CHAPTER 2 BACKGROUND THEORY

2.1 Overview of Maneuvering Simulations

The Maneuvering Committee (MC) of the 24™ International Towing Tank Confe-
rence (ITTC) reviewed state-of-the-art progress in maneuvering predictions, and catego-
rized typical maneuvering prediction methods into three groups: No Simulation, System

Based Simulation, and CFD Based Simulation methods.
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Figure 2-1 Overview of Maneuvering prediction methods (Proceedings of 25" ITTC,
Vol. I, pp. 145).

The No Simulation method needs no mathematical model and thus no hydrody-
namic derivative or maneuvering coefficient. Maneuvering parameters such as ship ad-

vance, transfer, overshoot, and etc. are directly measured from the full-scale trial or mod-



el-scale free-model test by measuring the ship trajectories or by using a database of exist-
ing full- and/or model-scale data.

The System Based Simulation method, by contrast, simulates the ship trajectories
by solving the motion equations using appropriate mathematical modeling along with hy-
drodynamic derivatives (or maneuvering coefficients). This method includes 1) database,
2) model testing, and 3) system identification methods. First, the database method estab-
lishes an empirical formula or regression equations from databases of full- and/or model-
scale test results to obtain hydrodynamic derivatives (Oltmann 1992, Wagner-Smitt 1971,
Norrbin 1971, Inoue et al. 1981, Clarke et al. 1983, Kijima et al. 1990 and 1993). The
database can be also combined with theoretical models such as the Japanese Mathemati-
cal Model Group (MMG) model (Kijima et al. 1993) or the cross-flow drag model
(Hooft, 1994). These methods are simple and quick to use, but the prediction accuracy
and/or reliability can be limited when the ship dimensions are outside the database. Next,
the model test method includes free- and captive-model tests. For free model tests (Mar-
tinussen et al. 1987), a self-propelled scale model ship is remotely controlled performing
definitive maneuvers such as turning circle, zig-zag, and reverse spiral to evaluate turning
performance and course keeping stability. This method is direct and effective since the
maneuvering parameters are directly obtained without simulation, but with issues about
viscous scale effects (Burcher 1975). On the other hand, the captive model tests are
based on mathematical modeling of motion equations. For the tests, a model-scale ship is
forced to move in prescribed motions over a range of parameters such as drift angle,
sway/yaw motion amplitude and frequency, rudder angle, etc. to obtain the relevant hy-
drodynamic derivatives. Details of the captive model tests are provided in the following
Section 2.3. Lastly, the system identification method (Artyszuk 2003, Hess and Faller
2000, Moreira and Soares 2003, Oltmann 2003, Viviani et al. 2003, Depascale et al.
2002, Yoon et al. 2003) obtains hydrodynamic derivatives from full-scale sea trial or

free-model test results using measured ship motion and rudder angle as input parameters.



CFD Based Simulation method also simulates the ship trajectory to predict the ma-
neuvering parameters similarly as the System Based Simulation method but by using nu-
merical schemes to evaluated the hydrodynamic derivatives of the mathematic models

used or to solve the motion equations directly.

2.2 Mathematic Modeling and Hydrodynamic Derivatives

The generalized motion equations for a rigid vessel in a ship-fixed, non-inertial
frame of reference xyz that is moving relative to an Earth-fixed, inertial reference frame

xgygZg (Fig. 2-2) can be derived as (Fossen 1994):

mlu—rv+wqg —x;(q> +1r2) +ys(pq —7) + zg(pr + @)1 = X (2.1a)
m[ov—wp +ur —y;(r? +p?) + zg(qr —p) + x;(qgp +7)] =Y (2.1b)
mw —uq +vp —zg(P* +q*) +x,p— P +ye(rq +p)1 =Z (2.1¢)

Lp+ (I, - Iy)qr +mly;(W—uq+vp)—z;(v—wp+ur)] =K (2.1d)
Lg+ U, —I)rp+mlzg(—vr +wq) —xc(W—uq +vp)| =M (2.1e)

