Absolute inertial, relative inertial and non-inertial coordinates for
a moving but non-deforming control volume
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Objective Derive and correlate the governing equations of motion in integral and
differential forms in absolute inertial, relative inertial and non-inertial coordinates for a
moving but non-deforming control volume and evaluate the advantages and disadvantages

of using the three coordinates.

Approach The governing differential equations of motion are derived and solved in the
absolute inertial earth-fixed coordinates (X,Y,Z), non-inertial ship-fixed coordinates (x,y,z),
and relative inertial coordinates (X",Y",Z") that translate at a constant velocity in (i.e. with
respect to) (X,Y,Z) for an arbitrary moving but non-deforming control volume (CV), as
shown in Figure 1. The control volume is for either the ship in red or background in green
while the solution domain includes both. The origin of (x,y,z) o is located at the center of
gravity of the ship. The origin of (X",Y",Z") O” is located at the intersection of the bow and
the static water line. r is the instantaneous position vector of any grid point or fluid
particle in (x,y,2).

In the absolute inertial earth-fixed coordinates (Fig. 1(a)), the position vector of o is

R. s=R+r is the instantaneous position vectors of any grid point or fluid particle. The ship
translation velocity is R =éR/ét =uii, +v, j, +wk,, where i, j,, and k, are the unit vectors of
X, Y, and Z axes, respectively, and u,,v,, and w, are the surge, sway, and heave velocities
of the ship respect to (X,Y,Z). The ship rotation is angular velocity Q=q. i, +Q, j, +Q,k, of

(x,y,2) in (X,Y,Z). The velocity of the control volume is defined by:
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\lcs = B +Qxr (1)
In relative inertial coordinates (Fig. 1(b)), the position vector of o is R" in (X",Y",Z").

S'=R'+r and S, =R, +S" are the instantaneous position vectors of any grid point or fluid
particle in (X',Y,Z") and (X)Y,Z), respectively. The ship translation velocity is
R =aR'/ot =ult, +V/], +Wk, , where unit vectors of (X",Y",Z") are the same as those for
(X)Y,2). u/,v/, and w are the surge, sway, and heave velocities of the ship respect to
(X",Y",Z"). The ship rotation is angular velocity Q=0Q,.i,+Q..j,+Q,k, of (x\y,z) in

(X",Y",Z"). The velocities of the control volume in (X",Y",Z") and (X,Y,Z) are:
V' =R +Qxr 2)
Vs =Ro +R'+Qxr 3)
where the relative inertial coordinates are moving at a constant speed V¢ respect to (X,Y,2),
R, =V.i,. Comparison between equations (2) and (3) shows:

Vs = Bo +\1cs' 4)

The red control volume performs up to 6 degrees of freedom (6DOF) motions (surge,
sway, heave, roll, pitch, and yaw). The green control volume performs up to 3DOF (surge,
sway, yaw) motions copied from the corresponding degrees of freedom of the ship’s
motions. Any number of degrees of freedom can be imposed and the rest is predicted by
6DOF solvers, which results in captive, free, or semi-captive motions. i, j, and k are the

unit vectors of x, y, and z axes, respectively.
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Figure 1 Definition of different coordinates for ship Hydrodynamics simulations with
absolute inertial earth-fixed coordinates (X,Y,Z), non-inertial ship-fixed coordinates

(x,y,2), and relative inertial coordinates (X",Y",Z"): (a) solve in (X,Y,Z), (b) solve in
(XY, Z2").

