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Chapter 6 Momentum Analysis of Flow System

6.1 Momentum Equation

RTT with B= MV and f = V
S[Fs +Fal= 3 | pVaV 4+ [VpVy -dA
dt cv CS

V = velocity referenced to an inertial frame (non-accelerating)

Vr = velocity referenced to control volume

Fs = surface forces + reaction forces (due to pressure and
viscous normal and shear stresses)

Fg = body force (due to gravity)

6.2 Applications of the Momentum Equation

Initial Setup and Signs

Jet deflected by a plate or a vane

Flow through a nozzle

Forces on bends

Problems involving non-uniform velocity distribution
Motion of a rocket

Force on rectangular sluice gate

Water hammer

NoOkowdE

6.3 Moment of Momentum Equation
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6.1 Derivation of the Basic Equation General form for
dB moving but
Recall RTT: — %= ijdV+ ijvR -dA | non-accelerating
dt  dt tcv reference frame
Vr=Vvelocity relative to CS=V - Vs=absolute — velocity CS
'\ Subscript not shown in text but implied!
i.e., referenced to CV small v in text and
Let, B_: MV = linear momentum must be referenced
p=V to inertial reference
frame
d(MV)

=ZE=% [VpdV + [VpVg -dA
V

dt CS
\ - - - -
Newton's 2 law ¥~ Must be relative to a non-accelerating inertial
reference frame

where  XF = vector sum of all forces acting on the
control volume including both surface and
body forces
=2XFs+ XFg

>Fs = sum of all external surface forces acting at
the CS, 1.e., pressure forces, forces
transmitted through solids, shear forces,etc.

--——.. ;
Biks N >Fg = sum of all external
J‘__"P a ; V'L 1

ev body forces, i.e.,
= gravity force

|

it

2Fy = p1A1 — P2A2 + Ry
SF, = -W + R,

44 4_& fu

R = resultant force on fluid
in CV due to p, and 1,

free body diagram I.e., reaction force on fluid
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Important Features (to be remembered)
1) Vector equation to get component in any direction must
use dot product

X equation

d
2k =acfvadV+CfSpU¥R A Carefully define

coordinate system with
forces positive in

Y equatlccj)n positive direction of
> |:y _ jpvdV + ijyR .dA coordinate axes

dt cv cs
Z equation

> F, :E [pwdV + [pwVg -dA
dtcv Cs

2) Carefully define control volume and be sure to include
all external body and surface faces acting on it.
- For example,

~ | S (Rx,Ry) = reaction
*‘fff\x -—’b\ w h ' Fox A pube force on fluid

i (RxRy) = reaction
Rk —D E\zﬁ.‘"“fim | force on nozzle
; Jr’
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3) Velocity V must be referenced to a non-accelerating
Text inertial reference frame. Sometimes it is advantageous
uses to use a moving (at constant velocity) reference frame.
smallv ~ Note Vg =V — V; is always relative to CS.

i.e., in these cases
4) Steady vs. Unsteady Flow V used for B also

referenced to CV
(i,e., V=Vg)

Steady flow = d [pVdV =0
dt cv

5) Uniform vs. Nonuniform Flow

[VpVy -dA = change in flow of momentum across CS
CS

=2VpVr-A uniform flow across A

6) Fpres = —/pndA [VidV = [fnds
Vv S

f = constant, Vf=0
=0 for p = constant and for a closed surface

I.e., always use gage pressure

7) Pressure condition at a jet exit

P .
amm— at an exit into the atmosphere
\?E jet pressure must be p,
1~
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6.2 Application of the Momentum Equation
1. Jet deflected by a plate or vane

Consider a jet of water turned through a horizontal angle

£ w CV and CS are
for jet so that Fy
and Fy are vane
reactions forces

on fluid
_ & ]
x-equation: Y F, =F, :ajpud\%qL [puV-dA
CS
F,=>puV-A steady flow
CS

