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Friction factor (definition):  

݂ ൌ 4߬௪12  ଶܸߩ

Darcy-Weisbach equation: 

݄ ൌ ݂ ܦܮ ܸଶ2݃ 

where ݄ ൌ ݄ ൌ loss due to pipe friction   ֜   Need to know ݂ 

3. Laminar Flow 
Exact solution to Navier-Stokes equations for a laminar flow in circular pipe: 

ሻݎሺݑ    ൌ ோమିమସఓ ቂെ ௗௗ௦ ሺ  ሻቃݖߛ ൌ ܸ 1 െ ቀோቁଶ൨      where ܸ ൌ ோమସఓ ቂെ ௗௗ௦ ሺ    ሻቃݖߛ

Flow rate:  ܳ ൌ  ோݎ݀ݎߨሻ2ݎሺݑ ൌ గோర଼ఓ ቂെ ௗௗ௦ ሺ  ሻቃݖߛ ൌ గோమଶ ܸ  

Average velocity: ܸ ൌ ொ ൌ ோమ଼ఓ ቂെ ௗௗ௦ ሺ  ሻቃݖߛ ൌ ଶ  

Wall shear stress: ߬௪ ൌ ߤ ௗ௨ௗ௬ቚ௬ୀ ൌ െߤ ௗ௨ௗቚୀோ ൌ ோଶ ቂെ ௗௗ௦ ሺ  ሻቃݖߛ ൌ ோଶ ቂ଼ఓோమ ቃ ൌ ସఓோ  

Friction factor:  ݂ ൌ ଼ఛೢఘమ ൌ ଼ఘమ ቀସఓோ ቁ ൌ ସఓఘ ൌ ସோವ   ֜    ݂ ൌ ସோವ   exact solution 

Since  ݄ ൌ ఊ ቂିఊ௭ ቃ ൌ ݂  మଶ ൌ ቀସఓఘቁ  మଶ ; 

Horizontal pipe ሺΔݖ ൌ 0ሻ Non-horizontal pipe ሺΔݖ ൌ ܮ sin ܸ ሻߠ ൌ Δܦଶ32ܮߤ  ܸ ൌ ሺΔ െ ܮߛ sin ܮߤଶ32ܦሻߠ  

ܳ ൌ ܮߤ128ସΔܦߨ  ܳ ൌ ሺΔߨ െ ܮߛ sin ܮߤସ128ܦሻߠ  

߬௪ ൌ 4ܦ Δܮ  ߬௪ ൌ 4ܦ ሺΔ െ ܮߛ sin ܮሻߠ  

݂ ൌ 8߬௪ܸߩଶ ൌ ଶܸߩ2 ܮܦ Δ ݂ ൌ 8߬௪ܸߩଶ ൌ ଶܸߩ2 ܮܦ ሺΔ െ ܮߛ sin  ሻߠ

݄ ൌ ݂ ܦܮ ܸଶ2݃ ൌ ܦߛ௪߬ܮ4  ݄ ൌ ݂ ܦܮ ܸଶ2݃ ൌ ܦߛ௪߬ܮ4  
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4. Turbulent Flow 

4.1 Description of Turbulent Flow 
(1) Randomness and fluctuations:  Turbulence is irregular, chaotic, and unpredictable.  However, 

structurally stationary flow, such as steady flows, can be analyzed using Reynolds decomposition. ݑ ൌ തݑ   Ԣݑ
where, ݑത ൌ ଵ்  ௧బା்௧బܶ݀ݑ   ݊݅ݐ݉ ݊ܽ݁݉ = 

ᇱഥݑ ,Ԣ = superimposed random fluctuationݑ  ൌ 0  

ᇱഥݑ  ଶ ൌ ଵ்  ᇱଶ݀ܶ௧బା்௧బݑ  = Reynolds stresses 

 (2) Nonlinearity: Reynolds stresses and 3D vortex stretching are direct results of nonlinear nature of 
turbulence. 

(3) Diffusion: Large scale mixing of fluid particles greatly enhances diffusion of momentum (and heat). 

(4) Vorticity/eddies/energy cascade: Turbulence is characterized by flow visualization as eddies, which 
vary in size from the largest (width of flow) to the smallest.  Largest eddies contain most of energy, 
which break up into successively smaller eddies with energy transfer to yet smaller until Kolmogorov 
scale is reached and energy is dissipated by molecular viscosity (i.e. viscous diffusion). 

(5) Dissipation: ߝ = rate of dissipation = energy/time.  Dissipation occurs at smallest scales. 

