℛ𝑖𝑖(𝑟) = 𝑢2[3𝑓 + 𝑟𝑓′] 

Such that (t implied): 

ℰ𝑖𝑖(𝜅) =
1

(2𝜋)3
∫𝑒𝑖𝜅∙𝑟

∀

ℛ𝑖𝑖(𝑟) 𝑑𝑟 

Shifting to spherical coordinates: 
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ℰ𝑖𝑖(𝜅) =
2

(2𝜋)2
∫

𝑠𝑖𝑛𝑘𝑟

𝑘𝑟

∞

0

𝑟2ℛ𝑖𝑖(𝑟) 𝑑𝑟 

ℰ𝑖𝑗(𝜅) =
𝐸(𝜅)

4𝜋𝜅2
(𝛿𝑖𝑗 −

𝜅𝑖𝜅𝑗

𝜅2
) =

𝐸(𝜅)

4𝜋𝜅2
𝑃𝑖𝑗(𝜅)  

𝐸(𝜅) = 2𝜋𝜅2ℰ𝑖𝑖(𝜅) 

𝐸(𝜅) =
1

𝜋
∫ 𝑘𝑟𝑠𝑖𝑛𝑘𝑟ℛ𝑖𝑖(𝑟)

∞

0

 𝑑𝑟 

For small 𝑘: 

𝑠𝑖𝑛𝑘𝑟 = 𝑘𝑟 −
(𝑘𝑟)3

3!
 + (𝑘𝑟)5

5!
 

Thus, to third order in 𝑠𝑖𝑛𝑘𝑟: 

 

𝐸(𝜅) =
𝑘2

𝜋
∫ 𝑟2ℛ𝑖𝑖(𝑟)

∞

0

 𝑑𝑟 −
(𝑘)4

3! 𝜋
∫ 𝑟4ℛ𝑖𝑖(𝑟)

∞

0

 𝑑𝑟 

 

ℛ𝑖𝑖(𝑟) = 𝑢2[3𝑓 + 𝑟𝑓′] = 
𝑢2

𝑟2

𝑑

𝑑𝑟
(𝑟3𝑓) 

 

𝐸(𝜅) =
2𝑘2

𝜋
∫ 𝑟2

𝑢2

2𝑟2

𝑑

𝑑𝑟
(𝑟3𝑓)

∞

0

 𝑑𝑟 −
(𝑘)4

3! 𝜋
∫ 𝑟4𝑢2[3𝑓 + 𝑟𝑓′]

∞

0

 𝑑𝑟 

 

𝐸(𝜅) =
2𝑘2

𝜋
∫ 𝑟2

𝑢2

2𝑟2

𝑑

𝑑𝑟
(𝑟3𝑓)

∞

0

 𝑑𝑟 −
(𝑘)4

3! 𝜋
∫ 𝑟4𝑢2[3𝑓 + 𝑟𝑓′]

∞

0

 𝑑𝑟 
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IBS = 𝑢2 ∫
𝑟2

2𝑟2

𝑑

𝑑𝑟
(𝑟3𝑓)

∞

0
 𝑑𝑟 

 

For large 𝑟 → ∞ under the assumption f(r) ∝ 𝑟−𝑛, then for n > 3 say 4, IBS = 0 and 

E() ∝ 𝜅4, which is referred to as the Batchelor spectrum.  Hinze pp. 206-207 

reaches the same conclusion with a more complex argument requiring the 

incompressible continuity equation and that the energy spectrum tensor is analytic 

at 𝜅 = 0, i.e., 𝑓′(0) exists.1  Thus, 

𝐸(𝜅) = −
(𝑘)4

3! 𝜋
∫ 𝑟4𝑢2[3𝑓 + 𝑟𝑓′]

∞

0

 𝑑𝑟 

Also, if f(r) ∝ 𝑟−4 then lim
𝑟→∞

(𝑟4 𝜕𝑓

𝜕𝑟
) = 0 such that, 

𝐸(𝜅) = −
3(𝑘)4

3! 𝜋
∫ 𝑟4𝑢2[𝑓]