= pV (=V1A) +pV, (VLA,)

continuity equation: pA V1 =pA,V, =pQ for Ai = A,
Vl - V2
Fx = pQ(sz — le)

y-equation: > F =F =>pvV-A
CS

Fy = pViy(—= AiV1) + pVo (- AV2)
=P Q(VZy - Vly)

for above geometry only
where: Vi, =V;  Vy =-V,c080 Vyy =-V,sin0 Vy, =0
note: F« and Fy are force on fluid
- Fx and -F, are force on vane due to fluid
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If the vane is moving with velocity V,, then it is convenient
to choose CV moving with the vane

l.e., VR=V -V, andV used for B also moving with vane

x-equation:  F = [puVg -dA
CS

Fy = ple['(v — Vv)lAl] + pVZX['(V — VV)ZAZ]
Continuity: 0= [pVg -dA

e, p(V-Vy)iA1 = p(V-V,)A; = p(V-V,)A

Qrel
Fx = p(V-V\)A[V2 — Vix]
T Qrel
on fluid Vox=(V=Vi)ox | For coordinate system
Vix=(V-=Vy)ix| moving with vane

Power = -F,V, l.e., =0forV,=0

I:y = pQreI(VZy— Vly)
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2. Flow through a nozzle

Consider a nozzle at the end of a pipe (or hose). What
force Is required to hold the nozzle in place?

CV =nozzle
and fluid

~. Ry Ry) =
force required
to hold nozzle
in place

Assume either the pipe velocity or pressure is known.

Then, the unknown (velocity or pressure) and the exit

velocity V, can be obtained from combined use of the

continuity and Bernoulli equations.

: 1 ., 1 ..
Bernoulli: p1+yzl+5pv1 =p, +7Z, +§pv2 21=2,

1 1
P1 +EPV12 = EpVZZ

Continuity:  A;V;=AV,=0Q
2
V. = ﬁvl = (Ej V,

1 ., (DY
“ov2|1-[ 2| |=0
p1+2p 1( (dj }
~ ~1/2
Say p; known: V, = ~ 2P, ;
o{2-Cof )
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To obtain the reaction force R, apply momentum equation
In x-direction
d
2R =— [upd¥+ [puV-dA
dt cv CS

=Y puV-A steady flow and uniform
Cs flow over CS

Ry + p1A1 — P2A; = pVi(-V1iA)) + pVL(VLA)
= pQ(V2-Vy)
Rx =pQ(V2- Vi) - piAs

To obtain the reaction force R, apply momentum equation
in y-direction

>F =2pvV-A=0 since no flow in y-direction
CS

Ry—W;—Wy=0 ie,R,=W;+Wy

Numerical Example: Oil with S = .85 flows in pipe under
pressure of 100 psi. Pipe diameter is 3” and nozzle tip

diameter i1s 1”
p= S =1.65
g
V1, =14.59 ft/s >
V, = 131.3 fi/s D/d =3

2
Q = E(i) V2
R« = 141.48 — 706.86 = —569 Ibf 4\12
R, =10 Ibf =716 ft®/s

This is force on nozzle
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3. Forces on Bends

Consider the flow through a bend in a pipe. The flow is
considered steady and uniform across the inlet and outlet
sections. Of primary concern is the force required to hold
the bend in place, i.e., the reaction forces Ryand Ry which
can be determined by application of the momentum

equation. ¥ ™
" f
M 3 \"—’D % W= AN m@
: . A - A, en® 2y =R WV
L

. Vx.\\ ‘
D Rl Bt
s s Rx, Ry = reaction force on

R bend i.e., force
Fs 2ty required to hold
—/A bend in place

Continuity:  0=>pV-A=—pV,A, +pV,A,
l.e., Q = constant = VA, =V, A,

X-momentum: > F => puV-A
P1A; —P,A,C0s0+R, =pV, (_ V1A1)+ PVoy (VzAz)
- pQ(VZX _le)

y-momentum: > F, =>pvV-A
p2A2 SN0 + Ry —Wi —Wy = ley(_V1A1)+ pVZy(VZAZ)
= pQ(sz _Vly)
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4. Problems involving Nonuniform Velocity Distribution
See text pp. 192 - 194

5. Motion of a Rocket
See text pp. 194 — 198

6. Force on a rectangular sluice gate

3 — <N ES;I)\ “ o (/ Gl tah3m A
m el b AL

—p Fow = LS edan ‘jL“ e

BN\

\s = w(w% OO

@ C»S- T= %‘ta.‘rk e @
Farive = (Tan

fo T

N . . P \otte
o ok @ AE e

‘*"“aﬁmww»jw\ A QD A © LA.\\.?S AT
1 L& \)‘g (‘W‘SM '@ % LZ Q\/\L Ao = _,qutw\ L N ok S
“::} ~v§’* B Savive

