Chapter 5 Energy Decay in Isotropic Turbulence
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Figure 5.1 Measured and predicted f(r/4,) in the final period [2]. With permission of the Royal Society.
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permission of the Royal Society.
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Fig. 5.32. A sketch of a turbulence-generating grid composed of bars of diameter d,

73

7with mesh spacing M.

10 500
XM

! in gri 5 2)/UZ; circles
Fig. 5.33. The decay of Reynolds stresses in grid turbulfnce. squares, (i 53
(ul;é)/ UZ; triangles k/U3; lines, proportional to (x/M)™'3. (From Comte-Bellot and

Corrsin (1966).)
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EXERCISE
542

For grid turbulence, given the decay laws for k and ¢ (Egs. (5.274)
and (5.277), and taking n = 1.3), verify the following behaviors:

k

T -
&

il

~

>

K32 £\ U=/2) £\03 e il
L="—~ (= (=] ,
& to o

kl/zL t (L—n) _ ¢ —0.3
v to to ’

& (Note that the Reynolds number k'/?L/v decreases. The increase of

L and t should not be misunderstood. It is not that the turbulent

motions become larger and slower. Rather, the smaller, faster motions

decay more rapidly, leaving behind the larger, slower motions.)

e e
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4

5.5 Equation for Two-Point Correlations

The analysis of isotropic decay carried out in the previous section concentrates on
tracing the history of K and ¢ as they change in time. Only minimal information about

the flow structure was needed, in fact, just the skewness and palenstrophy coefficient
that are related to the two-point correlation functions. To proceed to a more extensive
analysis of the decay problem that includes analyzing the time dependence of G* and
S, it is necessary to include dynamical information about multi-point correlations.
This means introducing an equation for the time history of the two-point velocity
correlation tensor R(r, £) and then considering its form during isotropic decay. From
such an analysis it is also possible to consider the spectral properties of the turbulence
during the decay process.

An equation governing R (X, ¥,
ing the average of u,(x, ?) times the jth
(2.2) at y and adding to this the same quantity with i and j and
result is

£) for arbitrary incompressible flow is derived by tak-
component of the Navier—Stokes equation in Eq.
x and y reversed. The

o tau,. )+ (t)w" )
U, t)—= v, ) + pu(y. )= x,

ou; ol
+ put (% DUy, D) === (¥, D) + Py, DUx, ) 5= (%, 1) =
Vi %k

F) P
- u(x, t)-a—y‘lz(y, £) — u)(y, t)é—;i(x, t)
J i

+ pu (X, VALY, ©) + HuLY, HV2AU(x, ).

(5.83)

Using the definition of R given in Eq. (2.30) it follows that the first two terms on the
left-hand side of Eq. (5.83) may be written as

au; au; IR
pux, t)'?)T(Y» £) + pu,(y, t)—a't'(X, )= p‘gt—(xg Y, %) (5.84)

since terms such as u;(x, t)afli(y, )/t = 0. The next two terms in Eq. (5.83), coming
from the advection term, give

ou; ol
pu (x5, UL, t)a—(v, £) + pu,(y, DU(x, D) — X, 1) =
Vi 0%y,

;|7 —; |7
pu(x, (Y, t);}—l;(y, £) + pu(y, (%, t)gx—k-(x, ) +
— 0M/ = ou;
ULy, B, £)=—(y, £) + pU(x, Oy, H=—(x,0) +
0 0%y,

auj 6ui
pui(x’ t)uk(Y! t)'g‘()’s t) + P”j(Y’ t)uk(xs t)gx_(xa t)~ (5-85)
k k

The first two terms on the right-hand side of Eq. (5.85) are equal to

R (X t)a-lji £+ pR r)m"( £) (5.86)
S e .0 + PRy %, 2, :
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90| 5 Energy Decay in Isotropic Turbulence

Furthermore, differentiation of Eq. (2.30) gives

(xm ) = u(x, t) (y, 1] (5.87)

and slmﬂarly for x derlvatlves, so that the third and fourth terms on the right-hand side '

of Eq. (5.85) take the form of convectxon terms

pUL(Y, )——(x, ¥, £) + pL(x, t)———(x Y. ) (5.88)

As far as the last two terms on the rlght-hand side of Eq. (5.85) are concerned, they
may be written using Eq (2.31) as