L+ (I, = L)pqg + mlxg(0 —wp + ur) =y —vr +wg)] =N (2.1

The origin of the ship-fixed reference frame is located at the mid-ship position. The x, y,
and z axes correspond to the longitudinal, lateral, and vertical direction of the vessel, re-
spectively, so that the products of moment of inertia such as I, I,,, or I, vanish from
the motion equations. In the equations, X, Y, Z are the external forces acting on the ves-
sel in surge, x, sway, y, and heave, z directions, respectively. K, M, N are the external
angular moments in roll, ¢, pitch, 8, and yaw, ¥, directions, respectively. m is the mass
of the vessel and [, I,,, I, are the moments of inertia of the vessel with respect to each
axis. Xg, Vg, Zg are the location of the center of gravity of the vessel. u, v, w are surge,

sway, and heave velocities, x, y, Z, respectively, and u, v, 7 are surge, sway, and heave
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accelerations, X, y, Z, respectively. p, g, r are roll, pitch, yaw rates, (]."), 0, 1/'), respective-

ly, and p, ¢, 7 are roll, pitch, yaw accelerations, ¢, 8, 1, respectively.

Ship-fixed
coordinate system

Earth-fixed
coordinate system

Figure 2-2 Earth- and ship-fixed coordinate systems.

For maneuvering applications of the equations (2.1) for surface ships moving on
unbounded, calm, and deep water, it is typically assumed that the heave, roll, and pitch
motions can be neglected such that w = p = q =Ww = p = ¢ = 0 and that the vessel geome-

try has the xz-plane symmetry, i.e. y; = 0. Then, the equations reduce to the following

equations:
m@—rv—x;r?) =X (2.2a)
m@+ur —x;7) =Y (2.2b)
L7 +mx;(v+ur) =N (2.2¢)

for surge, sway, and yaw, respectively. In general the external forces and moment X, Y,

N at the right hand sides of the equations (2.2) include hydrodynamic forces due to the
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surrounding fluid, control surface forces such as rudder forces, and propulsion forces
such as propeller forces, which need to be described in proper mathematical forms for the
motion equations to be solved. One of the common mathematic modeling of those forces
is by assuming that the forces are functions of ship motion parameters u, v, r, 1, v, 1 and
rudder deflection angle 6 (Abkowitz, 1964) based on the ‘quasi-steady state’ assumption
which states that the value of the forces at any instant depends on the motion parameters

defining the instantaneous motion of the vessel.

X
Y{=f(uvruv7r5) (2.3)
N

Abkowitz (1964) also proposed to use a 3"-order Taylor Series expansion of the equation

(2.3) with following additional assumptions:

a) Forces and moments have appropriate port and starboard symmetry except for
a constant force and moment caused by the propeller, and
b) There are no second- or higher-order acceleration terms, and that cross-

coupling between acceleration and velocity parameters is negligible,

as per re-stated by Strom-Tejsen and Chislett (1966). Then, for small disturbances of the
ship motions from a reference state, i.e. steady straight advancing with a constant speed

U, the equation (2.3) are written as following (Strom-Tejsen and Chislett 1966):

X =X, + X0+ X Au + Xy Au? + Xy Au® +
XppV? + X 1% 4+ X562 4+ Xy VAU + Xy T2 AU + X5, 62 Au +
Xppvr + Xysv6 + X570 + Xy vrAU + X5, VOAU + X5, TOAU  (2.40)
Y =Y, + Y, Au+ Y, Au® + Y, Aud +
You + Y, v+ Y,,,v3 + Y, vr? + Y,55v8% + Y, vAu + Y, vAu? +

Yor + Yor + Y, 73 + Y, 102 + Yoss 762 + Yy vAu + Y, TAUZ +
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Y58 + Y555 63 + Y5,,0v% + Y5, 612 + Yy, 6Au + Yy, SAUZ +

Ysssu 0°Au + Y, 50rd (2.4b)
N = N, + N,Au + N, Au? + N, Au® +

Ny + N,v + Ny 03 + Ny 072 + Npss v62 + Ny VAU + Ny vAU? +

N;7 + N.v + N,y 73 + N, 702 + Noss 762 + Ny rAu + N, rAU? +

N5 + Nsg5 6% + Ng,, 6% + Ny, 672 + Ny, 6Au + Ny, SAU? +

Nsssu 6°Au + N,,.5vré (2.4¢)

