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Chapter 8 Viscous Flow in Pipes

1. Entrance Region and Fully Developed Flow
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Critical Reynolds number: Re,.;; ~ 2000

Entrance length Le:

%e = 0.06Re for laminar flow (Re < Re.¢)
%e = 4.4(Re)V/6 for turbulent flow (Re > Re_ ;)

2. Shear Stress and Head loss for a Pipe Flow

{z (vertical)

FIGURE 10.1

Variation of shear stress

in a pipe.
Continuity: Vi =V, where V = average velocity across pipe section
Momentum: 1 = g[—% (p+ yz)] = T, = g[ ] where R = radius of pipe
Energy: &+a1-vi+21=p—2+a?z+zz+hL

14 2g Y 29
= h, = )l/[(pl +vyz) — (py +vzy)] = ]E/[ ] where L = ds = length of pipe

Combining Energy with Momentum, h; = 5( )
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Friction factor (definition):

Darcy-Weisbach equation:

LV?

fﬁz

3. Laminar Flow
Exact solution to Navier-Stokes equations for a laminar flow in circular pipe:

u(r) =R [——(p+yz) [1— = ] where =—[——(p+yz)]
R nR* d nR?
Flow rate: Q= fo u(r)2nrdr = ™ [—E(p + yz)] = TVC
- _Q_RJ_4a _ Y
Average velocity: V= = 8#[ " (p+ yz)] =
) - =, % _a SuV| _ 4wV
Wall shear stress: Tw=Hg, e [ (p + yz)] [ B
1 H . — 8‘[_W —_— i ﬂ = 64’-“ = ﬁ = ﬁ i
Friction factor: f= v pVZ( R ) VD Rep = i o exact solution
. __ L[Ap—-yAz] _ £V_2 _ (64p\ LV?
Since h, _;[ L ] _fDZg - (pVD)DZg
Horizontal pipe (Az = 0) Non-horizontal pipe (Az = Lsin )
_ ApD? o (Ap — yL sin ) D?
~ 32ul - 32uL
_ mwD*Ap _ n(Ap —yLsin@)D*
~ 128ul 0= 128uL
_DAp _ D (Ap —yLsin®)
W Ty L
87y, 2 D 8ty 2
ey =Y = Ap —yLsin @
f vz pyzLoP f V2 szL( p —yLsin®)
LV? 4Lt LV? 4LT
h,=f=—= . h, = -

D2g yD D Zg yD
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4. Turbulent Flow

4.1 Description of Turbulent Flow
(1) Randomness and fluctuations: Turbulence is irregular, chaotic, and unpredictable. However,

structurally stationary flow, such as steady flows, can be analyzed using Reynolds decomposition.
u=u+u

_ 1 tg+T .
where, U = ;f °"" udT = mean motion

to
u' = superimposed random fluctuation, u’ = 0

—2 1ft0+T

== u'2dT = Reynolds stresses
T Jto

(2) Nonlinearity: Reynolds stresses and 3D vortex stretching are direct results of nonlinear nature of
turbulence.

(3) Diffusion: Large scale mixing of fluid particles greatly enhances diffusion of momentum (and heat).

(4) Vorticity/eddies/energy cascade: Turbulence is characterized by flow visualization as eddies, which

vary in size from the largest (width of flow) to the smallest. Largest eddies contain most of energy,
which break up into successively smaller eddies with energy transfer to yet smaller until Kolmogorov
scale is reached and energy is dissipated by molecular viscosity (i.e. viscous diffusion).

(5) Dissipation: € = rate of dissipation = energy/time. Dissipation occurs at smallest scales.