95
puX, t)uk(v.t) (y,t) p—ay—-(y,x,t) (5.89)
k
and
0S;
Py, DX, t) (x t)~p—-—(x,y,t) (5.90)
where the fact that
u(x,t) (x,t)uk(y,t) (5.91)

has been used as 1mphed by incompressibility.
To treat the contribution to Eq. (5.83) from the terms containing pressure, introduce
the two-point pressure-velocity correlation vector

Ki(x,y, 1) = u;(x, Dp(y, £) (5.92)

and see that

I, 6]Cj
u(x, t)-——(y, ) + (Y. t) (x, t) = ——‘-(x, ¥.0) + =—=(¥, %, ). (5.93)
9y 0%;

Finally, the viscous terms in Eq. (5 83) become
6272 0*R;
e, VALY, £) + gy, DV U (. 1) = P ~(6Y. 6+ s

(x, Y, 0.

(5.94)
Putting the above results together it has been shown that Eq. (5.83) becomes

aR,, — aR[j = BR,.}.
—(x, V. 1) + Uy, 1) —=—(x, 7, 1) + Up(X, t)——(x, V.t
ot Yy

al;
=—7€ik(X=Y,t)——(y,t) R,A(Y,xt) (x £

95 ]kl

x.) LR "( )
VX, 1) — — X, ,t-————x, L
¥, x PrlatiCiarr

. alcj PRy o TR
- =—=(y,x, )+ XY, 0 +v
p 0x; rxB+v ay? xy 0%

%,y ). (5.95)
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5.5 Equation for Two-Point Correlations

Whenx =y, R,-j(x, x,f) = Rij(x, t), and it may be shown that Eq. (5.95) becomes identical
to Eq. (3.53). This connection suggests that the first two terms on the right-hand side of
Eq. (5.95) are “production” terms. The remaining terms acquire meaning by noting their
similarity to the corresponding terms in Eq. (3.53).

The formidable complexity of Eq. (5.95) can be reduced somewhat by apply-
ing the relation to the specific case of homogeneous, isotropic turbulence. Since
Uy, t) = U, (x,£) in homogeneous turbulence, and using results like Eq. (5.87), it
follows that the two convection terms on the left-hand side of Eq. (5.95) sum to zero.
Uniformity of T, also implies that the two production terms on the right-hand side of
Eq. (5.95) are zero.

The simplification for homogeneous turbulence used in Eq. (4.1) can be generalized
to include the statements that

\S;i}-’k(x, v.0) = Si;,k(y -xt) (5.96)
and
Kx,y,t) = Ky - 1), (5.97)

where for convenience the same symbols Ry, Sy, and KC; on the right-hand side are
adopted; their applicability to homogeneous turbulence is implied by the appearance of
one less argument than their more general counterparts. Using these relations, it follows
that

%(y, X, b)) = ﬂ?%:il(x—y, t) (5.98)
and

:Ti'j(x, .0 = l:f:’—/(v -, 1), (5.99)
and that

oK, aK;

E(x’y’ 5= —(;;;(y -x,1) (5.100)
and

aK; oK,

3};(% x,1) = E(x -V, 0. (5.101)

Putting together the various results, it is found that the two-point velocity correlation
tensor in homogeneous turbulence is governed by the equation

oR; 0Sy; 0Sy;
— L, )= =L (1, t) + —(1,
at(r) ark(r) 6rk(r>
oK, oK; PR,
—1-—1@, £ — L 42y 2’(:, o). (5.102)
p or; p or; ory

Contracting the indices in Egs. (5.100) and (5.101), noting the definition of KC; in Eq.
(5.92) and using the incompressibility condition gives in both cases

0K,
—(x,2) =0. (5.103)
ar;

Now taking a trace of Eq. (5.102) and using (5.103) gives

IR, 38, 38, . PR,
Tl ) = R g ) (1, £) + 2 (r, B), (5.104)

ot ory ory ari

which shows that the time rate of change of the trace of the two-point velocity correla-
tion tensor depends on a balance between viscous diffusion, given in the last term, and
the two terms depending on the two-point triple velocity correlation tensor. The latter

represent the process by which vortex stretching brings energy to small dissipative
scales.
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5.8 Energy Spectrum Equation via Fourier Analysis of the Velocity Field |99

A dynamical equation for the discrete energy spectrum component E, = [d(k, 2
that was introduced previously in Section 2.2.4 may be derived by taking the average
of the sum of Eq. (5.136) times (L, ) and the complex conjugate of Eq. (5.136) times
#,(k, t). The result is

OE;

e S 2 =
n () + 2vkEi (1)

%M,.jm(k) Z(L’Zi(—-k)ﬁi(l)'u‘m(k —1) - 20071, (k- 1), (5.140)

where 1 has been replaced with —1in the second term for later convenience. The term on
right-hand side of Eq. (5.140) accounts for the energy transfer between wave numbers.
The triadic nature of such exchanges is evident in these expressions.