where Au = u — U is the disturbance in surge velocity. The terms X,, Y., N, are the ref-
erence steady state values of X, Y, N, respectively. Typically, X, is zero for ships ad-
vancing straight with a constant speed as the ship total resistance Ry is balanced by the
propeller thrust T, however, Y, and N, may have non-zero values when the ship has a sin-
gle propeller or multiple propellers rotating in the same direction. The coefficients of
Taylor Series terms at the right hand sides of (2.4) with subscripts of motion parameters,
such as X; =dX /0t or X, = %OZX /0v?, are the reduced expressions of the Taylor Se-
ries expansion following the simplified derivative notation of SNAME (Nomenclature,
1952), so-called ‘hydrodynamic derivatives’ or ‘maneuvering coefficients’, evaluated at
the reference steady state. Note that, although the Taylor Series were assumed as 3™-
order expansions, Strom-Tejsen and Chislett (1966) also used fourth-order as well for the
rudder force terms such as Ysgs, 63 Au and Nsss, 63 Au to obtain sufficient flexibility in
expressing the influence of surge velocity on the rudder action. Note also that the surge
velocity expansion terms for Y and N such as Y, Au, Y, Au?, Y,,,, Au® and N, Au,

Ny, Au?, N, Aud in (2.4) replaced the terms Y,,, Au, Y,,,, Au? and N,,,Au, N,,,, Au?, re-
spectively, in Strom-Tejsen and Chislett (1966) as the former expressions are considered
to be more consistent with the mathematical definitions of Taylor Series expansion in that

the reference state values Y, or N, are not expanded.
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2.3 PMM Tests
General descriptions and procedures of PMM tests including the static drift, pure
sway, pure yaw, and yaw and drift tests and determination of hydrodynamic derivatives
are provided. The procedures for rudder related tests such as static rudder, static drift and
rudder, and yaw and rudder tests are not provided herein as the present research objective
is focused on the PMM applications for a bare hull form, i.e. without rudders, propellers,

and appendages except for bilge keels.

Figure 2-3 General PMM test coordinate system and motion parameters.

2.3.1 Definitions of Motions
Two coordinate systems are shown in Fig. 2-3: the Earth-fixed x;yg-coordinate
system (dashed arrows) and the ship-fixed xy-coordinate system (dash-dot arrows). The
Earth-fixed coordinates are fixed at the towing tank with x and yy coordinates aligned
with the longitudinal and lateral directions of towing tank, respectively. The ship-fixed
coordinates are moving with the model with x and y coordinates aligned with the longi-
tudinal and lateral directions of the model, respectively. For convenience, in the figure

the Earth-fixed coordinate system is shown overlaid on the ship-fixed coordinate system
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at a certain instant. Vectors ug and vy are the velocities and 1y are v are the accelera-
tions of the model in the x; and yg directions of the Earth-fixed coordinate system, re-
spectively; and u and v are the velocities and © and v are the accelerations of model in
the x and y directions of the ship-fixed coordinate system, respectively. The advance

speed U is the resultant of ug and vg or the resultant of u and v such that

U= Juz + v} = Vu? + v2 (2.5)

always tangent to the model path line (dotted line) that is the trajectory of the mid-ship
point. Drift angle, £3, is defined as the model orientation with respect to U, i.e., the actual

direction of model with respect to its heading, which can be written as

B = —arctan(v/u) (2.6)

Heading (or yaw angle) 1 is defined as the model orientation with respect to a reference
direction, x. Note that yaw rate 1 and acceleration ) are identical in both the Earth-
fixed and the ship-fixed coordinate systems, i.e. 7z =1 = Y and 7y = 7 = . Lastly, the

vector transformations between the Earth- and ship-fixed coordinate systems are given as

following:
U =ugcosy + vgsiny (2.7a)
v = —ugsiny + vy cosy (2.7b)
r=1g (2.7¢)
U = Ug cosY + Vg siny + rg(—ug siny + vg cos ) (2.7d)
U = —Ugsiny + vg cosyY — ry(up cosyY + vg siny) (2.7¢)

=7 (2.7)
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2.3.2 PMM Motions
PMM motions are the forced model trajectories comprised of three basic motions

Xg, Yg, and @ described in the xgyg-coordinate system:

Xg = Uct (28)
VE = —Vimax SiD Wt (2.9)
Y = —arctan(e coswt) + f (2.10)

where U, is the towing speed, V,,4, 1S the sway amplitude, and ¢ is the maximum tangent
of model trajectory defined as

e = (dﬁ) - (M)max _ Ymax © @2.11)

de max de/dt Uc

The x in (2.8) corresponds to straight advancing motion with speed U, along the towing
tank longitudinal direction. The yg in (2.9) is a sinusoidal lateral motion with an ampli-
tude Y, and frequency w. The 1 in (2.10) is a combination of a sinusoidal yaw motion
and any drift angle . For static drift test, Y, =€ =w =01n(2.9) and (2.10) and B is a
fixed value in time, which corresponds to an oblique towing motion as shown in Fig. 2-4
(a) and (e). For pure sway test, y,,., and w are non-zero values in (2.9) thus a sinusoidal
lateral motion but the model heading is kept in straight, i.e 1 = 0 in (2.10), as illustrated
in Fig. 2-4 (b), which makes a continuously changing drift angle f = arctan(e cos wt)
from (2.10) as shown in Fig. 2-4 (f). For pure yaw test, y,,,,, and w are non-zero in (2.9)
and (2.10) similarly as pure sway test but § =0 in (2.10), then the model is always tan-
gent to its path-line as shown Fig. 2-4 (¢) and (g). For yaw and drift test, y,,,, and w are
the same as for pure yaw test but § is set to a non-zero constant value in (2.10), which
makes an asymmetric yaw motion as shown in Fig. 2-4 (d) and (h). For all tests, U in

(2.8) is constant in time. From those model trajectories, the model velocities and accele-



16

rations in the Earth-fixed coordinates, i.e. uy = Xg, Vg = Vg, 15 = Yy, Up = Xg, Vg =
yg, and 7 = P, and in the ship-fixed coordinates u, v, r, i, ¥, and 7 as per the relation-

ships (2.7) are summarized in Tables 2-1 and 2-2, respectively.

Figure 2-4 Illustrations of typical PMM motions for (a) static drift, (b) pure sway, (¢)
pure yaw, and (d) yaw and drift tests, and definitions of PMM motion parame-
ters in the PMM coordinate systems for (e) static drift, (f) pure sway, (g) pure
yaw, and (h) yaw and drift tests.
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Table 2-1 PMM Motions in the Earth-fixed Coordinates.

Motion Static drift Pure sway Pure yaw Yaw and drift

ug Uc Uc Uc Uc

g 0 0 0 0

Vg 0 —Vinax @ COS Wt —Vinax ® COS Wt —Vimax @ COS Wt

Vg 0 Vmax @ sin wt Vimax % sin wt Vmax ? sin wt

Tg 0 0 ewsinwt ——————— cwsinwt —————
1+ &° cos* wt 1+ &% cos” wt

1+ &2(1 + sin® wt) 1+ €2(1 + sin? wt)

2

g 0 0 sw? cos wt ew? cos wt

(1 + £2 cos? wt)?

(1 + €2 cos? wt)?

Table 2-2 PMM Motions in the Ship-fixed Coordinates.

Motion Static drift Pure sway Pure yaw Yaw and drift
u Uccos B Ue U1+ g2 cos? wt = uy up cosf
2 .
&% sin 2wt
u 0 0 Ve —— ———==14 1y cos B

2V1 + €2 cos? wt

v —Ucsinf —Vmax @ COS Wt 0 —uy sinff

v 0 Vinax @ sin wt 0 —¥; sin B
. 1

r 0 0 £w sin wt - n n

1+¢e2coswt
1+ &2(1+sin®wt) ;

202 o2 1 n
(1 + &2 cos? wt)

7 0 0 sw? cos wt -

The PMM motions, however, may violate the steady advance speed U condition
for the Taylor-series expansions of hydrodynamic forces and moment shown in (2.4). If
the surge uy = xy and sway vy = yg velocities from (2.8) and (2.9), respectively, are
used in (2.5), then U becomes time-dependent (except for static drift case where U = U;)

and suggests PMM motions should be small such that

U=UV1+elcoslwt=U;+0(?)~U, for ek 1 (2.12)

Then, the PMM motions summarized in Table 2-1 can be simplified as follows.