1. Velocity correlations
1.1 Correlation between (X,Y,Z) and (x,y,z)

If r represents the position vector of a fluid particle in (x,y,z), the position vector of
that fluid particle in (X,Y,2) is:

S=R+r (5)

The absolute velocity in (X,Y,Z) and relative velocity in (x,y,z) are defined by Eqns. (6)
and (7), respectively:

V =dS/dt (6)
v, =dr/dt ™)



Differentiate Eqn. (5) is differentiated respect to time and with use of the correlation of
d/dt in (X,Y,Z) and d/dt in (x,y,z) [Greenwood, 1988]:
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at dt = (8)

The velocities are related by:

V=V, +V (9)

1.2 Correlation between (X,Y,Z) and (X",Y",Z")
Derivation similar to 1.1 is applied in (X",Y",Z"). The absolute velocity in (X,Y,Z) and
relative velocity in (X",Y",Z") are defined by equations (10) and (11), respectively:

V =dS, /dt (10)
Vv, =dS’/dt (11)

Use Equation (8) and differentiate s'=R"+r respect to time:

V, =V, + Ve (12)
Differentiate s, =R, +S respect to time:
V=d(R,+8')/dt=R, +V, (13)

2. Reynolds transport theorem (RTT)

RTT for flow with an arbitrary CV moving at V  is applied:

dBy, d
B _ 8 sodv+ [ BV, -ndA
dt dt Cfvﬂ P stﬁp—R . (14)

For a non-deforming CV, RTT for incompressible flow:
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To convert it to the differential form of RTT, the flux term is transformed to a volume
integral using the Gauss divergence theorem:

dB,, op
syt L dVv V- dv
dt pcfv ot +pcjv (AVs)
o (16)
=p[{1L+v. dv
Pcfv{aﬁ m)}

Taking limit for elemental CV for which integrand is independent of the volume V

and divided by V :

dBy op
e o) @

3. Application of RTT for (X,Y,Z):

3.1 Integral form for a CV

Conservation of mass with By, =M, S =1 for Eqn.(15) and note steady flow with

VR =V _Vcs,

[ (V-V)-ndA=0

(18)
CS
Conservation of momentum with By, =MV and #=V for Eqgn. (15):
d(MV) oV
—=>» F= —dV+p |V -V.)-ndA
dt Z— pc'[/ ot pc_‘; V(V.-Ve)-n (19)

For steady flow:



ZE = pcj;\i(\i —Vs)-ndA (20)

3.2 Differential form

For mass conservation, substitute By, =M, #=1and Vz =V =V (when the
CV is limited to a point, V¢ is the local grid velocity so Vs =V s ) to Egn. (17)
andnote V-V =0:

V:V=0 (21)

For momentum equation, substitute By, =MV and B =V to Eqn. (17):

%(M\[ )y =p{%\1+v-[\1 (V-Ve )]}=Zi 22)

The 2" term on the left-hand-side can be simplified using the divergence operator

expansion with the use of the continuity equation,

VA V(V-Ve)]=V V(Y -V6)+(V -V ) WV 23)
=0 cgntinuity
After the body and surface forces are expressed per unit volume, the NS equation in

(X,Y,Z) is:

P E‘+(\1—!G)°V\4 =-V(p+yZ)+uv¥ (24)
3

1

4. Application of RTT for (X',Y',Z");

4.1 Integral form for a CV



4
For mass conservation, By, =M and B =1 for Eqgn. (15) and note V. =V . For
steady flow:

V' -ndA=0 (25)

CS
Conservation of momentum with By, =M (V/, +V'), f=V/, +V's and
\LR :V_’r

d[M (V/, +V/'c )]
dt

> F= PI

For steady flow with the use of continuity:

V.V (29

dV+pj " +V e )V, -ndA

>E-= pj (V/, +V/ )V, -ndA

0
o[y e JE )
CS CS
ZE = pI\L’r\L’r DdA (28)
CS

4.2 Differential form
For mass conservation, replace v in Egn. (21) using Eqn. (13):
Ve =0 (29)
For conservation of momentum, v, and V in equation (24) are substituted by Eqns. (4)

and (13). Note the time derivatives in (X",Y",Z") and (X,Y,Z) are the same as they are
both inertial coordinates, term [1] in equation (24) becomes:



=R, + = (30)
For term [2] in Eqgn. (24),
A R VA A VR RV
For term [3] in Eqgn. (24),

VA =VZ(V/+R, )=V, (32)

Equations (30) to (32) are substituted back to equation (24) and note gradient,
divergence, and Laplacian operators are frame invariant. The governing equations in

terms of V! are obtained:

oV’ ' ] ' '
p[ a—tr+(V'—\_/G )-V\_/r}:—V(p+7/Z )+,1N2\[r (33)

