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Chapter 8: Dimensional Analysis and Smilitude

8.1 TheNeed for Dimensional Analysis

Dimensional analysisisa process of formulating fluid
mechanics problems in terms of nondimensional variables
and parameters.

1. Reduction in Variables:
F = functional form

If F(Aq, Ay, ..., Ap) =0, A; = dimensional
variables
Thenf(P4, P2, ... Pr<n) =0 P; = nondimensional
parameters
Thereby reduces number of =P; (A)
experiments and/or smulations I.e., Pj consists of
required to determinef vs. F nondimensional

groupings of A;’s
2. Helpsin understanding physics
3. Useful in data analysis and modeling
4. Fundamental to concept of similarity and model testing

Enables scaling for different physical dimensions and
fluid properties
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8.2 Dimensons and Equations

Basicdimensions. F, L, andtor M, L, and t
Fand M related by F = Ma= MLT™?

8.3 Buckingham P Theorem

In a physical problem including n dimensional variablesin
which there are m dimensions, the variables can be
arranged intor = n — m independent nondimensional
parameters P, (where usually m =m).

F(A, Az ..., An) =0
f(Py, P2 ... P)=0

A;' s = dimensional variables required to formulate problem
(i=1,n)

P;’s = nondimensional parameters consisting of groupings
of A's(j=1,r)

F, f represents functional relationships between A’ sand
P.'s, respectively

m = rank of dimensional matrix
=m (i.e.,, number of dimensions) usually



57:020 Mechanics of Fluids and Transport Processes Chapter 8
Professor Fred Stern  Typed by Stephanie Schrader Fall 1999 3

8.4 Dimendona Anayss

Methods for determining Pi’'s
1. Functional Relationship Method

|dentify functional relationships F(A;) and f(P )by first
determining A;’s and then evaluating P;’s

a. Ingpection Intuition
b. Step-by-step Method text
c. Exponent Method class

2. Nondimensionalize governing differential equations and
initial and boundary conditions

Select appropriate quantities for nondimensionalizing the
GDE, IC,and BC eg.for M, L, andt

Put GDE, IC, and BC in nondimensional form

|dentify P;'s



57:020 Mechanics of Fluids and Transport Processes Chapter 8
Professor Fred Stern  Typed by Stephanie Schrader Fall 1999 4

Exponent Method for Determining Py’ s

1) determinethen essential quantities

2) select m of the A quantities, with different dimensions,
that contain among them the m dimensions, and use
them as repeating variabl es together with one of the
other A quantitiesto determineeach P.

For examplelet Ay, Ay, and Az contain M, L, and t (not
necessarily in each one, but collectively); then the P,
parameters are formed as follows:

Determine exponents
— AXAYIAZ
Pl _A11A21A31A4 such that Pi'sare

di jonl
P2 :A:)L(zA)Z/zAngS > I mensoniess

— AXem A Ynm A Znom 3 equationsand 3
Pom =ALTMATTATTA, ) unknownsfor each P;

In these equations the exponents are determined so that
each P isdimensionless. Thisisaccomplished by
substituting the dimensions for each of the A; in the
eguations and equating the sum of the exponents of M, L,
and t each to zero. This produces three equationsin three
unknowns (X, y, t) for each P parameter.
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In using the above method, the designation of m = m asthe
number of basic dimensions needed to expressthen
variables dimensionally is not always correct. The correct
value for m istherank of the dimensional matrix, i.e, the
next smaller square subgroup with a nonzero determinant.

Dimensional matrix = AL A,
M| &1 .oneen... An
L t
aj = exponen
t a31 ......... a3n OfM,L,Ortln
o ... 0) A,
(o 0

\n X N matrix

Rank of dimensional matrix equals size of next smaller
sub-group with nonzero determinant
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Example: Hydraulic jJump (see section 15.2)

!' 5 : sw - E.\= V\/@\ |
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| v, f—L —m ar—

FIGURE 15.17

Definition sketch for the
hydraulic jump.