Static drift:

v=—-Usinf
Pure sway:

Y = —Vmax SINwt

V = —Vpax COSWL;

UV = Vg SiNWL;

Then, drift angle S is from (6) as

Pure yaw:

Y = =Yy COSWL;
T = Tax SINWL;

T = Tinax COS WL;

Yaw and drift:
l/) = _lpmax coswt + ﬁ;

v = _UC Sil’l’B

vmax = ymax w

p — 2
Umax = Ymax @

B — Ymax @
max UC

,‘l) — Ymax @
max UC

Tmax = Wmax @

Tmax = Wmax @

l/) — Ymax W
max Uc

18

(2.13)

(2.14a)
(2.14b)

(2.14c)

(2.15)

(2.16a)

(2.16b)

(2.16¢)

(2.17a)

(2.17b)

where 7 and 7 for yaw and drift test are same as (2.16b) and (2.16c¢) for pure yaw test.

For such small motions, i.e. € < 1, and additionally for small § for static drift and yaw

and drift tests, surge velocity u = U, and thus Au = u — U = 0 for all tests.
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2.3.3 Simplified Mathematic Models for PMM
For a bare model without propellers or rudders, the Abkowitz’s mathematic mod-
els for hydrodynamic forces and moment shown in (2.4) can be reduced by dropping the

terms related to rudder angle § as:

X=X, +X,,v*+ X, 1%+ X, vr

+ X, Au + Xy Au? + Xy AuB + X V2 AU + X,y 72 AU + X vrAu (2.18a)
Y=Y o+ Y, v+Y, v+ +Yr+Y, rP+Y, vri+Y,, rv?

+Y,,, vAU + Y, vAU? + Y, vAU + Yy, TAU? (2.18b)
N = N,v + N,v + N,,,,v® + N;# + N, + Ny, 73 + N, 012 + N, 702

+ Ny VAU + Ny VAU? + Nypyy TAU + Ny TAU? (2.18¢c)

The math-models (18) are further simplified by using the simplified motions (2.13) —
(2.17) to leave terms for the variables of interest and to determine the hydrodynamic de-

rivatives.

Static drift:

X=X +X,,v? (2.19a)

Y =Y,v+Y,,,v3 (2.19b)

N = N,v + N, v3 (2.19¢)
Pure sway:

X=X +X,,v? (2.20a)

Y =Y, 0+ Y, v+Y,,,v3 (2.20b)

N = N,v + N,v + N, v> (2.20c¢)

or in harmonic forms by substituting (2.14b) and (2.14c) into (2.20),



X =Xy + Xy cos 2wt
Y = Y51 sinwt + Y cos wt + Y3 cos 3wt

N = Ng; sin wt + N1 cos wt + N3 cos 3wt

Pure yaw:
X=X +X,7?

Y=Y 7+ Yr+Y,,13

N = N;# + N,r + N, v3
or in harmonic forms by substituting (2.16b) and (2.16c) into (2.22),

X =Xy + Xy cos 2wt
Y =Y coswt + Y5q sinwt + Yg3 sin 3wt

N = N cos wt + Ngq sin wt + Ng3 sin 3wt

Yaw and drift:
X=X, +X,,v*+ X, 1%+ X, vr

Y=Y, v+ Y, 03+ Y7+ Yr+ Y3+ Y, vr?+ Y, rv?

N = N,v + N,,,,v3 + N7 + N,r + N, v3 + N, vr? + N,,,, 7v>
or in harmonic forms by substituting (2.16b), (2.16c), and (2.17b) into (2.24),
X =Xy + Xgq sinwt + X, cos 2wt

Y =Y, + Y coswt + Ygq sin wt + Y, cos 2wt + Y3 cos 3wt

N = Ny + N4 cos wt + Ngq sin wt + N, cos 2wt + Ng3 cos 3wt

20

(2.21a)
(2.21b)

(2.21¢)

(2.22a)
(2.22b)

(2.22¢)

(2.23a)
(2.23b)

(2.23¢c)

(2.24a)
(2.24b)

(2.24¢)

(2.252)
(2.25b)

(2.25¢)

The expressions for the harmonics Xy, X5, Xcn» Yo, Ysn» Yen» No, Ns,, and Ng,, forn =1,

2,0r31in (2.21), (2.23), and (2.25) are summarized in Table 2-3.
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Table 2-3. Mathematic Models in Harmonics Forms.