5. Application of RTT for (x,y,z):

5.1 Integral form for a CV

For mass conservation, By, =M, =1 for Eqn.(15) and note steady flow,

I\lR -ndA=0 (34)
Cs

Conservation of momentum with By =MV =M (V, +V ), =V



d(MV)

dt
Y FE= j——dij (V, +V g Vg - NdA
Ccv

(35)
[ Favep[ V.V, Ao [Vponth
=p | —=dV+p |V Ve-ndA+pV o |V, -ndA
cvat cS " CS/Hﬂ/
. o(Qxr
8_\1:R+5\1r+ (_X_)
ot — ot ot
Vo . :
:a—?+B+ZQX\L+QXL+9X(QXL) (36)
where
. 0Q Q oQ
Q=—=—+0Qx0Q=—
ot at+‘_x0‘ ot (37
So,
SE- [ audm=p| edvp[V,v, -ndA (39)
cv cv ot cs

Note when the CV is moving together with (x,y,z), the V & Fin the above equations

will be replaced by V.,

5.2 Differential form
For mass conservation, replace v in Eqgn. (21) using Eqn. (9):
V=0 (39)
The differential form for momentum equation in (x,y,z) can be derived from Eqn.

(24), note



For term [1], from Eqgn.(36),

N oV,
—-— =T grel
ot ot

For term [2],

(V-Vge)- VW =V, -V(V, +V¢)=V, - VV,

—_ - — —r

For term [3],

VAV =V, +V?V =V,

0

(40)

(41)

(42)

(43)

(44)

The above four equations are substituted back to the differential form of the momentum

equation in (X,Y,Z) and note gradient, divergence, and Laplacian operators are frame

invariant. The governing equations in terms of V, are obtained:

p{iHL-V\L} —pay —V(p+yz)+uV?y,
a’t —

body  force

where

6. Comments on application of different approaches

6.1 Solving fluid mechanics problems analytically using integral forms

(45)

(46)
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As shown in the lecture notes, it is easier to solve the continuity and momentum
equation in the relative inertial coordinates.

6.2 Solving differential equations using CFD [Xing et al., 2008]

The governing differential equations (GDEs) for continuity and momentum in (X,Y,Z)
and (X',Y",Z") are transformed from the physical domain in Cartesian coordinates

(X,Y,Z,t) to the computational domain in non-orthogonal curvilinear coordinates
(&,n,¢,7) using the chain rule without involving grid velocity for the time derivative

transformation:

0 -
Tag(BU)=0 @)
. . ipk ouU, | b ! oU .
%-l-lbk (U._UG,)a_Uk':_l ik apk +1 a bI bl aUkl _i__la_vlt(b_l IJ +S, (48)
or 3 0\ TEe) gk T T N 5K T 58T | TRe,, 08F || 3 08< T o0&

Egs. (47) and (48) are identical to Warsi et al., who transformed the standard NS
equations in (X,Y,Z,t) to a fixed computational domain (&, 7, ¢, z) with the inclusion of
the grid velocity oX;/o7 in the time derivative transformation. In the present derivation of

Egs. (24) and (33) the solution domain and control volume are coincident with each other,

which conceptually better shows the relationship between the moving but non-deforming
control volume and solution domain and additionally provides the continuous V./v', form
of the NS equations. Compared with Eq. (33), Eqg. (24) allows non-constant V.. When
V. =0, Eq. (33) reduces to Eq. (24). Transformation of the continuous V. form of the NS

equations in (X,Y,Z) into (x,y,z) clearly shows the difference of GDEs using the absolute
inertial earth-fixed or non-inertial ship-fixed coordinate systems. Compared with Eq. (45),
application of Eqg. (24) simplifies the specification of boundary conditions, saves

computational cost by reducing the solution domain size, and can be easily applied to
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simulate multi-objects such as ship-ship interactions. In general, implementation of Eq.

(24) to simulate captive, semi-captive, or full 6DOF ship motions is straightforward.
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