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Chapter 3: Overview of Turbulent Flow Physics and Equations 
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Part 1: Instantaneous Equations: Focus DNS 

 

𝜎𝑖𝑗 = −(𝑝 +
2

3
𝜇∇ ∙ 𝑈) 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 

𝜕𝑈𝑖
𝜕𝑥𝑗

= 𝑒𝑖𝑗1 =
1

2
(
𝜕𝑈𝑖
𝜕𝑥𝑗

+
𝜕𝑈𝑗

𝜕𝑥𝑖
)

⏟        
+
1

2
(
𝜕𝑈𝑖
𝜕𝑥𝑗

−
𝜕𝑈𝑗

𝜕𝑥𝑖
)

⏟        
 

 

 

 

𝜔 = ∇ × 𝑈 = (𝑤𝑦 − 𝑣𝑧)⏟      𝑖̂ + (𝑢𝑧 −𝑤𝑥)⏟      𝑗̂ + (𝑣𝑥 − 𝑢𝑦)⏟      �̂� 

 

Continuity  

𝜕ρ

𝜕𝑡
+ ∇ ⋅ (ρ𝑈) in index notation 

𝜕ρ

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(𝜌𝑈𝑖) (conservative form) 

Using material derviative operator 
𝐷

𝐷𝑡
=

𝜕

𝜕𝑡
+ 𝑈 ∙ ∇ 

𝐷𝜌

𝐷𝑡
+ 𝜌∇ ∙ 𝑈 = 0 

Momentum 

 

𝜌
𝐷𝑈

𝐷𝑡
= 𝜌(

𝜕𝑈

𝜕𝑡
+ 𝑈 ∙ ∇𝑈) = −𝜌𝑔�̂� + ∇ ∙ 𝜎𝑖𝑗  

 

𝜌
𝐷𝑈𝑖
𝐷𝑡

= 𝜌(
𝜕𝑈𝑖
𝜕𝑡

+ 𝑈𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

) 

= −𝜌𝑔�̂� −
𝜕p

𝜕𝑥𝑖
+
𝜕

𝜕𝑥𝑗
(2𝜇𝜀𝑖𝑗 −

2

3
𝜇
𝜕𝑈𝑚
𝜕𝑥𝑚

𝛿𝑖𝑗) 

                                                                                                                   

 
1 Deformation rate tensor is derived from the analysis of the relative motion between two 

neighboring fluid particles. 

 𝜀𝑖𝑗 = 𝜀𝑗𝑖   𝜔𝑖𝑗 = −𝜔𝑗𝑖 

 2𝜔32  2𝜔13  2𝜔21 

Strain  Rotation  Deformation  Rate tensors  

𝑈 =  𝑈𝑖  

Einstein summation 

convention:  if an 

index occurs twice 

in a term a 

summation over the 

repeated index is 

implied 
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LHS in conservative form: 

  𝜌
𝜕𝑈𝑖

𝜕𝑡
+ 𝜌𝑈𝑗

𝜕𝑈𝑖

𝜕𝑥𝑗
 + 𝑈𝑖 [

𝜕ρ

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑗)] =  

𝜕(𝜌𝑈𝑖)

𝜕𝑡
 + 

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖𝑈𝑗) =  𝑈𝑖

𝜕ρ

𝜕𝑡
 + 𝜌

𝜕𝑈𝑖

𝜕𝑡
 + 

𝜕𝜌

𝜕𝑥𝑗
𝑈𝑖𝑈𝑗  + 𝜌

𝜕𝑈𝑖

𝜕𝑥𝑗
𝑈𝑗 + 

𝜌𝑈𝑖
𝜕𝑈𝑗

𝜕𝑥𝑗
    Highlighted terms sum to zero, as per continuity equation. 

 

In the context of fluid dynamics, the "conservative" form of the Navier-Stokes equations 
represents a mathematical formulation that explicitly expresses the conservation of mass and 
momentum within a control volume, while the "non-conservative" form does not, with the key 
difference lying in how the time derivative is calculated, where the conservative form uses a local 
derivative (fixed control volume) and the non-conservative form uses a substantial derivative 
(moving control volume).  
 