Control surface

Hydrostatic
pressure at

section (2)

Hydrostatic
pressure at

section (D)

FIGURE 15.18

Control-volume analysis
for the hydraulic jump.
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Say we assume that

Vi=Vi(r,g, myuyY)
'\or V2 = V1y1/y2

Dimensional analysisis a procedure whereby the functional
relationship can be expressed in terms of r nondimensional
parametersin which r < n = number of variables. Such a
reduction is significant since in an experimental or
numerical investigation areduced number of experiments
or calculationsis extremey beneficial

V) CYRLe
' ///‘ 1) r, gfixed; vary m| Represents
A 2) r, mfixed; vary g \ many, many
L 3) mgfixed;, varyr | experiments
In general: F(A, Az, ..., A) =0 dimensiona form
f(Py, P2 ... P) =0 nondimensional

form with reduced
or P,=P,(Po ...,P;) #of variables

It can be shown that

V &/, 0
Fr = 1 - Fr _2:
A 9Y1 gyl @

neglect m (r drops out aswill be shown)
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thus only need one experiment to determine the functional
relationship

1
N / ~x- x?) o To
/ 2 1, | 61
> &l 01/2 11
+ - F = 2= x(1+x); é o
XSMLI“St 82 H

For this particular application we can determinethe
functional relationship through the use of a control volume

analysis. (neglecting mand bottom friction)

X-momentum equation: a4 F, =a V,rV:A

gy_l - gh =Vir (- Vay,) +Vor (V,y,) ote: €ach term

in equation must
have some units:

¢ 2)_ Gf\,2 2 v
= - =2V -V principle of
2()’1 Y2) g( 2Y2- Vi Y1) ety
_hom_ogen_eity,
continuity equation:  V1y1 = Vays };Cé%g"jﬁse
width N/m
V, = Viy1
Y2
_1é|_ 83_/22 u:Vlzgy]_%_ 12
2 E eYiop g éY, o
pressurgforces = inertial forces

due to gravity
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Y20 3
- y :y
now divide equation by 10
ay.

2 e
Vi :Ey?a?[+ yzg <«—— dimensionless equation

gy, 23@5 Y19

ratio of inertia forces/gravity forces = (Froude number)?

note: Fr = F(y2/yy) do not need to know both y,
and y,, only ratioto get F,

Also, showsin an experiment it is not necessary to vary
g Y1, Y2, V1, and V,, but only F and y,/y,

Next, can get an estimate of h. from the energy equation
(along free surface from 1® 2)

A V2
—= +Vy,=—%+Vy,+h
2 Y1 2 Yo th
h, = (y2- Y1)3

4y1Y,

1 f(m) dueto assumptions made in deriving 1-D steady
flow energy equations
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Exponent method to determine P’ s for Hydraulic jump

FO,Viysyar,m =0 n==6
useV, vy, as A
repeating variables T LT Assume m =mto

3 b 3 avoid evaluating
m= r=nNn—-m= kof 6x6
P1:VX1y1y1r21m rank of 6 x

dimensional matrix
— (LT-l)Xl (L)yl (M L-3)Zl M L-lT-l

L X1+y1-321- 1=0 y1:321+1-X1:-1

T -X1 -1=0 X1 =-1

M z +1=0 z;=-1

p,= " oo P;'= iV Reynolds number = Re

ry,v m

P2 — Vx2 yly2 r22 g
— (LT-l)X2 (L)yz (M L-3)22 LT-2
L X2+y2-322+1:O y2:-1-X2:1

T -Xo -2=0 Xo = -2
M 22:O
P,=V2yg=P1 pr2_ V__ - Froude number = Fr

W A 9Y1

Pa= (LTH (L)° MLy,
L X3+y3+323+1:O y3:-1

T -X3:O
M -3z3=0
p,=7)2 p:t=Y1 = depth ratio

Y1 Yo
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Chapter 8

f(P1, P2, P3) =0
of, P,= PyPy P5)
i.e, F=F(Re, yJy)

If we neglect mthen Re drops out

Vi

v 9Y1

F =

—§820
fgylé

Note that dimensional analysis does not provide the actual
functional relationship. Recall that previously we used

control volume analysisto derive

V12 :}yzai_kyzg
ay: 2y Y19

the actual relationship between F vs. y,/y;

F=FRe, F, yi/y,)
or F =F(Re, yi/y,)

dimensona matrix;

g Vi y1 Y2 r m

M O O O 0 1 1
L 1 1 1 1 3 -1
t -2 -1 0 0 0 -1
O O O O O 0

O O O O O 0

O O O O O 0

Size of next smaller
subgroup with nonzero
determinant = 3 = rank
of matrix
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Common Dimensionless Parameters for Fluid Flow Problems
Most common physical quantities of importancein fluid
flow problems are: (without heat transfer)

