
1 
 

Chapter 3: Overview of Turbulent Flow Physics and 

Equations 

Part 2:  Reynolds-Averaged Navier-Stokes Equations 
 

For convenience of notation use lower case with over 

squiggle, uppercase for mean, and lowercase for 

fluctuation in Reynolds decomposition. 
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Mean Continuity Equation 

 

𝜕

𝜕𝑥𝑖
(𝑈𝑖 + 𝑢𝑖) =

𝜕𝑈𝑖
𝜕𝑥𝑖

+
𝜕𝑢𝑖
𝜕𝑥𝑖

=
𝜕𝑈𝑖
𝜕𝑥𝑖

= 0 

𝜕𝑢
~

𝑖

𝜕𝑥𝑖
=
𝜕𝑈𝑖
𝜕𝑥𝑖

+
𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 →  
𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 

 

Both mean and fluctuation satisfy divergence = 0 

condition. 

NS 

equation 
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Mean Momentum Equation 

 
𝜕

𝜕𝑡
(𝑈𝑖 + 𝑢𝑖) + (𝑈𝑗 + 𝑢𝑗)

𝜕

𝜕𝑥𝑗
(𝑈𝑖 + 𝑢𝑖)

= −
1

𝜌

𝜕

𝜕𝑥𝑖
(𝑃 + 𝑝) + 𝜈

𝜕2

𝜕𝑥𝑗𝑥𝑗
(𝑈𝑖 + 𝑢𝑖) − 𝑔𝛿𝑖3 

 

𝜕

𝜕𝑡
(𝑈𝑖 + 𝑢𝑖) =

𝜕𝑈𝑖
𝜕𝑡
+
𝜕𝑢𝑖
𝜕𝑡
=
𝜕𝑈𝑖
𝜕𝑡

 

 

(𝑈𝑗 + 𝑢𝑗)
𝜕

𝜕𝑥𝑗
(𝑈𝑖 + 𝑢𝑖)

= 𝑈𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

+ 𝑈𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗
+ 𝑢𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝑈𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

+
𝜕

𝜕𝑥𝑗
𝑢𝑖𝑢𝑗 

     

 

Since  
𝜕

𝜕𝑥𝑗
𝑢𝑖𝑢𝑗 = 𝑢𝑖

𝜕𝑢𝑗

𝜕𝑥𝑗
+ 𝑢𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
= 𝑢𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
 

 

𝜕

𝜕𝑥𝑖
(𝑃 + 𝑝) =

𝜕𝑃

𝜕𝑥𝑖
+
𝜕𝑝

𝜕𝑥𝑖
=
𝜕𝑃

𝜕𝑥𝑖
 

 

−𝑔𝛿𝑖3 = −𝑔𝛿𝑖3 
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𝜈
𝜕2

𝜕𝑥𝑗
2
(𝑈𝑖 + 𝑢𝑖) = 𝜈

𝜕2𝑈𝑖

𝜕𝑥𝑗
2 + 𝜈

𝜕2𝑢𝑖

𝜕𝑥𝑗
2 = 𝜈

𝜕2𝑈𝑖

𝜕𝑥𝑗
2  

 

𝜕𝑈𝑖
𝜕𝑡
+ 𝑈𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

+
𝜕(𝑢𝑖𝑢𝑗)

𝜕𝑥𝑗
= −

1

𝜌

𝜕𝑃

𝜕𝑥𝑖
+ 𝜈
𝜕2𝑈𝑖

𝜕𝑥𝑗
2 − 𝑔𝛿𝑖3 

 

Or 
𝐷𝑈𝑖

𝐷𝑡
= −

1

𝜌

𝜕𝑃

𝜕𝑥𝑖
− 𝑔𝛿𝑖3 +

𝜕

𝜕𝑥𝑗
[𝜈
𝜕𝑈𝑖

𝜕𝑥𝑗
− 𝑢𝑖𝑢𝑗] 

 

 
𝐷𝑈𝑖

𝐷𝑡
= −𝑔𝛿𝑖3 +

1

𝜌

𝜕

𝜕𝑥𝑖
𝜎𝑖𝑗 

 

 𝜎 = −𝑃𝛿𝑖𝑗 + 𝜇 (
𝜕𝑈𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑗

𝜕𝑥𝑖
) − 𝜌𝑢𝑖𝑢𝑗 

 with  
𝜕𝑈𝑖

𝜕𝑥𝑖
= 0 

 

The difference between the NS and RANS equations is the 

Reynolds stresses −𝜌𝑢𝑖𝑢𝑗, which acts like additional 

stress. 