Incompressible flow 

𝜕𝑈𝑚
𝜕𝑥𝑚

= ∇ ∙ 𝑈 = 0 

𝜌
𝐷𝑈

𝐷𝑡
= −𝜌𝑔�̂� − ∇p + 𝜇∇2𝑈 = −∇p̂ + 𝜇∇2𝑈 

Where 

2
𝜕

𝜕𝑥𝑗
𝜀𝑖𝑗 =

𝜕

𝜕𝑥𝑗
(
𝜕𝑈𝑖
𝜕𝑥𝑗

+
𝜕𝑈𝑗

𝜕𝑥𝑖
) =

𝜕2𝑈𝑖
𝜕𝑥𝑗𝜕𝑥𝑗

= 𝛻2𝑈𝑖 = 𝛻
2𝑈 

 

p̂ =  p +  𝜌𝑔𝑧 =piezometric pressure 

 

Mechanical energy equation 

 

𝑈𝑖 [𝜌
𝐷U𝑖
𝐷𝑡

= 𝜌𝑔𝑖 +
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
] 

 

𝜌
𝐷 (
1
2U𝑖

2)

𝐷𝑡
      =      𝜌U𝑖𝑔𝑖       +         U𝑖

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
 

 

 

 

 

Rate of 

increase KE 

Rate of 

work 

done by 

body 

force 

Rate of work 

done by net 

surface 

force ∇ ∙ 𝜎𝑖𝑗 

𝑈𝑖
2= U𝑖U𝑖 = 𝑈1

2 + 𝑈2
2 +𝑈3

2 
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Consider: 

𝜕

𝜕𝑥𝑗
(𝑈𝑖𝜎𝑖𝑗)         =           𝜎𝑖𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

         +           𝑈𝑖
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
 

 

 

 

 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= 𝜎𝑖𝑗 (𝜀𝑖𝑗 +𝜔𝑖𝑗) = 𝜎𝑖𝑗𝜀𝑖𝑗 

𝜎𝑖𝑗𝜔𝑖𝑗 = 0 since it is the product of a symmetric and an anti-symmetric tensor. 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= [−(𝑝 +
2

3
𝜇∇ ∙ 𝑈)𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗] 𝜀𝑖𝑗  

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= −𝑝∇ ∙ 𝑈 + 2𝜇𝜀𝑖𝑗𝜀𝑖𝑗 −
2

3
𝜇(∇ ∙ 𝑈)

2

⏟              
 

Since 𝜀𝑖𝑗𝛿𝑖𝑗 = 𝜀𝑖𝑖 = ∇ ∙ 𝑈 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= −𝑝∇ ∙ 𝑈 + 𝜑 

𝜌
𝐷 (
1
2
U𝑖
2)

𝐷𝑡
=  𝜌U𝑖𝑔𝑖 +

𝜕(U𝑖𝜎𝑖𝑗)

𝜕𝑥𝑗
− 𝜎𝑖𝑗𝜀𝑖𝑗  

 

𝜌
𝐷 (
1
2U𝑖

2)

𝐷𝑡
       =        𝜌𝑔 ∙ 𝑈        +       

𝜕(U𝑖𝜎𝑖𝑗)

𝜕𝑥𝑗
      +          𝑝∇ ∙ 𝑈            −      𝜑 

 

 

 

 

 

 

 

 

 

Total work 

of surface 

force 

Deformation 

work w/o 𝑎 

and lost to 

internal 

energy 

Increase of 

KE since 

contributes 

fluid 𝑎 

Rate of 

work done 

by body 

force 𝑔 

Total 

rate of 

work 

done 𝜎𝑖𝑗  

Rate of work 

due to 

volume 

expansion; 

converts 

mechanical 

energy to 

internal 

energy and 

vice-versa 

Rate of 

viscous 

dissipation  

𝜑 

𝜌
𝐷

𝐷𝑡
(
1

2
U𝑖
2) = 𝜌[

𝜕 (
1
2U𝑖

2)

