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I are referred to as the complimentary dissipation rate tensor and the dissipation rate
A tensor, respectively. For both of these quantities the trace satisfies €; = 2e.
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10.4 The k-¢ model 375

10.4.2 The model equation for ¢

Quite different approaches are taken in developing the model transport equa-
tions for k and ¢. The k equation amounts to the exact equation (Eq. (10.35))
with the turbulent flux T’ modelled as gradient diffusion (Eq. (10.40)).
The three other terms — Dk/Dt, P, and ¢ — are in closed form (given the
turbulent-viscosity hypothesis).

The exact equation for ¢ can also be derived, but it is not a useful starting
point for a model equation. This is because (as discussed in Chapter 6) ¢ is
best viewed as the energy-flow rate in the cascade, and it is determined by the
large-scale motions, independent of the viscosity (at high Reynolds number).
By contrast, the exact equation for ¢ pertains to processes in the dissipative
range. Consequently, rather than being based on the exact equation, the
standard model equation for ¢ is best viewed as being entirely empirical: it
is

B 2
%‘; =v. (ﬁ Ve) + Cslz-Dk—8 - cez%. (10.53)

The standard values of all the model constants due to Launder and Sharma
(1974) are
w =009, Cy =144, C, =192, 6, =10, 6, = 1.3. (10.54)

An understanding of the ¢ equation can be gained by studying its behaviors
in various flows. We first examine homogeneous turbulence, for which the k
and ¢ equations become

dk

Z=P—5 (10.55)
de Pe &
5 =G = Ca (10.56)

Decaying turbulence

In the absence of mean velocity gradients, the production is zero, and the
turbulence decays. The equations then have the solutions

¢ —n ¢ —(n+1)
k(t) = ko (—) , &) = %(-) ; (10.57)
Lo Lo
where k and ¢ have the values ky, and ¢, at the reference time
ko

lp=n—, (10.58)
&




Transport equation for dissipation rate

Exact transport cquations for dissipation ratcs of turbulent kinctic cnergy, tcmperature variance

and turbulent heat flux are derived using Navier-Stokes and energy equations below. The individual

terms in these equations are obtained and Reynolds and Prandtl number dependencies are examined
using high spatial resolution DNS (Kozuka et al., 2008).

Nomenclature

k

Superscripts
()
()

turbulent kinetic energy, uju; / 2

temperature variance, 6’0 /2
pressurc

time

velocity component
streamwise direction
wall-normal dircction
spanwise direction

dissipation rate of turbulent kinetic energy, v (Ou/ 819]-)2

dissipation rate of temperature variance, K 06’/ axj)2

dissipation rate of turbulent heat flux, (v + &) - (0l /0z;) - (06 / Oz ;)
thermal diffusivity

temperature

kinematic viscosity

density

fluctuation component
statistically averaged component

1, Transport equation for ¢

Navier-Stokes equation on velocity fluctuation u; can be given as follows:
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By differentiating Eq. (1) with ©m; following equation can be obtained:
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By multiplying both sides in Eq. (2) by 2v (du;/0rm), ensemble-averaged terms in Eq. (2) can be

expressed as below:

ou

T

0, M 0 (Ou) g oul & (Oup) _ 0 ( Ouw Ou) O
Y own Bz \ 0t ) 0t 0t \Ozm) Ot Y oz, 0zm | O




ou, Buk oui _ ou;, auk _@_{_8_&7_)_1/_@;_% @+8ﬂ‘ﬁ
Bzm OTm, Ozp azcm 0z \Ozp = Oxk T U 0% Oxm \ Oz Om;
21/%11’ ——-———02@7 = v ~8—ul’— 0w

0w FOTmOTr ¢ O0Tm 0TmOTK

du; g ou; _, ou, ?_u_i oup Ot ou, Bu oty - oum
aiEm amm al'k 856711, 83314; me 8:Em 6$m ail,k 6$m 83314;