POT gy

The force on the fluid due to the gate is calculated from the
X-momentum equation;

ZFX :ZPUMA
F +Fow —FRise —F =pVy (_ V1A1)+ pV, (VzAz)

usually can be neglected
Fow =F —R +pQ(V, =V, )+ 5»@:

= vy—;-yzb—v%-ylvapQ(Vz -V;)
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1 2 2
Fow = —bY(yZ —Y1 )+ pQ(V, —V;) V. = Q
2 “ _ 1 -
2/ 4 Y10
pQ ( 1 1 j
b \y, ¥ V, = Q
y,b

7. Water Hammer
See text pp. 198 — 204

6.3 Moment of Momentum Equation

See text pp. 248 — 259
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6.4 Application of the Energy, Momentum, and Continuity
Equations in Combination

In general, when solving fluid mechanics problems, one
should use all available equations in order to derive as
much information as possible about the flow. For example,
consistent with the approximation of the energy equation
we can also apply the momentum and continuity equations

Energy:
2 2
&+0L1V—1+Zl+hp :p—2+oc2V—2+z2 +h,+h,
Y 29 Y 29
Momentum: \
2F = PV22A2 - PV12A1 =pQ(V,-V;) | oneinletand
»one outlet
Continuity: p = constant
AV = AV, =Q = constant




57:020 Mechanics of Fluids and Transport Processes Chapter 6
Professor Fred Stern  Typed by Stephanie Schrader Fall 2005 13

Abrupt Expansion

Consider the flow from a small pipe to a larger pipe.
Would like to know h_ = h (V1,V,). Analytic solution to
exact problem is
extremely difficult
due to the
occurrence of flow
separations and
turbulence.
However, if the
assumption is
made that the
pressure in the
separation region remains approximately constant and at
the value at the point of separation, i.e, p;, an approximate
solution for hy is possible:

Apply Energy Eq from 1-2 (o; = o, = 1)

2 2
&+zl+v—1=&+zz+v—2+hL
Y 29y 29

Momentum eq. For CV shown (shear stress neglected)

>F=pA;, —pA, -Wsino=>puV-A

H_J
/ =pVi (“V4A) +pV, (VoA ,)
ALSE =pViA, —pVEA,
—
W sin o

next divide momentum equation by yA,
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2 2 2
Y v g9 9 A, gA\A
from energy equation using continuity
ViV oh Vi Vi A,
¢ 1 L= —
29 2¢ g g A,

2 2
- VLV (1_ 2A1j
20 29 A,

( = -
h, = L{VZZ n V12 _ 2\/12 %} continutity eq.

29 , Vl'AAl = V\iAz
—— ALV,
2ViV, | A2 M
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Forces on Transitions
Example 7-6
30-cm diameter Q = 707 m3/S
20-cm diameter 2
V
head loss = .1—2
29

L

/Fx
__________ |-
\____A_____I |
‘ [t
+—___
J—pzAz _— X
<I|—
/S A _Iﬁ——-b
__________ / / 11
i =
J

Control surface

First apply momentum theorem

ZFX ZZPUMA

(empirical equation)

Fluid = water
p: = 250 kPa
D;=30cm
D, =20 cm
F,="?

Fx + P1AL — P2A2 = pVi(-V1A)) + pVa(VLAY)

Fx = pQ(V2— V1) — piAL + p2A;

\ force required to hold transition in place
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The only unknown in this equation is p,, which can be
obtained from the energy equation.

2 2
&+\2/1 :|02+\2/2+hL note: z, =z, and o = 1
Y g v g

P, =P; — V—ZZ——12+ h drop in pressure
2 1 Y 29 29 L
V2 VZ
=F, =pQ(V, —V1)+A2{p1 —V(£—£+ hl_ﬂ— P1A
B; (note: if p, = 0 same as nozzle)
In this equation, continuity AN = AV,
A
V= Q/A1 =10 m/s \Y% =A—1V1
— — 2
V, = Q/C? =22.5m/s e V>V,
29
Fy =—-8.15 kN IS negative x direction to hold

transition in place