∞

0

 𝑑𝑟 

 
1 Hinze pp. 199-200 and 206-207 should be integrated into present discussions. 
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Where: 

IL = 𝑢2 ∫ 𝑟4𝑓
∞

0
 𝑑𝑟 

 

Assuming the Loitsiansky integral is invariant (constant), the Kolmogorov/ 

Loitsiansky -10/7 decay law is obtained, as per B5.4.  Thus: 

 

𝑘 ∝ 𝑡−10/7 (1.4) and 𝜀 = −
𝑑𝑘

𝑑𝑡
 ∝  𝑡−17/7 and 𝐿 =  𝑘3/2/ 𝜀 ∝  𝑡2/7. 

 

Alternatively, Safffman argued that it was also possible that for large 𝑟 → ∞  f(r) ∝

𝑟−3, which is referred to as Saffman turbulence, such that IL is divergent,2 and the 

assumption is made that E() ∝ 𝜅2 such that 

𝐸(𝜅) =
2𝑘2

𝜋
∫ 𝑟2

𝑢2

2𝑟2

𝑑

𝑑𝑟
(𝑟3𝑓)

∞

0

 𝑑𝑟 

Which is referred to as the Saffman spectrum.  B5.5 argues that for 𝑟 → ∞  𝑟3𝑓 = 

constant such that 
 
𝑑

𝑑𝑟
(𝑟3𝑓) = 3𝑟2𝑓 + 𝑟3𝑓′ = 𝑟2(3𝑓 + 𝑓′) = 0 requiring that 3𝑓 + 𝑓′ = 0 to derive  

the Saffman -6/5 decay law.  Thus: 

 

𝑘 ∝ 𝑡−6/5 (1.2) and 𝜀 = −
𝑑𝑘

𝑑𝑡
 ∝  𝑡−2/5 and 𝐿 =  𝑘3/2/ 𝜀 ∝  𝑡2/5. 

 

0th Law Turbulence and Self-Similarity Decay Laws 
 

𝜀 = 𝐶𝜀

𝑢0
3

𝑙0
 

𝑑𝑘

𝑑𝑡
= −𝜀 =

3

2

𝑑(𝑢0
2)

𝑑𝑡
=  −𝐶𝜀

𝑢0
3

𝑙0
 

Assuming 𝑙0 ∝  𝑡0 then  𝑘 ∝ 𝑡−2, 𝜀 =  𝑡−3, and 𝐿 =  𝑘3/2/ 𝜀 ∝  𝑡0. 

 

The self-similarity decay law was derived in Part 2 

 

𝑘 ∝ 𝑡−1 and 𝜀 = −
𝑑𝑘

𝑑𝑡
 ∝  𝑡−2 and 𝐿 =  𝑘3/2/ 𝜀 ∝  𝑡1/5. 

 

 
2 If IL divergent how justify neglect. 
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The decay laws range from the 0th law to Kolmogorov to Saffman to similarity, i.e., 

-2, -1.4, -1.2, and -1.  Saffman is closest to the experiments, whereas both Saffman 

and Kolmogorov are closest to the simulations.   

 

Both experiments and the simulations show large scatter indicating that realization 

of homogeneous isotropic turbulence (HIT) decay is an idealization, which is a 

disappointing paradox since HIT is a fundamental building block of turbulence 

theory and modeling.  The experiments are for different approaches to grid 

turbulence, whereas the simulations are for box turbulence with different 𝐸(𝜅) initial 

conditions.  Although many factors affect both the experiments and simulations, it’s 

clear that how the energy is initiated/injected in both is likely the most important.  

For the experiments there is no clear correlation to the invariant assumptions, 

whereas for the simulations its clear the initial condition E() ∝ 𝜅4 correlates with 

Kolmogorov, whereas the initial condition E() ∝ 𝜅2 correlates with the Saffman, 

which provides credence for their turbulence assumptions and invariants.  Davidson, 

Turbulence, Section 6.3 provides detailed discussion of the physics of the 

Loitsiansky and Saffman invariants. 

 

 