4.2 Reynolds-Averaged Navier-Stokes (RANS) equations: Reynolds decomposition: ܸ ൌ തܸ  ܸԢ,  ൌ ҧ  ߩ ,Ԣ ൌ ҧߩ   Ԣߩ
Continuity:   ڄ ܸ ൌ 0   i.e.  ڄ തܸ ൌ 0 and  ڄ ܸԢ ൌ 0 

Momentum:  ߩ ഥ௧  ߩ డడ௫ೕ ൫ݑపᇱݑఫᇱതതതതതത൯ ൌ െ݃ߩ ݇ െ ҧ  ଶߤ തܸ  

 or ߩ ഥ௧ ൌ െ݃ߩ ݇ െ ҧ   ڄ ߬  

 where, ߬ ൌ ߤ డ௨డ௨ೕ  డ௨ೕడ௨൨ െ ఫᇱതതതതതതᇣᇤᇥఛೕᇲݑపᇱݑߩ  

1) equations are for the mean flow 

2) differ from laminar equations by Reynolds stress terms =  ݑపᇱݑఫᇱതതതതതത 

3) influence of turbulence is to transport momentum from one position to another in a similar manner 
as viscosity 

4) since ݑపᇱݑఫᇱതതതതതത are unknown, the problem is indeterminate: the central problem of turbulent flow 

analysis is closure.  4 equations and 4+6=10 unknowns 
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4.4 Smooth Pipes 
Assuming log-law is valid across entire pipe, the velocity profile is ݑሺݎሻכݑ ൌ ߢ1 ln ሺܴ െ ߥכݑሻݎ   ܤ

Average velocity: 

כݑܸ ൌ 2.44 ln ߥכݑܴ  1.34 

By using following relations, 

כݑܸ ൌ ቆܸߩଶ߬௪ ቇଵ ଶ⁄ ൌ ൬8݂൰ଵ ଶ⁄
 

ߥכݑܴ ൌ 12 ߥܦܸ כܸݑ ൌ 12 ܴ݁ ൬8݂൰ଵ ଶ⁄
 

the relation between the friction factor and Reynolds number is (Prandtl, 1935), 1݂ଵ ଶ⁄ ൌ 1.99 log൫ܴ݂݁ଵ ଶ⁄ ൯ െ 1.02 

With slightly adjusted constants to fit friction data better: 1݂ଵ ଶ⁄ ൌ 2.0 log൫ܴ݂݁ଵ ଶ⁄ ൯ െ 0.8 

Alternative approximation: Power law (H. Blasius, 1911) 

 ݂ ൌ 0.316ܴ݁ି ଵ ସ⁄   4000 ൏ ܴ݁ ൏ 10ହ 

Then, the head loss is 

 ݄ ൌ ݂  మଶ ൎ 0.316 ቀ ఓఘቁଵ ସ⁄  మଶ  

ן        ܸଵ.ହ  

4.5 Rough Pipes 

Non-dimensional roughness ߳ା ൌ ఢ௨כఔ  

1) ߳ା ൏ 5   hydraulically smooth (no effect of roughness) 
2) 5 ൏ ߳ା ൏ 70  transitional roughness (ܴ݁ dependence) 
3) ߳ା  70  fully rough (independent ܴ݁) 
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For fully rough flow, ߳ା  70, the log law is modified as 

ାݑ ൌ ߢ1 ln ݕ߳  8.5 

Then the average velocity becomes 

כݑܸ ൌ 2.44 ln ܦ߳  3.2 

or 1݂ଵ ଶ⁄ ൌ െ2 log ߳ 3.7⁄ܦ  

Colebrook (1939) combined the smooth wall and fully rough relations, 1݂ଵ ଶ⁄ ൌ െ2.0 log ቆ߳ 3.7⁄ܦ  2.51ܴ݂݁ଵ ଶ⁄ ቇ 

         ֜ Moody Diagram 

4.6 Three Canonical Types of Problems 

1. Determine the Head Loss ݄ ൌ ݂ ܦܮ ܸଶ2݃ ൌ Δ݄ ൌ ൬ଵߛ  ଵ൰ݖ െ ൬ଶߛ   ଶ൰ݖ

݂ ൌ ݂ ቀܴ݁,  ቁܦ߳

2. Determine the Flow Rate ܸ ൌ  ܮ2݃ ⁄ܦ ݄൨ଵ ଶ⁄ᇣᇧᇧᇧᇤᇧᇧᇧᇥ୩୬୭୵୬ ୰୭୫୮୰୭ୠ୪ୣ୫ ୱ୲ୟ୲ୣ୫ୣ୬୲
݂ିଵ ଶ⁄  

Guess ݂ → ܸ → ܴ݁ → ݂, repeat until converged 

3. Determine the Pipe Diameter ܦ ൌ ቈ ଶ݄݃ଵߨଶܳܮ8 ହ⁄ᇣᇧᇧᇤᇧᇧᇥ୩୬୭୵୬ ୰୭୫୮୰୭ୠ୪ୣ୫ ୱ୲ୟ୲ୣ୫ୣ୬୲
݂ିଵ ହ⁄  

Guess ݂ → ܦ → ܴ݁, ߳ ⁄ܦ , → ݂, repeat until converged 
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4.7 Minor Losses 

