Solution for review problems for Exam 2, 057:020-Fall 2007

Momentum Conservation:

Assumpnons 1 The flow 15 steady, frictionless, one-dimensicnal, incompressible, and irvotational (so that
the Bernoull: equation 15 apphicable). 2 LThe weight of the elbow and the water 1n it 15 considersd. 3 Lhe
water is discharged o the atmosphere, and thus the gage pressure at the cutlet iz zero. 4 The momentum-
flux correction tactor for each milet and outlet 15 gaven to be F= 1035,

Propertiss We take the denzity of water to bz 1000 kg.-‘:r.!.
Analysis The weight of the elbow and the water in if is
W =mg=(50 kg][EI.Slm."slj =490.5 N =0.4905 kN

We take the elbow as the control veolome, and designate the enfrance by 1 acd the outlet by 2 We also
designate the horizontal coordinate by x (with the direction of flow as being the positive direction) and the
vertical coordinate by z. The continuity equation for this one-inlet one-owlet steady flow system i3
iy = my =m=30kz's. Noting -hat » = a4l . the inlet and cutlet velocities of water are

Nkg's
7= = ————————=20ms
@d] (1000 kg’ )00150m)
I, = i 30kg/s =17 mw/l=a

o4y (1000 kg/m®)(0.0025m")
Tacing the center of the inlet cross section as the reference level (z; = () and noting that Fr = Pap. the
Bernoulh equation for a streamline gomg through the ceater of the reducing elbow 15 expressed as

2 172 (172 122 ™ ‘pR g
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Substituling,

B, e = (1000 kg/m®)(2 81 mis? L2 ZC gy | _ N 73.01Nm! = T39kPa
= 2(981m's") L 1000kg - m's” |
The momentum equation for steady ore-dimensional flow 15 ¥ F = E Gl — z Aml’ . We let he x- and
our m

z- compenents of the anchoring force of the elbow be Fpy and Fp., and zssume themw to be in the positive
directions. We alzo use gage pressures to svoid dealing with the atmospheric pressnre wiich acts on all

smfaces. Then the momenmm equations along the x and = axes become @
1% omt
25 e

Fp. +F pmd] = 0mT% cos 6= Ofl7 and Fp —T = Onl’y siu §
Solving for [y and Iy, and substituting the given values,
T = fmily cos 8 -T7)- P 5z )

16N |

=1 D3{3D kg‘::l [”.2{ osd 5% 2:] II:I.S]| m
L 1U T-mis" J

.

— (7301 N/m” )(0.0150m”)

=—0.908 kKN
o N ) ] .
Fp. = fitly sin €+ 17 =1.03(30 kg/s)(125in45° m/s)| ————— |+ 0.4005kN =0.753 kN
| 1000 kz -m/s” |
S— : - o 0.753
Fy =+|Fa +Fa =4/(-0908)" +(0.753)* =1.18kN, @=tan” “% —tan? = __397-

oy -0.908



Energy Equation and HGL/EGL:

A pump draws water from a reservoir, where the water-surface elevation is 520
ft, and forces the water through a pipe 5000 ft long and 1 ft in diameter. This
pipe then discharges the water into a reservoir with water-surface elevation of
620 ft. The flow rate is 7.85 cfs, and the head loss in the pipe is given by
0.01(L/ D)(VZ/ 2g). Determine the head supplied by the pump, h,, and the
power supplied to the flow, and draw the HGL and EGL for the system. As-
sume that the pipe is horizontal and is 510 ft in elevation.

EGL p2

620-ft elevation

h,=177.8 ft

52Q-ft elevation

Solution  First solve for h, by using the energy equation (one-dimensional
flow assumed) written from the water surface in the lower reservoir to the wa-
ter surface in the upper reservoir.

P P ) v
: . B S
5 e ks hgte
In this example, P/ Y. py/y, Vy, and V, are all zero, but 2; = 320 ft, and
e 620 ft.
2
henifi 0 L L
1 2o &
Then
L v 5000 100 n
h, = 620 — 520 + 0.01 x vy ft-Ibf/Ibf = 178 ft

However, the product of the flow rate ©Q and specific weight will give us the
weight rate of flow. Then the power supplied by the pump will be h, X weight

rate of flow, or

h,Qv
e S8
P = h,Qy ft-Ibf/s = <=5 /




Differential Analysis of Fluid Flow:

Assumptions We number and list the assumptions for clanty:
1 The pipe is infinitely long in the x direction.
The flow 1s steady, 1.2, any time derivative 13 zero.

[ =]

3 This iz a parallel flow (the » component of velocity, . 15 zero).
4  The flud is incompressible and Newtoman, and the flow 13 laminar,
5 The pressure i3 constant everywhere except for hydrostatic pressure.
6 The velocity field 15 axisymmetric with no swirl, implying that us= 0 and
all derivatives with respect to & are zero.
Analysis To obtain the velocity and pressure fields, we follow the step-by-step

procedure outlined above.

Stepl Lay out the problem and the geometsy. See Fig. P2-100.

Step2 List assumptions and boundary conditions. We have already listed six
assumpticns. The first boundary condition comes from imposing the ne slip
condition at the pipe wall: (1) at r = R, I’ =0. The second boundary condition

comes from the fact that the centerline of the pipe is an axis of symmetry: (2) at »
=0, du'dr=10.