4.2 Reynolds-Averaged Navier-Stokes (RANS) equations:
Reynolds decomposition: V=V + V', p=p+p,p=p+p’

Continuity: V-V=0 ie.V-V=0andV-V' =0

Momentum: p% + paixj(u{uj’) = —pgk — Vp + uv?v

DV A _
or pD—;=—pgk—Vp+V-rij

oui | O

+

where, 7;; = p [au,- P

I, !
— pUU,
N———

Ty

1) equations are for the mean flow

2) differ from laminar equations by Reynolds stress terms = Tu]’

3) influence of turbulence is to transport momentum from one position to another in a similar manner
as viscosity

4) since Tu]’ are unknown, the problem is indeterminate: the central problem of turbulent flow

analysis is closure. 4 equations and 4+6=10 unknowns
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4.3 Turbulence Modeling

(a) eddy-viscosity theories:
In analogy with the laminar viscous stress, i.e., T, < mean-flow rate of strain

—pu'v' =yt Z—Z , Where u; = eddy viscosity
Mixing-length theory: based on kinetic theory of gasses

—pu'v' = pt? |Z—Z g—z , where £ = £(y)

One and two equation models:

Cpk - s
U = % , Where C = constant, k = turbulent kinetic energy, € = turbulence dissipation rate

(b) mean-flow velocity profile correlations

y y Ux) I
'

Outer
turbulent
layer

Overlap layer
2 Viscous

— wall layer

—

1. laminar sub-layer (viscous shear dominates)
Very near thewall: 0 < y* <5

=y law-of-the-wall
where, ut = u/u*, y* = yu*/v, and u* = friction velocity = \/7,, /p

2. Outer layer (turbulent shear dominates)

% =f (%) velocity defect law

3. overlap layer (viscous and turbulent shear important)
20 <yt < 10°

ut = %ln yt+B log-law

where, k = 0.41and B = 5.5
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4.4 Smooth Pipes
Assuming log-law is valid across entire pipe, the velocity profile is

u(r 1. (R- *
u K v

Average velocity:

*

Ru
—=244ln—+ 1.34
u v

By using following relations,
v v\ 8\
(%) =)

1
Ru* 7VDuy* 1, (f)
v v V2P

1/2

8

the relation between the friction factor and Reynolds number is (Prandtl, 1935),

1
17 = 1.991log(Repf /%) — 1.02

With slightly adjusted constants to fit friction data better:

1
778 = 2.0log(Repf1/2) — 0.8

Alternative approximation: Power law (H. Blasius, 1911)

f =0316Rey™* 4000 < Re,, < 10°

Then, the head loss is

1/4 L V2

— LV _H
hy _fDZg =~ 0.316 (pVD) D 2g

< V1.75

4.5 Rough Pipes

*

. . €Eu
Non-dimensional roughness et = "

1) et <5 hydraulically smooth (no effect of roughness)
2) 5<et <70 transitional roughness (Re dependence)
3) et>70 fully rough (independent Re)
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For fully rough flow, et > 70, the log law is modified as
1
+= 2102+ 85
K €
Then the average velocity becomes

% D
— =2.44In—+3.2
u €

or
1 €/D
fT/Z =-2 lOg 37

Colebrook (1939) combined the smooth wall and fully rough relations,

1 (/D251
Fiz = —20log\ 5ot i

= Moody Diagram
4.6 Three Canonical Types of Problems

1. Determine the Head Loss
2

P1 | %)
——=;u{—+z)(—+z)
€
f=f(Rep. )
2. Determine the Flow Rate
1/2
[UDf]

known from
problem statement

Guess f >V — Re — f, repeat until converged

3. Determine the Pipe Diameter

211/5
p- |2k F/s
nlghs
known from
problem statement

Guess f - D — Re, €/D, — f, repeat until converged
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4.7 Minor Losses

Entrance and exit effects

Expansions and contractions

Bends, elbows, tees, and other fittings

PN PE

Valves (open or partially closed)

Energy equation:

P1 1 (/) 1
7+z1 +Ea1V12 + h, =7+z2 +Ea2V22 + he + hy + Yhpy
Head loss due to minor loss, h,,:
VZ
hm =K, E
Loss coefficient, K :
h
K, = Z—m
V2/2g9)