Pure sway models:
X =Xy + X¢p cos 2wt

Y =Y cos wt + Y sinwt + Y3 cos 3wt

N = N¢; cos wt + Ngq sin wt + N3 cos 3wt

X model Y model N model
— 1 2 — 3 3 — 3 3
XO =X, + EXqumax YCl - = (vamax + Zvavvmax) NCl - (vamax + Zvavvmax)
1 . .
Xe2 = EX‘UVUV%ILIX Y51 = YyUmax Ngi = NyUpax
__1 3 __1 3
YC3 = _Zyvvvvmax NC3 = _Zvavvmax

Pure yaw models:
X =Xy + X¢, cos 2wt

Y = Y1 sin wt + Y4 cos wt + Y3 sin 3wt

N = Ngq sin wt + N¢q cos wt + Ng3 sin 3wt

X model Y model N model
— 1 2 — 3 3 — 3 3
XO - X* + EerTmax YSl - Yrrmax + Zyrrrrmax NSl - Nrrmax + ZNrrr Thax
1 2 . .
Xe2 = _Eerrmax Ye1 = Yilinax Ne1 = NpTnax
—_1 3 —_1 3
YS3 -2 Yrrr Tnax NS3 - ZNrrr Tnax

Yaw and drift models:
X = Xy + Xg1 sinwt + X, cos 2wt

Y =Yy + Y51 sinwt + Y cos wt + Y, cos 2wt + Yg3 sin 3wt

N = Ny + Ngq sin wt + N¢q cos wt + N, cos 2wt + Ng3 sin 3wt

X model Y model N model
Xo = X. + Xppv? + 2 X, 12 Yo = Yyv + Yy 03 + = ¥, 012 No = Nyv + Ny 03 + = Ny 132
0 — A« wV 2 rr Tmax 0 = IV vV 2 vrr Vnax 0o = NVyV vV 2 vrr VImax

— — 3 3 2 — 3 3 2

XSl - er Ulmax YSl - Yrrmax + ZYrrr Tmax + Yrvvrmax v NSI - Nrrmax + ZNrrr Tmax + ervrmaxv
1 2 . .
Xe2 = _Eerrmax Ye1 = Yefinax N¢1 = NpTnax
__1 2 __1 2
YCZ - _EYVTT Vlmax NCZ - _ENVTT UTmax

—_1 3 —_1 3
Y:?S = _ZYrrr Tmax NSS = _ZNrrr Tmax
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2.3.4 Non-dimensionalization
Non-dimensionlization follows the Prime-system of SNAME (Nomenclature,
1952) for which L, L/U, and YpL?T are used as the characteristic scales for length, time,
and mass, respectively, where L is the ship length, U is the ship advance speed, p is the
water density, and T is the draft of the ship. Some of the non-dimensional variables are

shown below:

y=% Vmax =2 (2.26a)
W =2 % (2.26b)
Au =u —1= % —1 (2.26¢)
= 5-@ (2.26d)
Skt = () (2) 2200
St () () 220
F=T e = S e (5) (226g)
P e =y () (2.26h)
= uz;JXW (2.261)
y = m (2.26))
= 1/2;3% (2.26k)

Note that in the remainder of the thesis the prime symbol is omitted for simplicity.
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2.3.5 Determination of hydrodynamic derivatives

Hydrodynamic derivatives (simply ‘derivatives’) in the mathematic models (2.18)
are determined from the static drift, pure sway, pure yaw, and yaw and drift data. Sway-
velocity derivatives X,, X,,, Y;,, Y0, Ny, and N,,,,,, are determined from the static drift
data and sway-acceleration derivatives Y;, and N,, are from the pure sway data. Sway-
velocity derivatives can be determined as well from the pure sway data, however, deriva-
tives determined from the static drift data are preferred in general as the derivatives from
dynamic-test data are known as often frequency-dependent (van Leeuwen 1964). As the
dynamic-motion frequency w becomes large, the ‘quasi-steady’ or the ‘slow-motion’ as-
sumptions for the math-models can fail and the hydrodynamic forces and moment during
the PMM tests become dependent not only on the instantaneous motions but partly also
on the previous motions (Bishop et al. 1970, 1972, 1973), known as the ‘memory effect’.
The yaw-rate derivatives X,.., Y;, Y-, N,, and N, and the yaw-acceleration derivatives
Y: and N, are determined from the pure yaw test. The cross-coupled derivatives between
sway and yaw such as X, Y-, Yiow» Ny, and N, are determined from the yaw and
drift test that is a combination of pure yaw and static drift tests. The surge-coupled de-
rivatives such as X, Xy > Xuww > Xvvus Yous Youu > Nou, and N, are determined by repeat-
ing the static drift (or pure sway) test and X, , Yru» Yruw» Nrw» Njyye are by repeating the
pure yaw test over a range of towing speed, respectively. The sway-yaw-surge-coupled
derivative X,,,, can be determined by repeating the yaw and drift test, but typically of
negligible value.