 

−𝜌𝑢𝑖𝑢𝑗= −𝜌𝑢𝑗𝑢𝑖   (i.e. Reynolds stresses are 

symmetric) 

= [

−𝜌𝑢2 −𝜌𝑢𝑣 −𝜌𝑢𝑤

−𝜌𝑢𝑣 −𝜌𝑣2 −𝜌𝑣𝑤

−𝜌𝑢𝑤 −𝜌𝑣𝑤 −𝜌𝑤2

] 

RANS 

Equations 
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𝑢𝑖
2 are normal stresses 

𝑢𝑖𝑢𝑗  𝑖 ≠ 𝑗 are shear stresses 

6 new unknowns  

 

For homogeneous/isotropic turbulence 𝑢𝑖𝑢𝑗  𝑖 ≠ 𝑗 = 0 and 

𝑢2 = 𝑣2 = 𝑤2 = constant; however, turbulence is 

generally non-isotropic. 
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Consider shear flow with 0
dy

dU
 as below,

 

The fluid velocity is:  ),,( wvuUV +=  

If fluid particle retains its total velocity V from y to y  dy gives,  

𝑈 + 𝑢 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 → If 𝑈 increases, 𝑢 decreases and vice versa. 

 

 

00

00

→

→

uv

uv
  0uv   

 

x-momentum tends towards 

decreasing y as turbulence 

diffuses gradients and 

decreases 
dy

dU
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x-momentum transport in y direction, i.e., across y = 

constant AA per unit area 

 

𝑀𝑥𝑦 = ∫𝜌𝑢̃𝑉 ∙ 𝑛 𝑑𝐴, where 𝑢̃ = (𝑈 + 𝑢) 

 

𝑑𝑀𝑥𝑦̅̅ ̅̅ ̅

𝑑𝐴
= 𝜌(𝑈 + 𝑢)𝑣 = 𝜌𝑈𝑣 + 𝜌𝑢𝑣 = 𝜌𝑢𝑣 

 

i.e.  𝜌𝑢𝑖𝑢𝑗 = average flux of j-momentum in 

i-direction = average flux of  

i-momentum in j-direction 
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Anisotropy 

Symmetry of the Reynolds stress tensor: 

𝑢𝑖𝑢𝑗 = 𝑢𝑗𝑢𝑖 

The diagonal components of the Reynolds stress tensor 

represent the normal stresses, which in general are not 

equal: 

𝑢1
2, 𝑢2

2, 𝑢3
2 

The off-diagonal components represent the shear stresses: 

𝑢𝑖𝑢𝑗     𝑖 ≠ 𝑗 

Turbulent kinetic energy per unit mass: 

𝑘(𝑥, 𝑡) =
1

2
𝑢 ∙ 𝑢 =

1

2
𝑢𝑖𝑢𝑖 =

1

2
(𝑢1
2 + 𝑢2

2 + 𝑢3
2) 

Anisotropy tensor: 

𝑎𝑖𝑗 = 𝑢𝑖𝑢𝑗 −
2

3
𝑘𝛿𝑖𝑗⏟  

 

 

 

 

Normalized anisotropy tensor: 

𝑏𝑖𝑗 =
𝑎𝑖𝑗

2𝑘
=
𝑢𝑖𝑢𝑗

𝑢𝑖𝑢𝑖
−
1

3
𝛿𝑖𝑗 

Isotropic stress, i.e., assuming 

𝑢1
2 = 𝑢2

2 = 𝑢3
2 
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Role of the anisotropy tensor in the Mean Momentum 

Equation: 