1 2 3 4 5 6 7 8
V ] r ] g, m S ] K, Dp, L
velocity density gravity viscosity surface compressibility pressure length
tension change

n=38 m=3 P 5dimensonlessparameters

rVL _inettiaforces  rvZ2/L

m  viscousforces  nv /L2

Rait distinguishes among flow regions: laminar or turbulent
value varies depending upon flow situation

1) Reynolds number =

V _inertia forces rv2/L

VoL - gravity force g
important parameter in free-surface flows

2) Froude number =

rvV?L _ inertiaforce  rvZ2/L

s  surfacetension force s/L2
important parameter at gas-liquid or liquid-liquid interfaces
and when these surfaces are in contact with a boundary

3) Weber number =

4) Mach number = V. _V_ |nert|_a _fc_)rce
compressibility force

Kir a_
speed of sound in liquid
Paramount importance in high speed flow (V > ¢)

Dp _ pressureforce Dp/L

5) Pressure Coefficient = =
rv? inettiaforce  rv?/L

(Euler Number)
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Nondimens onalization of the Basic Equation

It isvery useful and instructive to nondimensionalize the
basi ¢ equations and boundary conditions. Consider the
situation for r and mconstant and for flow with afree
surface

Continuity: N>V =0

Momentum:  r 2 = N(p+gz)+ N2V

(o

\rg = gpecific weight
Boundary Conditions:
1) fixed solid surface: V =0
2) inletoroutlet: V=V, p=po
3) freesurface: w = 11TT_T P=p,- g(R;(1 + R;,l)
(z=h) surface tension

All variables are now nondimensionalized in terms of r and
U = reference velocity

L = reference length

*

y:¥ I =—
U

[><

I
| Ix
—
C

N
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All equations can be put in nondimensional form by
making the substitution
V=V'U
1_11_uT
qm 9 f L9t

NI B

™x Ty 9z

_ T, T ﬂy*] 1 72

S ﬂx ﬂy* Vv o 17 ﬂz

e

L

E ( ):Bﬂu* etc.

X L qx
Result: N" %/ =0

DV =-N*p* m NG V
Dt rvL
H_J
1) V =0 ¥~ Re'
« V P

2) V ==—° = O
) Y U SVE:
3 w = ﬂh _ P .9 (RX'1+R;'1
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8.6 Smilarity and Modd Testing

Flow conditions for a model test are completely similar if

al relevant dimensionless parameters have the same

corresponding values for model and prototype
I:)imodeI:Piprototype izl,r:n'm(m)

Enables extrapolation from model to full scale

However, complete similarity usually not possible

Therefore, often it is necessary to use Re, or Fr, or Ma

scaling, i.e., select most important P and accommodate
others as best possible
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Types of Similarity:

1)

2)

3)

Geometric Similarity (smilar length scales):

A model and prototype are geometrically similar if and
only if all body dimensionsin all three coordinates have
the same linear-scaleratios

a=LnlL, (a<l)
\ 1/10 or 1/50

Kinematic Smilarity (smilar length and time scales):
The motions of two systems are kinematically similar if
homol ogous (same relative position) particleslie at
homol ogous points at homol ogous times

Dynamic Similarity (smilar length, time and force (or
mass) scales):

In addition to the requirements for kinematic smilarity
the model and prototype forces must be in a constant
ratio
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Model Testing in Water (with afree surface)

F = F(Fr, Re)

Vv Vv
Fr., =Fr, or m_= P
Tt ob, ok,

V,, =~JaV, Froudescaling
Vpr
Re,=Re, or —/—1 =
n, ,

N, _Voly _ 23

= =a
np Vpr

Impossible to achieve

Alternatively one could maintain Re ssimilarity and obtain

Vm=Vya High speed testing is
difficult and expensive.
Vi _ Vo On_1.1_,
Ombm  Gplyp g, a° a
\ impossible
to achieve
Om _Vri Ly 9p !
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Modd Testing in Air

F = F(Re, Ma)
— Volp

again not possible

Therefore, in wind tunnel testing Re scaling is also violated
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8.7 Modd Studiesw/o free surface
1

88 c,= D|a/2rv2

8.9 HighRe

8.10 Model Studieswith free surface

text

In hydraulics mode studies, Fr scaling used, but lack of We
similarity can cause problems. Therefore, often models are
distorted, i.e. vertical scaleisincreased by 10 or more

compared to horizontal scale
Ship mode testing:
Cr=(Re F) =Cu(F) + C/(Re)

Cwm:CTm' Cv

V, determined Based on flat plate of
for F, scalin
d Cre= Cyrn + C same surface area