1. Entrance and exit effects 
2. Expansions and contractions 
3. Bends, elbows, tees, and other fittings 
4. Valves (open or partially closed) 

Energy equation: ଵߛ  ଵݖ  12݃ ଵߙ ଵܸଶ  ݄ ൌ ߛଶ  ଶݖ  12݃ ଶߙ ଶܸଶ  ݄௧  ݄  ∑݄ 

Head loss due to minor loss, ݄: 

݄ ൌ ܭ ܸଶ2݃ 

Loss coefficient, ܭ: 

ܭ ൌ ݄ሺܸଶ 2݃⁄ ሻ 

1) Flow in a bend: swirling flow and/or flow separation represent energy losses which must be 
added to head loss ݄ 

2) Valves: enormous losses 
3) Entrances: depends on rounding of entrance 
4) Exit (to a large reservoir): ܭ ൌ 1 
5) Contraction and Expansions 

- Sudden 

      Expansion: ݄ ൌ ሺభିమሻమଶ ௌாܭ  ⇒    ൌ ቀ1 െ ௗమమቁଶ ൌ భమ ଶ⁄  

      Contraction: ܭௌ ൌ 0.42 ቀ1 െ ௗమమቁ from experiment 

- Gradual  
      Expansion (Diffuser): ܭ ൌ ೌܥ െ  ܥ

      where, ܥ ൌ మିభଵ ଶ⁄ ఘభమ and ܥೌ ൌ 1 െ ሺܣଵ ⁄ଶܣ ሻଶ 
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- Boundary layer (BL) theory assumes that viscous effects are confined to a thin layer. 
- There is a dominant flow direction ሺݔሻ such that ݑ  ܷ and ݒ ا    .ݑ

- Gradients across ߜ are very large in order to satisfy the no slip condition; thus, 
డడ௬ ب డడ௫. ߲ݔ߲ݑ  ݕ߲ݒ߲ ൌ 0 

ݕ߲߲ ൌ 0 

ݑ ݔ߲ݑ߲  ݒ ݕ߲ݑ߲ ൌ െ ݔ߲߲  ߩ1  ݕ߲߲߬

߬ ൌ ۔ۖەۖ
ߤۓ ݕ߲ݑ߲                     laminar ϐlow   ߤ ݕ߲ݑ߲ െ  Ԣതതതതതതത     turbulent ϐlowݒԢݑߩ

1) డడ௬ ൌ 0, i.e.  ൌ   = edge value (inviscid flow)  = constant across the boundary layer, where

Bernoulli equation:   ଵଶ ߩ ܷଶ ൌ constant, i.e., 
డడ௫ ൌ െߩ ܷ డడ௫  

2) Continuity equation is unaffected 

3) Elliptic NS equations → Parabolic BL equations which can be solved using marching techniques 
4) Boundary conditions 

ݑ  ൌ ݒ ൌ 0 at ݕ ൌ 0 
ݑ  ൌ ܷ       at ݕ ൌ  ߜ

3.1 Momentum Integral Method ߬௪ܷߩଶ ൌ 12 ܿ ൌ ݔ݀ߠ݀  ሺ2  ሻܪ ߠܷ ᇣᇧᇧᇧᇤᇧᇧᇧᇥௗௗ௫ୀ ୭୰ ϐ୪ୟ୲ ϐ୪ୟ୲ୣୱݔܷ݀݀
 

כߜ • ൌ  ቀ1 െ ௨ቁ ఋݕ݀   displacement thickness 

ߠ • ൌ  ௨ ቀ1 െ ௨ቁ ఋݕ݀   momentum thickness 

ܪ • ൌ ఋכఏ     shape parameter 

 

