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Chapter 2 Describing Turbulence: Averages, Correlations and 

Spectra 

 

2.1 Navier-Stokes Equation and Reynolds Number 

 

Spatial and temporal velocity and pressure fields obey the Navier-

Stokes equations herewith of interest for incompressible flow: 

 

 
 

Inertia = body force due gravity – pressure gradient force + 

viscous force, which is diffusive.  The body force due to gravity 

may be absorbed into the pressure gradient force via use of 

piezometric pressure 𝑝̂ = p + z. The pressure force tends to adapt 

to whichever of the other terms is dominant and need not be 

considered explicitly when considering the relative magnitude of 

the forces. 
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Inertia includes 𝑈 ∙ ∇𝑈 nonlinear mechanism by which 

perturbations may self-reinforce. 

 

Viscous diffusion derives from molecular momentum diffusion: 

for non-dense gases due to molecular collisions, whereas for 

liquids due to local intermolecular cohesion arising from their 

proximity. 

 

Diffusion smooths flow perturbations, whereas nonlinear 

inertia may strengthen them such that their effects are often 

in conflict. 
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Recall viscous diffusion layers: 

 

Viscous layers: 

 

Sudden acceleration flat plate: t yyu u=  

       𝛿99 = 3.64√𝜈𝑡 

 

Layer grows in time due viscous diffusion 

 

 

Oscillating flat plate: 𝑢𝑡 = 𝜐𝑢𝑦𝑦 

     𝛿99 = 6.5√𝜈/𝜔 

 

Layer confined constant thickness 

 

 

Stagnation point flow: 𝛿99 = 2.4√𝜈/𝐵 layer not a 

function of x since convection balances diffusion 

 

 

Flat plate boundary layer:  

 

    𝛿99 = 4.9√𝜈𝑥/𝑈 

 

Layer grows with x due convection 
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Ekman Layer on Free Surface: effects due to wind shear  

𝜏 = 𝜏𝑖
^

= .002𝜌𝑎𝑖𝑟(𝑣𝑤𝑖𝑛𝑑 − 𝑢(0))
2

 𝑖
^
 

 

𝛿 = √
2𝜈

𝑓
= Ekman layer thickness 

 

Coriolis force = 2𝛺 × 𝑉= −𝑓𝑣𝑖
^

+ 𝑓𝑢 𝑗
^

− 2𝛺 𝑐𝑜𝑠 𝜃 𝑢 𝑘
^

 

 

sin2=f = planetary vorticity = 2*vertical component Ω 

 

−𝑓𝑣 = 𝜈𝑢𝑍𝑍    𝑓𝑢 = 𝜈𝑣𝑍𝑍 

 

𝜇𝑢𝑧 = 𝜏  at z = 0 

 

𝑣𝑧 = 0  at z = 0 

 

(𝑢, 𝑣) = 0 at z = -∞ 

 

The Ekman layer thickness is constant in time and space 

since vortex diffusion balances the Coriolis force. 
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2.2 Averaging 
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2.3 One-Point Statistics 
 

Statistical analysis needed for 𝑈, Ω = ∇ × 𝑈, p, and other 

variables of interest.  Reynolds decomposition 

 
Is of central importance as it characterizes the strength of 

the turbulence where  are the variances in the xi 

coordinate directions, e.g., the inflow  characterizes 

the free stream turbulence in a wind tunnel experiment. 
 

If  the turbulence is isotropic, whereas more 

generally  and the turbulence is non-isotropic, 

e.g., for near wall turbulence . 

 

 

 

 

 

 
 

Homogeneous and isotropic turbulence play a fundamental 

role in the physics and modeling of turbulence. 

Homogeneous turbulence: the time-averaged properties of the flow are uniform and independent of 

position. For example, whereas 𝑢2, 𝑣2, 𝑤2 may differ from each other, each must be constant throughout 

the system. 

 

Isotropic turbulence: Turbulence in which the products and squares of the velocity components and their 

derivatives are independent of direction, or, more precisely, invariant with respect to rotation and 

reflection of the coordinate axes in a coordinate system moving with the mean motion of the fluid. Then 

all the normal stresses are equal, and the tangential stresses are zero. 