1) Flow in a bend: swirling flow and/or flow separation represent energy losses which must be
added to head loss h;,

2) Valves: enormous losses

3) Entrances: depends on rounding of entrance

4) Exit (to a large reservoir): K; = 1

5) Contraction and Expansions
- Sudden

IRTAY
Expansion: h; = % = Kgp = (1 -

d2)2 _ hm
D2 VZ/2g

2
Contraction: Kg. = 0.42 (1 - %) from experiment

- Gradual
Expansion (Diffuser): K, = Cp,,... — Cp
where, C, = 2221 and C =1—(4,/4,)?

1/2pV12 Dideal
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Chapter 9 Flow over Immersed Bodies

1. Fluid flow categories:
1. Internal flow: bounded by walls or fluid interfaces
Ex) duct/pipe, turbo machinery, open channel/river

2. External flow: unbounded or partially bounded. Viscous and inviscid flow regions
Ex) Flow around vehicles and structures
a. Boundary layer flow: high Reynolds number flow around streamlined bodies without flow
separation
b. Bluff body flow: flow around bluff bodies with flow separation

3. Free shear flow: absence of walls
Ex) jets, wakes, mixing layers

2. Basic Considerations

Drag:
Cp = m f(p P - IdA + _LTWt idA
CDp.form drag Cy: skin— fIlCthl’lJ
Lift:
C, = m{f (® — Do) ]dA}
t/c K1 Cr » Cp, streamlined body
t/c~1 CDp > Cf bluff body

Streamlining: One way to reduce the drag. Reducing vibration and noise.

3. Boundary Layer

Flow-field regions for high Re flow about slender bodies

C Rtk b IW“J\—JM,;@,%W
2adenn. e Nal \ur

[ r} NEoY J\»w&}\))ws Wi Gt %

Ve U

~ A floo e et
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- Boundary layer (BL) theory assumes that viscous effects are confined to a thin layer.
- There is a dominant flow direction (x) such thatu ~ U and v < u.

- Gradients across § are very large in order to satisfy the no slip condition; thus, % > :—x.
du N v 0
ox oy
d
»_,
dy
du 4 du dp + 10t
U—+v—=——+——
dx dy dx pady
( ou laminar f
— aminar flo
B u 3y i w
T o rbulentn
——pu'v rbulent flo
May p urbu w
1) Z—z = (, i.e. p = p, = constant across the boundary layer, where p, = edge value (inviscid flow)
. Lo l 2 _ . % — U,
Bernoulli equation: p, + > pU; = constant, i.e., o U, Ix

2) Continuity equation is unaffected
3) Elliptic NS equations — Parabolic BL equations which can be solved using marching techniques
4) Boundary conditions

u=v=0aty=0

u=U, aty=9§

3.1 Momentum Integral Method

10, 0dU
pUZ_ZCf_dx U dx

for flat flates
8 . ,
o "= fo (1 - %) dy  displacement thickness

e 0= ff%(l - %) dy  momentum thickness

6*
e H= n shape parameter

For flat plates:
o D= [r,dx=pU% [} 2(1-2)dy = pU?6

=2 —ﬁ—lfxcdx
© f_1/2pU2x_x_x0 f
—_ _Tw _i — %
o ¢ = 2pU? = ¢ = dx(xCD) = de
de
o T, =pU%?=

dx
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3.2 The Flat Plate Boundary Layer

3.2.1 Laminar Flow: Blasius solution (1908)
Introducing a dimensionless transverse coordinate and a stream function,

V= JvxUsf(n)

Blasius equation:

ff” + zflll — O
withB.C's, f =f'=0atn=0and f'=1latn=1
S5x
5=
JRey
x
6" =1.7208
JRey
X
0 = 0.664
JRey

*

H—6 = 2.5916
=5 =2

Uy K3
7, = 033203/ /% - 0.332“T Re, U

T, 0.664 0
C = = = -
77 1/2pU%  [Re, x

1.328

Re;