𝜕𝑡

+ 𝑈𝑗
𝜕 (
1
2U𝑖

2)

𝜕𝑥𝑗
] 
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𝜑 ≥ 0 = loss of mechanical energy = gain of internal energy due to the deformation of the fluid particle 

−𝜎𝑖𝑗𝜀𝑖𝑗 =  𝑝∇ ∙ 𝑈 − 𝜑 =total rate of deformation work 

𝑝∇ ∙ 𝑈= reversible part 

𝜑 = irreversbile part = rate of viscous dissipation of KE per unit volume. 𝜑 α µ  and  𝜑 α 

(𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡𝑠)2 and important in regions of high shear with outcomes, e.g. , hot lubrificant in 

bearings and burning surfaces on re-entry of the atmosphere for spacecraft. 

 

Energy equation 

𝜌
𝐷e

𝐷𝑡
= �̇� − �̇� = �̇�/∀ - �̇�/∀ 

e = �̂� +
1

2
𝑈2 + 𝑔𝑧 = �̂� +

1

2
𝑈 ∙ 𝑈 − 𝑔 ∙  𝑟 

�̇� = −∇ ∙ 𝑞 = −∇ ∙ (−k∇T) = ∇ ∙ (k∇T) 

�̇� = −∇ ∙ (𝑈 ∙ 𝜎𝑖𝑗) = −𝑈 ∙ (∇ ∙ 𝜎𝑖𝑗)⏟        

− 𝜌(𝑈∙
𝐷𝑈
𝐷𝑡
−𝑈∙𝑔)

− 𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

 

𝐷(−𝑔∙𝑟)

𝐷𝑡
= −𝑔 ∙

𝐷𝑟

𝐷𝑡
= −𝑔 ∙ 𝑈     

𝑈 ⋅
𝐷𝑈

𝐷𝑡
= 𝑈 ⋅ (

𝜕𝑈

𝜕𝑡
+ 𝑈 ⋅ ∇𝑈) =

1

2

𝜕𝑈2

𝜕𝑡
+
1

2
𝑈 ⋅ ∇𝑈2 =

1

2

𝐷𝑈2

𝐷𝑡
= 𝑈

𝐷𝑈

𝐷𝑡
 

 

𝜌 [
𝐷û

𝐷𝑡
+ 𝑈 ⋅

𝐷𝑈

𝐷𝑡
− 𝑈 ∙ 𝑔] = ∇ ∙ (k∇T) + 𝜌 (𝑈 ⋅

𝐷𝑈

𝐷𝑡
− 𝑈 ∙ 𝑔) + 𝜎𝑖𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

 

𝜌
𝐷û

𝐷𝑡
= ∇ ∙ (k∇T) + 𝜎𝑖𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

 

𝜌
𝐷û

𝐷𝑡
= ∇ ∙ (k∇T)−𝑝∇ ∙ 𝑈 + 𝜑⏟         

Notice that: 

-𝑝∇ ∙ 𝑈 =
p

ρ
 
𝐷𝜌

𝐷𝑡
= 

𝐷p

𝐷𝑡
− 𝜌

𝐷

𝐷𝑡
(
p

ρ
 ) 

So an alternative formulation is: 

𝜌
𝐷

𝐷𝑡
(û +

p

ρ⏟  
) = ∇ ∙ (k∇T) +

𝐷p

𝐷𝑡
+ 𝜑 

 

 

Same terms 

mechanical 

energy 

equation 

with change 

of sign! 

h 

𝑔 = −𝑔�̂� 

𝑞 = −𝑘∇𝑇 heat flux vector 

−∇ ∙ 𝑞 since + sign for heat 

added  

�̇�

∀
= 𝑞 = heat (conduction/radiation) 

added to MV 

�̇�

∀
= �̇� = work done by MV 
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Vorticity equation 

Start from NS: 

𝜕𝑈

𝜕𝑡
+ 𝑈 ∙ ∇𝑈 = −

∇p̂

𝜌
+ 𝜈∇2𝑈 

Using the identity: 𝑈 ∙ ∇𝑈 = ∇ (
1

2
𝑈 ∙ 𝑈) − 𝑈 × 𝜔 and taking the curl of NS: 