𝑢2 = 𝑣2 = 𝑤2,  𝑢𝑣 = 𝑢𝑤 = 𝑣𝑤 = 0 
 

Isotropy implies homogeneity, but not vice versa. 
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The normal variances in combination with the off-diagonal 

quadratic products form the Reynolds stress tensor = 

symmetric second order tensor 
 

 
 

 is of central importance for turbulence 

modeling for canonical flows such as shear layers and wall 

flows. 
 

 represents turbulent momentum fluxes 
 

 
 

Flux of x momentum in the y direction due to turbulent u2 

= v fluctuation.  Turbulent transport of momentum and 

other quantities is one of the primary physical turbulent 

flow processes. 
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Higher-order statistics: 

 

 
 

Probability density functions provide information about the 

range of values ui or uiuj take and their likelihood to assume 

specific values in that range. 
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2.4 Two-Point Velocity Correlations1 
 

To reveal the structural characteristics of turbulence such 

as vortical features (eddy size) two-point velocity 

correlations are required. Dependence f(t) implies 

ensemble averaging. 

 
Letting 𝑟 =  𝑦 - 𝑥 which is appropriate for homogeneous 

turbulence where 𝑅𝑖𝑗(𝑟, 𝑡) is the same for all 𝑥 (𝑅𝑖𝑗  also 

important for inhomogeneous flows where f(𝑥) 

dependence is implied). 

              

  
𝑅𝑖𝑗(𝑟, 𝑡) and 𝑆𝑖𝑗𝑘(𝑟, 𝑡) are of central importance for 

isotropic turbulence. Note that:   

 Velocities are uncorrelated for 

distances greater than the largest eddy size. 
 

1 Related and originally used by Kolmogorov for his hypotheses are the 2nd order velocity structure functions, which is the co-variance of the 

difference in velocity between two points x + r and x  
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Of special importance are the two-point longitudinal and 

transverse correlation coefficients f(r) and g(r), 

respectively: 

 
Where both are f(t) for non-stationary flows. For stationary 

flows time averaging implied. 
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The Taylor micro scales f and g are measures of the size 

of the flow features where viscous effects are imporant, i.e., 

measures of the smaller scales of turbulence. 

 

Whereas a measure of the largest “energetic” scales is 

given by the integral length scales, i.e., the Taylor macro 

scales: 

 

 
 

Like the longitudinal correlation coefficient f(r) is the 

temporal auto-correlation coefficient RE() = r11() 

 

 
 

Which can be obtained at a fixed point in space.  Similarly, 

for r22 and r33.  Taylor micro and integral macro “time 

duration” scales can be computed similarly as done 

previously for the corresponding spatial length scales. 
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E is obtained from the curvature of the r11() peak and 

indicates where u1(t) is well correlated with itself. 

 

More generally for two random variables 𝑢𝑖(𝑥1, 𝑡1) and 

𝑢𝑗(𝑥2, 𝑡2) 

 

 
 

Rij specifies how similar 𝑢𝑖(𝑥1, 𝑡1) and 𝑢𝑗(𝑥2, 𝑡2) are to 

each other. 
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For temporally stationary flows with ui sampled at the same 

point in space 𝑥 = 𝑥1 = 𝑥2, the listing of 𝑥  is not required 

and the statistics are independent of the time origin such 

that  = t2 – t1 = time lag and 

 

 

 



20 

 

                                                 Time 
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2.5 Spatial Spectra 

 

ℛ𝑖𝑗(𝑥, 𝑟, 𝑡) = 𝑢𝑖(𝑥, 𝑡)𝑢𝑗(𝑥 + 𝑟, 𝑡)    [m2/s2] 

 

where 𝑟 = 𝑦 − 𝑥.  For homogeneous turbulence 𝑅𝑖𝑗  ≠ f(𝑥) 

∴ often the dependence is not shown, but implied for 

inhomogeneous flows. 
 

The wave number space vector is defined by 𝑘 = (k1,k2,k3).  

The purpose of the Fourier transform is to map various 

functions from physical space 𝑥 = (x1,x2,x3) to 𝑘 space, 

which is useful for structural analysis such as distributions 

of eddy sizes etc. 
 

ℰ𝑖𝑗(𝜅, 𝑡) =
1

(2𝜋)3
∫𝑒𝑖𝜅⋅𝑟

∀

ℛ𝑖𝑗(𝑟, 𝑡) 𝑑𝑟 

ℛ𝑖𝑗(𝑟, 𝑡) = ∫𝑒−𝑖𝜅⋅𝑟

∀

ℰ𝑖𝑗(𝜅, 𝑡) 𝑑𝜅 

where: 
 

