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The exam is closed book and closed notes. 

 

1. A reservoir of water (ρ = 998 kg/m3) discharges through a conduct (D=50cm), where a turbine 

is placed to generate hydroelectric energy. System friction losses between section (1) and (2) are 

ℎ𝑓 = 𝐾𝑉2
2/(2𝑔).  (a) Find an expression for ℎ𝑡 as a function of 𝑉2.  (b) Suppose that ℎ𝑡 =

17.9𝑚 and 𝐾 = 3.5, what is the correspondent value of 𝑉2?  

The exhaust water from the turbine is guided using a fixed plate, as shown in the Figure. (c) 

Determine the horizontal and vertical component of the force that the water jet exerts on the 

plate.  

 

Hint:  

Energy equation: (
𝒑

𝝆𝒈
+

𝜶𝑽𝟐

𝟐𝒈
+ 𝒛)

𝟏
= (

𝒑

𝝆𝒈
+

𝜶𝑽𝟐

𝟐𝒈
+ 𝒛)

𝟐
+ 𝒉𝒇 + 𝒉𝒕 

 

 

 

 

=20m 
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2. A viscous, incompressible fluid flows between two infinite, parallel plates distance h apart, as 

shown in the Figure. The upper plate moves at constant velocity U while the lower plate is at 

rest. Use the given coordinate system and assume that the flow is laminar, steady, fully 

developed (
𝜕𝑢

𝜕𝑥
= 0), and 2D. Assume pressure gradient is constant and gravity is not negligible. 

(a) Simplify the continuity equation and show that 𝑣 = 0. Find (b) velocity distribution 𝑢(𝑦) and 

(c) wall shear stress in terms of 𝜇, 𝜌, 𝑔,
𝑑𝑝

𝑑𝑥
,  ℎ and θ. 

 

Incompressible continuity equation: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0 

   

Incompressible Navier-Stokes Equations in Cartesian Coordinates: 

 

𝜌𝑔𝑥 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
) = 𝜌 (𝑢

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) 

𝜌𝑔𝑦 −
𝜕𝑝

𝜕𝑦
+ 𝜇 (

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑧2
) = 𝜌 (𝑣

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
) 

𝜌𝑔𝑧 −
𝜕𝑝

𝜕𝑧
+ 𝜇 (

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑧2
) = 𝜌 (𝑤

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
) 
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3. The drag F, on a sphere located in a pipe through which a fluid is flowing is to be determined 

experimental. Assume that the drag is a function of sphere diameter, d, the pipe diameter, D, the 

fluid velocity, V, and the fluid density, 𝜌. (a) What dimensionless parameters would you use for 

this problem (don’t use D as a repeating variable) ? (b) Some experiments using water indicated 

for dm=0.2 in, Dm=0.5 in, and Vm=2 ft/s, the drag is 1.5x10-3 lb. Estimate the drag on a sphere 

located in a 2 ft dimeter pipe (D) trough which water is flowing with a velocity of 6 ft/s. The 

sphere diameter is such that geometric similarity is maintained.  
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Solution: 

1. (a) Apply energy equation between (1) and (2): 

(
𝑝

𝜌𝑔
+

𝛼𝑉2

2𝑔
+ 𝑧)

1

= (
𝑝

𝜌𝑔
+

𝛼𝑉2

2𝑔
+ 𝑧)

2

+ ℎ𝑓 + ℎ𝑡 

(0 + 0 + 𝑧)1 = (0 +
𝑉2

2𝑔
+ 𝑧)

2

+ ℎ𝑓 + ℎ𝑡 

ℎ𝑡 = ℎ −
𝑉2

2

2𝑔
− 𝐾

𝑉2
2

2𝑔
= ℎ −

𝑉2
2

2𝑔
(1 + 𝐾) 

(b) Substitute K=3.5, ℎ𝑡 = 17.9𝑚 → 𝑉2 = 3𝑚/𝑠. 

(c) Using continuity: 𝐴2𝑉2 = 𝐴3𝑉3, but 𝐷2 = 𝐷2 →  𝑉2 = 𝑉3 

 

∑ 𝑭 =  
𝑑

𝑑𝑡
(∫ 𝑽𝜌𝑑𝑉) + ∫ 𝑽𝜌(𝑽𝒓 ∙ 𝒏)𝑑𝐴

𝐶𝑆𝐶𝑉

 

Assuming fixed control volume, 𝑽𝒓 = 𝑽, constant density and zero acceleration 

∑ 𝑭 =  ∫ 𝑽𝜌(𝑽 ∙ 𝒏)𝑑𝐴
𝐶𝑆

 

Assuming V and 𝜌 uniform over 𝐴2and 𝐴3 and projecting in the x-direction: 

∑ 𝐹𝑥 = −𝐹𝑥 = ∫ 𝑢𝜌(𝑽 ∙ 𝒏)𝑑𝐴
𝐶𝑆

=  −𝑉2𝜌(𝑽𝟐 ∙ 𝒏𝟐)𝐴2 + 𝑉3 cos(30°) 𝜌(𝑽𝟑 ∙ 𝒏𝟑)𝐴3 

−𝐹𝑥 = 𝜌𝑉2
2𝐴2 + 𝜌𝑉3

2 cos(30°) 𝐴3 = 𝜌𝑉2
2𝐴2(1 + cos(30°)) 

𝐹𝑥 = −
998 ∙ 32 ∙ 𝜋 ∙ (0.5𝑚)2

4
(1.866) = −3289𝑁 

Projecting in the y-direction: 