𝜌
𝐷𝑈𝑖
𝐷𝑡
= −𝜌𝑔𝛿𝑖3 +

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
 

𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 𝜇 (
𝜕𝑈𝑖
𝜕𝑥𝑗

+
𝜕𝑈𝑗

𝜕𝑥𝑖
) − 𝜌𝑢𝑖𝑢𝑗 

𝑢𝑖𝑢𝑗 =
2

3
𝑘𝛿𝑖𝑗 + 𝑎𝑖𝑗 = 2𝑘 (

1

3
𝛿𝑖𝑗 + 𝑏𝑖𝑗) 

𝜌
𝜕𝑢𝑖𝑢𝑗

𝜕𝑥𝑗
+
𝜕𝑝

𝜕𝑥𝑖
= 𝜌

𝜕𝑎𝑖𝑗

𝜕𝑥𝑗
+
𝜕

𝜕𝑥𝑖
(𝑝 +

2

3
𝜌𝑘) 

 

Therefore, only the anisotropic component 𝑎𝑖𝑗 is effective 

in transporting momentum since 
2

3
𝜌𝑘 can be absorbed in a 

modified mean pressure. 
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Irrotational motion 

Consider an irrotational random velocity field: 

𝜔̃ = Ω + 𝜔 = 0 

Both mean and fluctuating vorticity are equal to zero. For 

example, water waves and outer portion of turbulent jet 

(free shear flow) or boundary layer. 

Notation: 𝑢𝑖,𝑗 =
𝜕𝑢𝑖

𝜕𝑥𝑗
, 𝑢𝑖 = velocity fluctuation with 𝜔 = 0, 

i.e., 𝜔𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 − 𝑢𝑗,𝑖) = 0 where 𝜔𝑖𝑗 is the fluctuation 

rotation rate tensor. 

𝑢𝑖,𝑗 − 𝑢𝑗,𝑖 = 0 

𝑢𝑖(𝑢𝑖,𝑗 − 𝑢𝑗,𝑖) = 0 = 𝑢𝑖𝑢𝑖,𝑗 − 𝑢𝑖𝑢𝑗,𝑖 

𝜕

𝜕𝑥𝑖
(𝑢𝑖𝑢𝑗) = 𝑢𝑖,𝑖𝑢𝑗 + 𝑢𝑖𝑢𝑗,𝑖 

𝜕

𝜕𝑥𝑗
(
1

2
𝑢𝑖𝑢𝑖) =

1

2
(𝑢𝑖,𝑗𝑢𝑖 + 𝑢𝑖𝑢𝑖,𝑗) = 𝑢𝑖𝑢𝑖,𝑗 

𝜕

𝜕𝑥𝑖
(𝑢𝑖𝑢𝑗) =

𝜕

𝜕𝑥𝑗
(
1

2
𝑢𝑖𝑢𝑖) =

𝜕𝑘

𝜕𝑥𝑗
 = gradient of a scalar, i.e., 

same form as fluctuating pressure: Corrsin-Kistler 

equation. Therefore, for potential flow, fluctuating velocity 

is equivalent to pressure fluctuations → do not affect the 

mean velocity. 
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Closure Problem: 

1. RANS equations differ from the NS equations due to 

the Reynolds stress terms 

2. RANS equations are for the mean flow (𝑈𝑖 , 𝑃); thus, 

represent 4 equations with 10 unknowns due to the 

additional 6 unknown Reynolds stresses 𝑢𝑖𝑢𝑗 

3. Equations can be derived for 𝑢𝑖𝑢𝑗 by summing 

products of velocity and momentum components and 

time averaging, but these include additionally 10 triple 

products 𝑢𝑖𝑢𝑗𝑢𝑙 unknowns.  Triple products represent 

Reynold stress transport.  

4. Again, equations for triple products can be derived that 

involve higher order correlations leading to fact that 

RANS equations are inherently non-deterministic, 

which requires turbulence modeling. 

5. Turbulence closure models render deterministic RANS 

solutions. 

6. The NS and RANS equations have paradox that NS 

equations are deterministic but have nondeterministic 

solutions for turbulent flow due to inherent stochastic 

nature of turbulence, whereas the RANS equations are 

nondeterministic, but have deterministic solutions due 

to turbulence closure models. 
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