1 L
Cf = z] Cfdx = 2Cf(L) =
0

UoX
where Re, = %

3.2.2 Transition to Turbulent Flow
* Reyy =5x%x10°
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3.2.3 Turbulent Flow
From the momentum integral theorem for flat plates,

ao
dx

r=2—
By using a power-low approximation (Prandtl),
- -1/6
¢r =~ 0.02Reg

1/7
.=

8 1/7 1/7 7
o= [[Q) |-G -5

Then, the momentum equation becomes,

d (7
0.02Re; /¢ = 2a<ﬁ6)

or

ds
Re Y% =972 —
€s dx

Separate the variables and integrate, assuming § = 0 at x = 0:

0.16x
6:?;/7
5*—15
-8
9—76
S 72
H 6*—13
=5 =1L
0.027
Cr=—7
J Re,%/7
0.031
Cf_R1/7 Cf()

1.0

0.8

0.2

1 /
i .“')7 /
U:[E A
Turbulent /
7/
_ 7
Lamlnar\ /
//

1.0
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4. Drag
4.1 Flat plates

1) Parallel to the flow

Cp, = m[(? Peo)n - 1dA =0

133 g
—_— aminar riow
c 1 f ian=] R
f =172 5724 ). FwE 144 =19 0.074
1/2pV2A Jg —7 turbulent flow
Re
L

2) Normal to the flow

1
Cp, = 1/2'01/,2Af(p Po)n - 1dA = ZLdeA =2

Cf=0

4.2 Bluff Body
Drag

Ch=—2>
b™1/2pv24

Yy .

Circle
-

No separation Steady separation bubble 1.0 :
| O
=y

“ Ellipse
AT — 0) —oe
S L/C) Cn @? D
T 0.1
Airfoil

Oscillating Karman vortex street wake

C
Q Flat plate 0.18 D
//‘\_ nj
oo 0.01 . E :
o . 7
Cp=r—m—= —
S~ Lpt?on
) 2 |- D
Laminar boundary layer, Turbulent boundary layer b = length
wide turbulent wake narrow turbulent wake
a 5 6 7
) " 10 10 10 10
Re = {‘—”

()

Flow separation: The fluid stream detaches itself from the surface of the body at sufficiently high
velocities. Only appeared in viscous flow.

e Inside the separation region:
o low pressure, existence of recirculating/backflows

o viscous and rotational effects are the most significant

e Important physics related to flow separation:

o ‘Stall’ for airplane, vortex shedding
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Terminal velocity is the maximum velocity attained by a falling body when the drag reaches a

magnitude such that the sum of all external forces on the body is zero.

or

1

EPVO CDAp = (ysphere - yfluid)"lsphere
For a sphere, A, = Zd2andv =2g3

4 6
The terminal velocity is:
1/2
Vo = (ysphere - Vfluid)(4/3)d
) =

CpPriuia

Effect of Compressibility on Drag:

e Ma ~ 1: Cp increases due to shock waves and wave drag

e Ma = 1: upstream flow is not warned of approaching disturbance which results in the
formation of shock waves across which flow properties and streamlines change discountinously

o  Macriticai(sphere) ~ 0.6, Ma riticai(slender bodies) ~ 1

5. Lift
Lift
C,=———
1/2 pV2A

Lift force: the component of the net force (viscous+pressure) that is perpendicular to the flow direction

The minimum flight velocity: Total weight W of the aircraft be equal to the lift

2w

1
W=F, = ECL,maxergzinA = Vinin = ,DCL—A
max

Magnus effect: Lift generation by spinning. Breaking the symmetry causes the lift.

Lift
Ve Stagnation Stagnation High velocity,
/ points \

points low pressure

~—Low velocity,
high pressure

(a) Potential flow over a stationary cylinder (b) Potential flow over a rotating cylinder
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