5.8.2 Limit of Infinite Space

To acquire an alternative form of the dynamical equation for E(k, t) consider the limiting
form of Eq. (5.140) as L — co. With the goal of taking this limit define

f: S
)= (EL;) 00—, (5.141)

which becomes, after using Egs. (2.57) and (2.62),
L _ 1 3 —1k-
ELk, ) = (57;) /v LR,,(:, fevdr. (5.142)

In the limit as L — oo the right-hand side of Eq. (5.142) becomes the Fourier transform
of Ry(x, 1) so it has been established that

- _
ngEoE"f(k’ ) = €k, ). (5.143)

In this limit the values of k become closer and closer together, and at the end of the
limiting process k covers all real vectors and not just the discrete set where Ef’.(k, t) is
defined at a particular value of L.

This same argument needs to be repeated in the case of triple velocity correlations.

Thus, define
' L \S e
:; TE (L1 = (g) %005,k — D (5.144)
where, by a generalization of the argument leading to Eq. (2.61), use has been made of
the fact that
W 05, D, (m, =0 unless  k+1+m=0. (5.145)
Substituting for the Fourier components using Eq. (2.52) then gives
T4 (kLD =
(—L—)ﬁ—l- (%, Dy, Dk, (2, e & dxdydz (5.146)
27 LngvaLl,l’"' ' '
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100

5 Energy Decay in Isotropic Turbulence

In homogeneous turbulence the triple velocity correlation within the integral depends
on just the two vectors r = x — zand s = y — z. This justifies the definition

Sijn(r’ s, )= u;’(z +r, t)u,'(z +s, If)M"(Z, i), (5.147)

which is to be contrasted with the two-point triple correlation Sy in Eq. (2.31). Chang-
ing the x and y variables in Eq. (5.146) to r and s, respectively, using Eq. (5.147), and
carrying out the z integration in Eq. (5.146) yields

1 6
L ot P o —ik-r—ls
T (kL) = (2ﬂ> /v L /v Ls,,n(r, s, 0)¢ drds. (5.148)
In the limit as L — oo this becomes
116
Tk, Lty = (-?:;) / / Si(r,s, e~ ® 18 gy g (5.149)

as the Fourier transform of Sjiu(r, 8, 1).

Now we are prepared to consider the limit of Eq. (5.140) as L — 0. Multiply this
equation by (L/2x)? and note through Egs. (5.141), (5.143), and (4.66) that

. FEY. ¥ _ Ek,t)
Jim (-2—7;) E= 36t = 2. (5.150)
Moreover, it may be calculated using Eq. (5.144) that
. LNy ames—rmr— . 273
Jim (=) Z 70,k ~ D10 = lim 2.3 (%) Thak-19
= / Tl k — 1, £)dll (5.151)

where the second equality depends on the fact, implied by Egs. (5.148) and (5.149), that
limy_, T]fn ;= Ty and that (277/L)? is the volume surrounding each of the wave number
vectors in the sum (since k = 2zn/L). The integral appears in the last term in Eq. (5.151)
as the limit of the Riemann sums as L — co. Collecting these results together, it has been
established that

OE(k, 1)

OLAK, L) 2
T + 2vk*E(k, t)

= Zﬂkleim(k) / (Ty(Lk = L,8) = T},,,(L =k ~ L, £))dl. (5.152)
Using the homogeneity properties of 7,,(1, ~k ~ L #) it can be shown that the second

term in the integral on the right-hand side of Eq. (5.152) contributes minus that of the
first term so that the equation simplifies to

0E(k, t)
ot

+ ICE(k, ) = 4nk* M, (k) / Tl k = 1, £)dl. (5.153)

The form of the stretching term in Eq. (5.153) should be contrasted with that derived in
Eq. (5.122) incorporating the scalar correlation function k(r).
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