The derivatives are evaluated by curve-fitting the data for static drift test and by
using either the ‘Multiple-run (MR)’ or ‘Single-run (SR)’ methods for dynamic tests as

per introduced below:
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2.3.5.1 Static drift test
Data are measured over a range of drift angle f and curve-fitted to polynomial

functions as per the mathematic model (2.19):

y=A+Bx*; y=X; x=v (2.27a)

y=Ax+Bx3 y=Y,N; x=v (2.27b)
Then,

X.,Y,,N,=A (2.28a)

Xovs Yoouy Nyyy = B (2.28b)
respectively.

2.3.5.2 Dynamic tests
Derivatives can be determined from the math-models (2.20), (2.22), and (2.24)

with expressed in harmonics form, summarized in Table 2-3. Then, the derivatives> are
evaluated either by curve-fitting the harmonics data into those equations, named as the
‘Multiple-Run’ method; or by solving the harmonics equations for the derivatives, named
as the ‘Single-Run’ method. The harmonics data are determined experimentally by mea-

suring the X, Y, and N as time-histories from PMM tests as

X,Y,N=f(t) (2.29)

and using a Fourier-integral equation as:

5 Derivatives can be also determined by using a regression method, although not used herein. By
using the math-models (2.19) as the regression equations, the PMM test data can be curve-fitted
using such as a Least-square-error method to evaluate the derivatives.
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1 T
Xo, Y(), NO = ;f() f(t)dt (2303)
Xen You, New = [ f(£) cosnot dt (2.30b)
Xsu, Ysu, Ny = = f| f(£) sinnot dt (2.30¢)

where T = 21/ w.

‘Multiple-run’ (MR) method: Derivatives are determined by using data from a se-

ries of PMM tests. For this, PMM tests are repeated over a range of input motions para-
meters such as v,y , Tnax » OF 5, and then a set of harmonics data, evaluated from each

test as per (2.30), is fitted into polynomial functions as

X0, Yo, Ny
Xsn) Yo, Nop ¢ = y(x); X = Vmax » Umax » Tmax » Tmax » OT U (2.31)

Xens Yens Nen
Polynomial functions y(x) in (2.31) for each harmonic are summarized in Table 2-4
where the resulting hydrodynamic derivatives are expressed with the polynomial coeffi-
cients. From Table 2-4, the non-linear derivatives such as X,,,,, Youus Nyvws Xors Yerr»
Ny, Yprr, and Ny, can be determined either from the 0™- or 1*-order (low-order) har-
monics such as Xg, Yy, Ycq, Ys1, No, Ngq, and Ng; or from the 2™ or 3"-order (high-
order) harmonics such as X;, Y2, Y3, Y3, N¢a, Nc3, or Ng3, which are designated as the
‘MRy’ and the ‘MRy’ methods, respectively.

‘Single-run’ (SR) method: Hydrodynamic derivatives are determined by using da-

ta from a single realization (carriage-run) of dynamic PMM test (or from a mean-data by
repeating the tests at the same condition). First, FS harmonics of the data are evaluated
as per (2.30), and then the equations of harmonics amplitudes in Table 2-3 are solved for

hydrodynamic derivatives such that
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XO'XSn' or ch,
=f ( Yo, Y5, 0r Yer; ) (2.32)

No, Nsn, or NCTL

X va' er, Xv )
Yo, Youus Yoo Voo Yorr Y, Yo, Vi
Nwvawaﬂ Nr) rrr)Nr'f vrr»erv

respectively, where n =1, 2, or 3. The solutions are summarized in Table 2-5, where two
derivatives, Y, and N, can be determined either from the 0"-order (low-order) har-
monics Yy and N or from the 2" order (high-order) harmonics Y., and N,, which are

designated as the ‘SR’ and the ‘SRy’ methods, respectively.



