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Chapter 8: Channel and Pipe Flows (Chapter 7.1-7.2 Pope) 

Part 2: Pipe Flow  

In polar cylindrical coordinates (𝑥, 𝑟, 𝜃) for fully developed turbulent flow, velocity 

statistics depend solely on 𝑟.  

 

The mean centerline velocity is denoted by 𝑈0: 

 

𝑈0 = 〈𝑈(𝑥, 0, 𝜃)〉 

 

and the bulk velocity is: 

 

𝑈 =
1

𝜋𝑅2
∫ 〈𝑈〉2𝜋𝑟𝑑𝑟

𝑅

0

 

 

Reynolds number: 

 

𝑅𝑒 =
𝑈𝐷

𝜈
=

2𝑈𝛿

𝜈
 

 

Define 

𝑦 = 𝑅 − 𝑟 

 

 

𝑦/𝛿 < 0.1 𝑢+ = 𝑓𝑤(𝑦+) 

 

𝑦+ > 30  𝑢+ = 𝑘−1 log 𝑦 + 𝐵, profiles follow log law for a range of 𝑦+ that 

increases with Re and above log law near pipe centerline. 
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Friction factor 𝑓: 

𝑓 =
∆𝑝𝐷

1
2

𝜌𝑈
2

𝐿
 

 

∆ℎ = ∆ (
𝑃

𝛾
+ 𝑧) = 𝑓

𝐿

𝐷

𝑉2

𝑔
   Darcy-Weisbach equation 

 

Prandtl’s friction law for smooth pipes: 

 
1

√𝑓
= 2.0 log10(√𝑓 𝑅𝑒) − 0.8 
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Wall roughness 

 

𝑠/𝑅 no effect laminar or transition 

 

Smooth pipe up to certain Re after 

which turn upward and reach 

asymptotes.  

 

At higher Re, 𝑓 is independent of Re. 

 

 

 

 

 

 

 

 

 

 

 

 

This can be explained using extended log law: 

 

〈𝑈〉𝑦 =
𝑢𝜏

𝑦
𝛷 (

𝑦

𝛿𝜈
,
𝑦

𝛿
,

𝑠

𝛿𝜈
) 

 

𝛷 = universal non dimensional function ≠ 𝑓(𝑦/𝛿) for (𝑦/𝛿)  < 0.1 

 

At high Re, two extreme cases can be considered: 

 

1) 
𝑠

𝛿𝜈
≪ 1 → no effect roughness 

〈𝑈〉𝑦 =
𝑢𝜏

𝑦
𝛷 (

𝑦

𝛿𝜈
)    𝑠 ≪ 𝛿𝜈 and 𝑦 ≪ 𝛿 

𝛿 = 𝑅 
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For large 
𝑦

𝛿𝜈
→  𝛷 = constant ~1/𝑘 and log law is recovered: 

〈𝑈〉𝑦 =
𝑢𝜏

𝑘𝑦
 

〈𝑈〉𝑦

𝑢𝜏
=

𝑑𝑢+

𝑑𝑦+

𝑑𝑦+

𝑑𝑦
=

1

𝑘𝑦
 

𝑢+ =
1

𝑘
log 𝑦+ + 𝐵     𝑠 ≪ 𝛿𝜈 ≪ 𝑦 ≪ 𝛿 

Where: 

𝐵 = lim
𝑦∗→∞

{∫ 𝛷𝐼(𝑦+)
𝑑𝑦+

𝑦+
−

1

𝑘
log 𝑦+

𝑦∗

0

} 

 

2) 
𝑠

𝛿𝜈
≫ 1 pressure drag due to 𝑠 causes an increase in 𝑓. 

〈𝑈〉𝑦 =
𝑢𝜏

𝑦
𝛷𝑅 (

𝑦

𝑠
)     𝛿𝜈 ≪ 𝑠 and 𝑦 ≪ 𝛿 

For 𝑦 ≫ 𝑠 → 𝛷𝑅 ≠ 𝑓(𝑠): 

𝑢+ =
1

𝑘
log (

𝑦

𝛿
) + 𝐵2     𝛿𝜈 ≪ 𝑠 ≪ 𝑦 ≪ 𝛿 

where: 

𝐵2 = lim
𝑦∗→∞

{∫ 𝛷𝑅 (
𝑦

𝑠
)

𝑑𝑦

𝑦
−

1

𝑘
log (

𝑦

𝑠
)

𝑦∗

0

} 

 

A third case is given by 𝑠~𝛿𝜈: 

𝑢+ =
1

𝑘
log (

𝑦

𝑠
) + 𝐵̃ (

𝑠

𝛿𝜈
) 

For smooth wall (𝑠/𝛿𝜈 ≪ 1): 

𝐵̃ (
𝑠

𝛿𝜈
) = 𝐵 +

1

𝑘
log (

𝑦

𝑠
) 

For fully rough wall (𝑠/𝛿𝜈 ≫ 1): 

𝐵̃ (
𝑠

𝛿𝜈
) = 𝐵2 
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𝑠/𝛿𝜈 > 70 wall fully rough → 𝐵2 = 𝐵̃(∞) = 8.5 

𝑠/𝛿𝜈 < 5 smooth → 𝐵̃ (
𝑠

𝛿𝜈
) = 𝐵 +

1

𝑘
log (

𝑦

𝑠
) 

 

Fully rough: 

𝑓 =
1

[1.99 log10(𝑅/𝑠) + 1.71] 2
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