𝐷𝜔

𝐷𝑡
=        𝜔 ∙ ∇𝑈          +           𝜈∇2𝜔 

 

 

 

Enstrophy equation 

Enstrophy definition: 

𝜔2

2
=
𝜔 ∙ 𝜔

2
 

Intensification 𝜔 by stretching with similarity mechanical enragy equation as can be destroyed by viscosity 

µ.  Multiply vorticity equation by 𝜔: 

 

𝜔 ∙ [
𝐷𝜔

𝐷𝑡
= 𝜔 ∙ ∇𝑈 +  𝜈∇2𝜔] 

 

𝐷

𝐷𝑡
(
𝜔2

2
) =       𝜔𝑖𝜔𝑗𝜀𝑖𝑗⏟        −      𝜈(∇ × 𝜔)

2
⏟      +  𝜈∇ ∙ [𝜔 × (∇ × 𝜔)] 

 

 

 

 

 

 

 

 

 

Rate of 

deforming 

vortex lines 

Rate of 

viscous 

diffusion  

Generation/

reduction 

due to 

vortex 

stretching 

or 

compressio

n 

Destruction/

dissipation 

due to µ 

∫ = 0  for localized disturbance 

and often not important 
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Derivation of Eqs. 3.35 to 3.36 in Davidson’s book 

𝐷ω⃗⃗ 

𝐷𝑡
= (ω⃗⃗ ⋅ ∇)�⃗� + ν∇2ω⃗⃗ ⇒ 

ω⃗⃗ ⋅
𝐷ω⃗⃗ 

𝐷𝑡
= ω⃗⃗ ⋅ [(ω⃗⃗ ⋅ ∇)�⃗� + ν∇2ω⃗⃗ ] ⇒ 

𝐷

𝐷𝑡
(
ω2⃗⃗⃗⃗  ⃗

2
) = ω⃗⃗ ⋅ (ω⃗⃗ ⋅ ∇)�⃗� ⏟        

(1)

+ ω⃗⃗ ⋅ ν∇2ω⃗⃗ ⏟      
(2)

 

First term (1):  ω𝑖 ⋅ (ω𝑗
∂𝑢𝑖

∂𝑥𝑗
) = ω𝑖ω𝑗

∂𝑢𝑖

∂𝑥𝑗
= 𝜔𝑖𝜔𝑗(𝑆𝑖𝑗 −

1

2
𝜖𝑖𝑗𝑘𝜔𝑘) = 𝜔𝑖𝜔𝑗𝑆𝑖𝑗 

Second term (2):      νω⃗⃗ ⋅ ∇2ω⃗⃗  

Using the identity for the curl of curl: 

∇ × (∇ × 𝐴 ) = ∇(∇ ⋅ 𝐴 ) − ∇2𝐴 ⇒ ∇2𝐴 = ∇(∇ ⋅ 𝐴 ) − ∇ × (∇ × 𝐴 ) 

νω⃗⃗ ⋅ ∇2ω⃗⃗ = νω⃗⃗ ⋅ [∇(∇ ⋅ ω⃗⃗ )⏟    
=0

− ∇ × (∇ × ω⃗⃗ )] = −ν ω⃗⃗ ⏟
𝑎

⋅ [∇ × (∇ × ω⃗⃗ )⏟    
𝑏

] 

Using the vector identity: 

∇ ⋅ (a⃗ × b⃗ ) = b⃗ ⋅ (∇ × a⃗ ) − a⃗ ⋅ (∇ × b⃗ ) ⇒ 𝑎 ⋅ (𝛻 × �⃗� ) = �⃗� ⋅ (𝛻 × 𝑎 ) − 𝛻 ⋅ (𝑎 × �⃗� ) 