Table 2-4. ‘Multiple-Run’ Method.
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Test Variable Polynomial equation y x Derivatives
Pure sway X y = A + Bx? Xo Umax X« =4; Xy, = 2B
y= sz XCZ Umax va =2C
Y,N y = Ax + Bx? YeNet  Vpar  YorNo = A Yoy, Nyyyy = 5 B
y=Cx Ys1,Ns1 Umax Y5 Ny =C
y= Dx3 YC3rNC3 Umax YVUV'NUVU =—4D
Pure yaw X y = A+ Bx? Xo Toax X« =A; X, = 2B
y= sz XCZ Tmax er =-2C
Y,N y= Ax + BX3 Y51, No1 Tmax Yr:Nr =A4; YrrriNrrr = %B
y==Cx Yei,Ner Tnax Yo Np =C
y= Dx? YS3'NS3 Tmax YrrriNrrr =4D
. 1
Yaw and drift X y = Ax Xc1 v Xpp =—A
2 2
Y,N y=Ax+Bx3 Yo, No v Yorr =z (A_Yv);er‘r :rz_(A_Nv)
1
y=C+ Dx? Y51, Nsq v Yoow, Ny = - D
2
y=Ex Ye2Nez v Yorrs Nppr = T E
Table 2-5. ‘Single-Run’ Method.
Pure sway Pure yaw Yaw and drift
X*ZXO_XCZ X*=X0+XC2
1 1
Yy =——1 —3¥;3) ¥, =— (V51 +3Ys3)
1 1
N, = _E(N“ —3Ng3z) N, = E(NSM + 3Ns3)
2 2 1
va - Uyznax XCZ er rrgmx XCZ er - Vrmax
Y, *y, Y = ——, Y, = ——(Yy — Y,v — Y, v3) or ———Y,
oY Uysnax Cc3 rrr T T%ax S3 vrr T W’}%ax 0 v Vv or Trgmx c2
4 4 2 2
Ny = B Nes Ny = SER Ng3 Nypr = W(NO - Nyv - vavv3) or T i, N¢
1 1 1 3
Yf; = Ve )¢ Yr = . YCl Yrm; = W (YSI - Yrrmax - Zyrrr Tn3w.x)
1 1 1 3
N1'; = Ve NSl Yr = . NCl Nrm; = W(NSI - Nrrmax - ZNrrrTn%ax)
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2.3.5.3 Speed variation test

Surge-derivatives such as X,,, X,,,,, and X,,,,,, in (2.18) are determined by repeat-
ing the static drift test at the f = 0 for a range of U (i.e. Uy). The static drift X at § =0,
the steady reference state value X,, corresponds to the resistance of the model at the
speed U as no propeller is working. If the model towing speed is changed, say U + Au,

the X, value will change as the model resistance increase (or decrease) such that
X.(U+Auw) =X, (U) +AX (2.33)
The changes in resistance AX in (2.33) can be written using a Taylor series expansion as

3
S+ (2.34)

102X

AX = f(u) == Mu+325 Ml +

where the differentiations of X are evaluated at Au = 0 or u = U, which are identical
with the definitions of surge hydrodynamic derivatives. When the test is repeated over a
range of U, the measured X values can be expressed as a polynomial function of Au =

u—"U as

f(w) = ay + a;Au + a,Au? + azAud + - (2.35)

and hydrodynamic derivatives X,,, X, , Xy, are determined as following:

X, =L=q (2.36a)
192
X =322 =a, (2.36b)
193
X = 355 = a3 (2.36¢)

Derivatives such as X,,,, Y,,, N,,, and X,.., ¥,., N,., and X, evaluated at U may also change

with Au and can be expressed as appropriate polynomial functions f(u) similarly as
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(2.35) by repeating the static drift tests, pure yaw test, and yaw and drift test, respective-
ly. Subsequently, the surge-coupled hydrodynamic derivatives such as X, » X;ru > Xoru»

Yous Youu > Now> Ny are determined as following:

vau 4 XT"r‘u ) eru af
Yoo Yoo (=L =g (2.37a)
Ny, Npy

Youus Yruu _10%f

Nyyy Nmu} 20w T ®2 (2.37b)