T - < Y 8u> __oE
2w — = e = Upe—

2 —=

k
O ko mOTk Oz OZum m OLm, Oz

ou, 02 L ) o Oy 0? Ol
2v Oy OTm 0%k (Uiuk - uiuk) == 2 Oxm | OxmOxy ( uk) 0z Oy

—9y ou, 0 o ou 4o P 8uk o2l uk
OLm | OTm \ FOzk tOx 8xm8xk

oul, 5‘uk ou] +_8__ T oul, Ou;
8.Lm OTm x| Omk k&l,m O

il
S

8LL 1 8%p! 2 0 [ Ouy Op
ﬁmm P 00zmPr;  pOTE

- Oxm 0T

u—+v = e S e
Vamm 0w 022 v 0Ty, Oz% 0Tm VBJ:%

S
2ul |
B V-— (E) (V 61;771,837]4)

0% OZm Ofvm(?mk

Therefore exact transport equation for dissipation rate & of turbulent energy can be given as

fOﬂOWS.
Dt

Mixed Production:
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Production by mean velocity gradient:
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Gradient production:
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Turbulent production:
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Turbulent diffusion:
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Viscous diffusion:
02 ou, Ouj
a= ng—}?,: (Vaa:m O, (9)
Pressure diffusion:
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2, Transport equation for &

By differentiating energy equation on temperature fuctuation @' expressed by Eq. (12) with 2y, and

multiplying by 2k (00'/8zy), ensemble-averaged terms in Eq. (12) can be given as below.
8¢ o0 74 , 000 ou o2’

S / R AT e —_— = oy
ot T ez, T %o T Oz | Owp 0

L 00 9 (9 _0o], 09’ \*| _ o=

8% Oz \ O T ot OTm, ot

o9 o [, 00\ . 00 (du, 06 , % )
2K B O (“k 8$k> = 2K <8xm Bz |k OrmO

e 00’ Ouy, _8:5_ 9! o0 9%
T " 8z, Oz Oz, k 9%m OTmOT)

86" 9 <__ae'> a0’ (am o6 __ 0% )
2 T

(12)

2 S o \ %825 ) 2w \ 0w 0zp " OTmOH
w0 (DO _, TR | 0G
= Nz 0% 0m Uk By, oz, 0z ) 0% Oz) OTm N Ok

W D (0 _,, 0o o0 O (T
K'Ba:m OZm Yk ozr ) ﬁamm Oxm Oz 0z \ ¥02m OTm

20" o 0 (W>:0

o 0% OTym, OTm

. T
) 20’ o [ o8 (00 , [ 0%

2K K = L —K _ — 92K
8.’17m 8.’1)m Bazk&vk 5.’I}k afL‘k me B:ckaa:k




\/\A_&_sxv\wfv_'” y\tf')wk ,d( 2 l\ i €
VK 5

T e S
’Dw.z*/e.) : S
Y = ’l\“\y‘ .

= -
DK—‘E-\LI 2.)

B g -

4
e g ~ (31D
B . R
i
L

\ 4
k A} v 3
> 5 W N o o
N XY < e | s
i 4 . \ »
b et \
,,.LL b ‘L& = 3 (i‘ R W A ‘\\ ]4.4"'\-‘71-:\‘_
\ P
i =~ vt AN \ 4 \ i 4.0 / - A7 .2
»E\j 'w-}_;'\f g\‘ RN . -{\ Ao : . ) L S m{'i\ g gl )
b 4§ - =
- S G
T
- Qr e < ek
N
o y
‘T‘T' 2 5, .y — o #
. At §
}0\ ta ® & g
~
20
&
2 (= = ) = o—wiw DN T B, (STAe,) TrW =S
- e A 0 R
A}
e



O B >
A Reyniolds averaged vorticity transport equation can be derived by taking the curl
of the Reynolds averaged Navier Stokes equati i i
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Term (A) represents the material derivative of the mean vorticity. The first term of

term (B) is the vorticity amplification by the stretching and the other terms provide

vortex-line bending effects. Term (C) presents the vorticity damping by the viscous

diffusion, and the other terms (D), (E), and (F) are the vorticity production by
inhomogeneity in the Reynolds stress.

9 foww owv\ 9 9 8

Dt MY @ - T | oy oy | W

82( 7 )+ @ vv)+( )uv

AN /) Y
[

Longo, J., Huang, HP., and Stern, F., “Solid-Fluid Juncture Boundary Layer and Wake,”
Experiments in Fluids, Vol. 25, No. 4, September 1998, pp. 283 297

Figure 11-19: Iso-surface of instantaneous Q-criterion (Q=2): (
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