−𝜈 �⃗⃗� ⏟
𝑎

⋅ [𝛻 × (𝛻 × �⃗⃗� )⏟    
𝑏

] = −𝜈(∇ × ω⃗⃗ )2 + 𝜈𝛻 ⋅ [�⃗⃗� × (𝛻 × �⃗⃗� )] 

Final expression: 

𝐷

𝐷𝑡
(
ω2⃗⃗⃗⃗  ⃗

2
) = ω𝑖ω𝑗𝑆𝑖𝑗 − ν(∇ × ω⃗⃗ )

2 + ν∇ ⋅ [ω⃗⃗ × (∇ × ω⃗⃗ )] 

Exe. 2. 10 of Pope’s Book: 

𝐷ω2

𝐷𝑡
= ν∇2ω2⏟  

(1)

+ 2ω𝑖ω𝑗
∂𝑢𝑖
∂𝑥𝑗

− 2ν
∂ω𝑖
∂𝑥𝑗

∂ω𝑖
∂𝑥𝑗⏟      

(2)

 

𝑇𝑒𝑟𝑚𝑠 (1) + (2)

2
=
1

2
𝜈∇2𝜔2 − 𝜈

𝜕𝜔𝑖
𝜕𝑥𝑗

𝜕𝜔𝑖
𝜕𝑥𝑗

=
1

2
𝜈∇ ⋅ (∇𝜔2) − 𝜈(∇𝜔) ⋅ (∇𝜔)

= 𝜈∇ ⋅ (𝜔 ⋅ ∇𝜔) − 𝜈(∇𝜔) ⋅ (∇𝜔) = 𝜈∇(ω) ⋅ (∇ω) + νω ⋅ ∇2ω− ν(∇ω) ⋅ (∇ω)

= νω ⋅ ∇2 
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Pressure equation 

Obtained by taking the divergence of NS equation: 

∇2 (
p

ρ
 ) = −∇ ∙ (𝑈 ∙ ∇𝑈) = −

𝜕𝑈𝑘
𝜕𝑥𝑗

𝜕𝑈𝑗

𝜕𝑥𝑘
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Alternate derivation vorticity transport equation 

 

𝜕𝑈

𝜕𝑡
+ 𝑈 ∙ ∇𝑈 = −

∇p̂

𝜌
+ 𝜈∇2𝑈 

Using the identities: 

𝑈 ∙ ∇𝑈 = ∇ (
1

2
𝑈 ∙ 𝑈) − 𝑈 × 𝜔 

∇2𝑈 = ∇(∇ ∙ 𝑈) − ∇ × (∇ × 𝑈) = −∇ × 𝜔 

Therefore: 

𝜕𝑈

𝜕𝑡
+ ∇K − 𝑈 ×𝜔 = −

∇p̂

𝜌
− 𝜈∇ × 𝜔 

𝜕𝑈

𝜕𝑡
− 𝑈 ×𝜔 + ∇(K +

p̂

𝜌⏟  
) = −𝜈∇ × 𝜔  

 

 

 

Curl Stokes form NS:  Helmholtz vorticity equation.  

 

∇ × (𝑈 × 𝜔) = 𝑈(∇ ∙ 𝜔) + 𝜔 ∙ ∇𝑈 − 𝜔(∇ ∙ 𝑈) − 𝑈 ∙ ∇𝜔 = 𝜔 ∙ ∇𝑈 − 𝑈 ∙ ∇𝜔 

 

∇ × (∇ × 𝜔) = ∇(∇ ∙ 𝜔) − ∇2𝜔 

 

𝜕𝜔

𝜕𝑡
+ 𝑈 ∙ ∇𝜔 =     𝜔 ∙ ∇𝑈⏟       +    𝜈∇2𝜔⏟  =

𝐷𝜔

𝐷𝑡
= 

 

 

 

 

 

 

Bernoulli 

equation for 

steady inviscid 

irrotational flow 

Stokes form NS 

Rate of change following fluid 

particle 

Viscous 

diffusion 

Vortex 

stretching

/turning 

K = 
1

2
𝑈 ∙ 𝑈 

Viscous force directly 

related to 𝜔, i.e., existance 

𝜔 implies viscous forces 