∑ 𝐹𝑦 = −𝐹𝑦 = ∫ 𝑢𝜌(𝑽 ∙ 𝒏)𝑑𝐴
𝐶𝑆

=  −𝑉3 sin(30°) 𝜌(𝑽𝟑 ∙ 𝒏𝟑)𝐴3 

−𝐹𝑦 = −𝜌𝑉3
2 sin(30°) 𝐴3 

𝐹𝑦 =
998 ∙ 32 ∙ 𝜋 ∙ (0.5𝑚)2

4
(0.5) = 881𝑁 

(+2) 

(+2) 

(+1) 

(+1) 

(+1) 

(+1) 

(+1) 

(+1) 
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2. Assumptions: 

1. Steady flow (
𝜕

𝜕𝑡
= 0) 

2. 2D flow (w=0) 

3. Incompressible flow (𝜌 =constant) 

4. Fully developed flow (
𝜕𝑢

𝜕𝑥
= 0) 

5. Pressure gradient is constant (∇P=constant) 

 

(a) Continuity: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0 

 

0 +
𝜕𝑣

𝜕𝑦
+ 0 = 0 

 

 

𝑣(𝑦) =constant 

 

𝑣(0) =0 from BCs 

 

Therefore, v=0 everywhere. 

 

(b) x-momentum 

𝜌𝑔𝑥 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
) = 𝜌 (𝑢

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) 

 

𝜌𝑔 sin 𝜃 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (0 +

𝜕2𝑢

𝜕𝑦2
+ 0) = 𝜌(0 + 0 + 0 + 0) 

 

 

Integrate twice: 

𝑢(𝑦) = (
𝜕𝑝

𝜕𝑥
− 𝜌𝑔 sin 𝜃)

𝑦2

2𝜇
+ 𝑐1𝑦 + 𝑐2 

 

 

 

Boundary conditions: 
at y = 0: u(y) = 0 → 𝑐2 = 0 

(+1) 

(4) (2) 

(4)

0 

(2) (a) (4) (1) (2) 

(+1) 

(+1) 

(+1) 

(+1) 

(+1) 

(+1) 

(+0.5) 
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at y=h: u(y)=U  → c1 =
U

h
−

h

2μ
(

∂p

∂x
− ρg sin θ) 

 

 
Replace and find: 

𝑢(𝑦) = (
∂p

∂x
− ρg sin θ)

𝑦2

2𝜇
+ (

U

h
−

h

2μ
(

∂p

∂x
− ρg sin θ)) 𝑦 

(c) Wall shear stress: 

𝜏𝑤 = 𝜇
∂u

∂y
|      = (

∂p

∂x
− ρg sin θ) 𝑦 + (

U

h
−

h

2μ
(

∂p

∂x
− ρg sin θ)) =

U

h
−

h

2μ
(

∂p

∂x
− ρg sin θ) 

 

Solution 3 

a) Pi theorem 

𝐹 = 𝑓(𝑑, 𝐷, 𝑉, 𝜌) 

 

𝐹 =̇ 𝑀𝐿𝑇−2, 𝑑 =̇ 𝐿, 𝐷 =̇ 𝐿, 𝑉 =̇ 𝐿𝑇−1, 𝜌 =̇ 𝑀𝐿−1𝑇−3 
 

𝑘 − 𝑟 = 5 − 3 = 2 

Repeating variables 𝑑, 𝑉, 𝜌 

 

Π1 = 𝑑a𝑉𝑏𝜌𝑐𝐹 = (𝐿)𝑎(𝐿𝑇−1)𝑏(𝑀𝐿−3)𝑐(𝑀𝐿𝑇−2) = 𝑀0𝐿0𝑇0 

𝑀: 𝑐 + 1 = 0 

𝐿: 𝑎 + 𝑏 − 3𝑐 + 1 = 0 

𝑇: −𝑏 − 2 = 0 

∴ 𝑎 = −2, 𝑏 = −2, 𝑐 = −1 

Π1 =
𝐹

𝜌𝑉2𝑑2
 

Π2 = 𝑑a𝑉𝑏𝜌𝑐𝐷 = (𝐿)𝑎(𝐿𝑇−1)𝑏(𝑀𝐿−3)𝑐(𝐿) = 𝑀0𝐿0𝑇0 

𝑀: 𝑐 = 0 

𝐿: 𝑎 + 𝑏 − 𝑐 + 1 = 0 

𝑇: −𝑏 = 0 

y=0 

(+0.5) 

(+1) 

(+1) 

 

+3 

+1 
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∴ 𝑎 = −1, 𝑏 = 0, 𝑐 = 0 

Π2 =
𝐷

𝑑
 

∴
𝐹

𝜌𝑉2𝑑2
= 𝜙 (

𝐷

𝑑
) 

b) Similarity 

𝐷𝑚

𝑑𝑚
=

𝐷

𝑑
 

𝑑 = 𝐷
𝑑𝑚

𝐷𝑚
 = 2 𝑓𝑡

0.2 𝑖𝑛

0.5 𝑖𝑛
= 0.8 𝑓𝑡 

 

𝐹

𝜌𝑉2𝑑2
=

𝐹𝑚

𝜌𝑚𝑉𝑚
2𝑑𝑚

2  

𝐹 =
𝜌

𝜌𝑚
(

𝑉

𝑉𝑚
)

2

(
𝑑

𝑑𝑚
)

2

𝐹𝑚 = (1) (
6 ft s⁄

2 ft s⁄
)

2

(
0.8 𝑓𝑡

0.2/12 𝑓𝑡
)

2

(1.5 × 10−3 lb) = 𝟑𝟏. 𝟏 𝐥𝐛 

 

 

 

 

 

 

 

+1 

+2 

+3 