𝑒𝑖𝜅∙𝑟 = 𝑐𝑜𝑠(𝜅 ⋅ 𝑟) + 𝑖𝑠𝑖𝑛(𝜅 ⋅ 𝑟) = spatial Fourier mode, 

which varies sinusoidal with wavelength 𝜆 = 
2𝜋

|𝜅|
 

𝑑𝑟 = 𝑑𝑟1𝑑𝑟2𝑑𝑟2 = differencial volume in physical space 

𝑑𝜅 = 𝑑𝜅1𝑑𝜅2𝑑𝜅2 = differencial volume in wave number 

space.  Admittedly poor nomenclature as 𝑑𝑟 and 𝑑𝜅 are 

not and should not be confused as vectors. 
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ℰ𝑖𝑗(𝜅, 𝑡) = energy spectrum tensor/velocity spectrum 

tensor [m5/s2], which along with ℛ𝑖𝑗(𝑟, 𝑡) decompose 

turbulence into Fourier modes. 

 

For 𝑟 = 0: 

 

ℛ𝑖𝑗(0, 𝑡) = ∫ ℰ𝑖𝑗(𝜅, 𝑡)
∀

 𝑑𝜅 = 〈𝑢𝑖𝑢𝑗〉 

 

ℰ𝑖𝑗(𝜅, 𝑡) represents the variance and covariance 〈𝑢𝑖𝑢𝑗〉 of 

velocity modes with wave number 𝜅. 
 

𝑘(𝑥, 𝑡) =
1

2
𝑢𝑖𝑢𝑖 =

1

2
(𝑢1

2 + 𝑢2
2 + 𝑢3

2)    [m2/s2] 

 

TKE per unit mass where integration is from -∞ to ∞.  
 

Rij and ij contain two different kinds of information.  The 

dependence of Rij on 𝑟 and ℰ𝑖𝑗 on 𝜅 give information about 

directional dependence of the correlations, while their 

components give information on the direction of the 

velocities.  Their implicit dependence on 𝑥 provides the 

ability of decomposing the turbulence correlations into a 

range of scales as represented by the Fourier components 

𝑒𝑖𝑟∙𝑘. 
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𝑘(𝑡) =
1

2
∫ 𝑡𝑟

∀
ℰ𝑖𝑗(𝜅, 𝑡) 𝑑𝜅 = 

1

2
∫ ℰ𝑖𝑖(𝜅, 𝑡)

∀
 𝑑𝜅 

 
1

2
trℰ𝑖𝑗 = 

1

2
ℰ𝑖𝑖(𝜅, 𝑡) 

 

ℰ𝑖𝑖(𝜅, 𝑡) = density energy in 𝜅 space 

 

It is useful to collect the energy onto shells of fixed distance 

𝜅 = |𝜅| from the origin, which energy spectrum 

 

𝑘(𝑡) =  ∫ [
1

2
∫ ℰ𝑖𝑖(𝜅, 𝑡)𝜅2𝑑Ω]

∞

0

𝑑𝜅 

 

𝑑𝜅 = 𝜅2𝑑Ω 𝑑𝜅 

𝑑Ω = elemental solid angle 

 
1

2
∫ ℰ𝑖𝑖(𝜅, 𝑡)𝜅2𝑑Ω = E(𝜅, 𝑡) = energy spectrum = TKE per 

unit 𝜅 and shows how the kinetic energy is distributed 

across the different scales of the flow, which has units 

[m3/s2].   

𝑘(𝑡) =  ∫ E(𝜅, 𝑡) 
∞

0

𝑑𝜅 

E(𝜅, 𝑡) 𝑑𝜅 represents the contribution to the TKE = 
1

2
𝑢𝑖𝑢𝑖 

from all modes with |𝜅| in the range 𝜅 ≤ |𝜅| < 𝜅 +  𝑑𝜅. 
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𝑑𝜅 = d𝜅1d𝜅2d𝜅3=d∀ (not vector) 

=𝜅2dΩd 𝜅 

dΩ =  𝑠𝑖𝑛𝜙𝑑𝜙𝑑𝜃 

𝑑𝑆(𝜅) = 𝜅2dΩ 
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 2.6 Time Spectra 
 

 
 

Note: RE() (temporal auto-correlation coefficient) and 

thus 𝐸11̂(𝜔) can be obtained from single point 

measurements vs. E(k,t) which requires volume or line 

measurements and if Taylors frozen turbulence hypothesis 

is used it can be transformed from time to space as 

approximation for spatial spectra, e.g.,  𝜆𝑓 = 𝑈𝜏𝐸 and 

𝐸11(𝑘1) =
𝑈

2𝜋
𝐸11̂(𝜔) where 𝑈 is the mean velocity. 