Step3 Write out and simplify the differential equations. We start with the
continuity equation in cyvlindrical coordinates, a modified version of Eq. 9-62a,

I &
Condinuity: 1 ’” 12 eu =10 ' i =1

/er /89 é:r B o & - (1

e,
Agzenepizen 3 -1.:'_1;100.5

Equation 1 tells us that » is not a fonction of x. In other words, it doesn™t matter
where we place our origin — the flow 15 the same at any v location. This can also
be inferred directly from Assumption 1, which tells us that there is nothing

special about any x location since the pipe is infinite in length — the flow is fully
developed. Furthermore, simce u is not a fonction of time (Assumption 2) or &
(Asswmption &), we conclude that w 1s at meost a function of »,

Result of continuity: H=u |:1'} only i)

We now simplify the x momentum equation as far as possible:

o & %%H/i‘
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As in previous examples the material acceleration (entire left hand zide of the x
momentum equaticn) is zero, implying that fluid particles are not accelerating at
all in this flow field, and linearizing the Wavier-Stokes equation. Also notice that
we have replaced the partial derivative operators for the u derivatives with total
derivative operators because of Eg. 2.
You can show in similar fashion that every term in the » momentum equation

and in the f momentum equation goes to Zero.

Step 4 Sclve the differential equaticns. Continuity, » momentum, and & mementum
have already been solved, and thus we are left with Eq. 3 (v momentum). After
multiplying both sides by r, integrating, dividing by r, and integrating again,

| —REsa

e Clnr+C,
e 1 BN G

Axial velocity component i
where (] and C; are constants of integration.
Step & Apply boundary conditions from Step 2 above to obtain constants C; and O,
We apply boundary conditioen (1)) first:

du_g G
ar 0

Boundary condition (2):

Since (/0 is undefined (=), the only way for du/dr to equal zero at v = 0 is for O
to equal 0. An alternative way to think of this boundary condition is to say that u

must remain finite at the centerline of the pipe. Agamn thiz 12 possible only if
constant £ is equal to 0.

=0
Now we apply the first boundary condition,
Bowndary conditton (1)
y=TPESE b2 im0 o g, = PEERE e
4 - ) 4

Finally, Eq. 4 becomes

0= Pgsma{ﬂz_rz}

Final result for axial velocity:
du

(3)
The axial velocity profile is thus in the shape of a paraboloid, just as in Example
518,

Step 6 Werify the results. You can plug in the velocity field to venify that all the
differential equations and boundary conditions are satisfied.

The volume flow rate through the pipe is found by integrating Eq. 3 through the

whole cross-sectional area of the pipe,
Folume flow rate:
_P.L=!rzzj-n Mr:}jﬁpgsina J-R (Rﬂ—rﬂ}rd'r=xR‘ sin @ (6)
Cml) ] i} 41” Fel g‘u 'pg

Since volume flow rate is alse egual to the average amial velocity times cross-
sectional area, we can easily determine the average axial velocity, 1™

xR* .
. —— pgsing
: ) 8 f R (7)
Average axial velocity: F=—=———-—=—pgsina
A TR S



Dimensional Analysis 1:
W

EXAMPLE 54 >

At low velocities (Jaminar flow), the volume flow O through a small-bore tube is a func
tion only of the tube radius R, the fluid viscosity p, and the pressure drop per unit tube
length dp/dx. Using the pi theorem, find an appropriate dimensionless relatmnsh]p

Selution

Wiite the given relation and count variables:
. dp - a4
Q-=flR 1, four variables (n = 4)

Make a list of the dimensions of these variables from Table 5.1 using the [MLT} system:
0 R o dpldx
wirh o ML T Y ML T Y

There are three primary dimensions (M, L, T), hence 7= 3. By trial and error we determine
that R, i, and dp/dx cannot be combined into.a pi-group. Then j = 3. andn ~j=4 3= 1L
There is only one pi group, which we find by combining O in a power product with the
other three:

Hl e Rap,b(%> Ql i (L)a(ML—lT— l)b(ML—ZT—-Z)c(L:"T— 1)

= MLoT®

Equate exponents:
Mass. - b +e¢ =0
Length: ~ ‘ a-b-2c+3=0
Time: ~b=2-1=0
Salving simultaneously, we obtainag = —4, b = i,and ¢ = —1. Then

. dp)“‘

= 4.0 L
11 : R u (dx 0

o0 . Hlﬂw——m(d*;dx)=const Ans.

Since there is a:ml one ‘pl gmup, it must equal a dimensionless constant. This is as far as
dimensional analysis aﬁ take us. The lammar flow theory of Sec. 4.11 shows that the valuc




Dimensional Analysis 2:
7-98

Solution We are to determine the relationship between four established
nondimensional parameters, and then try to form the Stanton number by some
combination of only Aveo other established dimensionless parameters.

Analysis We manipulate Re, Nu, and Pr, guided by the known result. After
some trial and error,
Lh
N T I
Stanton number: St = S k — (1)
RexPr pVL L Hee  peV
U k

We recognize from Table 7-5 (or from Problem 7-97) that Peclet number 1s equal to
the product of Reynolds number and Prandtl number. Thus,

Ih

Stanton number-: St=
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