For flat plates: 

o ܦ ൌ  ߬௪݀ݔ௫ ൌ ଶܷߩ  ௨ ቀ1 െ ௨ቁ ఋݕ݀ ൌ    ߠଶܷߩ

o ܥ ൌ ଵ ଶ⁄ ఘమ௫ ൌ ଶఏ௫ ൌ ଵ௫  ܿ݀ݔ௫  

o ܿ ൌ ఛೢଵ ଶ⁄ ఘమ  ⇒  ܿ ൌ ௗௗ௫ ሺܥݔሻ ൌ 2 ௗఏௗ௫ 

o ߬௪ ൌ ଶܷߩ ௗఏௗ௫ 
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3.2.3 Turbulent Flow 
From the momentum integral theorem for flat plates, 

ܿ ൌ 2  ݔ݀ߠ݀

By using a power-low approximation (Prandtl), 

ܿ ൎ 0.02ܴ݁ఋି ଵ ⁄ ஶݑܷ  ൎ ቀߜݕቁଵ ⁄
 

           ֜ ߠ  ൌ න ቀߜݕቁଵ ⁄ ቈ1 െ ቀߜݕቁଵ ⁄  ఋݕ݀
 ൌ 772  ߜ

Then, the momentum equation becomes, 

0.02ܴ݁ఋି ଵ ⁄ ൌ 2 ݔ݀݀ ൬ 772  ൰ߜ

or 

ܴ݁ఋି ଵ ⁄ ൌ 9.72  ݔ݀ߜ݀

Separate the variables and integrate, assuming ߜ ൌ 0 at ݔ ൌ ߜ  :0 ൌ .ଵ௫ோభೣ ళ⁄  

כߜ ൌ 18  ߜ

ߠ ൌ 772  ߜ

ܪ ൌ ߠכߜ ൌ 1.3 

 

ܿ ൌ 0.027ܴ݁௫ଵ ⁄  

ܥ ൌ 0.031ܴ݁ଵ ⁄ ൌ 76 ܿሺܮሻ 
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4. Drag 

4.1 Flat plates 

1) Parallel to the flow ܥ ൌ 11 2⁄ ܣଶܸߩ නሺ െ ஶሻ݊ ڄ ଓ̂݀ܣௌ ൌ 0 

ܥ ൌ 11 2⁄ ܣଶܸߩ න߬௪ݐ ڄ ଓ̂݀ܣௌ ൌ ۔ۖەۖ
ۓ 1.33ܴ݁ଵ ଶ⁄        laminar ϐlow   0.074ܴ݁ଵ ହ⁄         turbulent ϐlow 

2) Normal to the flow ܥ ൌ 11 2⁄ ܣଶܸߩ නሺ െ ஶሻ݊ ڄ ଓ̂݀ܣௌ ൌ ܣ1 නܥ݀ܣௌ ൌ 2 

ܥ ൌ 0 

4.2 Bluff Body ܥ ൌ Drag1 2⁄  ܣଶܸߩ

 

Flow separation: The fluid stream detaches itself from the surface of the body at sufficiently high 
velocities.  Only appeared in viscous flow. 

• Inside the separation region:  
o low pressure, existence of recirculating/backflows 
o viscous and rotational effects are the most significant 

• Important physics related to flow separation: 
o ‘Stall’ for airplane, vortex shedding 
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Terminal velocity is the maximum velocity attained by a falling body when the drag reaches a 
magnitude such that the sum of all external forces on the body is zero. ∑ܨ ൌ ௗܨ  ܨ െ ܨ ൌ ݉ܽ ൌ 0 

or 12 ߩ ܸଶܥܣ ൌ ൫ߛ௦ െ  ௨ௗ൯V௦ߛ

For a sphere, ܣ ൌ గସ ݀ଶ and V ൌ గ ݀ଷ 

The terminal velocity is: 

ܸ ൌ ቈ൫ߛ௦ െ ௨ௗ൯ሺ4ߛ 3⁄ ሻ݀ܥߩ௨ௗ ଵ ଶ⁄
 

Effect of Compressibility on Drag:  

ܽܯ •    increases due to shock waves and wave dragܥ :1

ܽܯ •  1: upstream flow is not warned of approaching disturbance which results in the 
formation of shock waves across which flow properties and streamlines change discountinously 

 ௧(slender bodies) ∼ 1ܽܯ ,௧(sphere) ∼ 0.6ܽܯ •

5. Lift ܥ ൌ Lift1 2⁄  ܣଶܸߩ

Lift force: the component of the net force (viscous+pressure) that is perpendicular to the flow direction 

The minimum flight velocity: Total weight ܹ of the aircraft be equal to the lift 

ܹ ൌ ܨ ൌ 12 ߩ,௫ܥ ܸଶ ՜ ܣ   ܸ ൌ ඨ  ܣ,௫ܥߩ2ܹ

Magnus effect: Lift generation by spinning.  Breaking the symmetry causes the lift. 
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