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Chapter 5 Mass, Momentum, and Energy Equations

1. Reynolds Transport Theorem (RTT)

dB 0 ppdV  + BpVg - dA
PTERET P PYR - a4
dt ot Jey cs
time rate of change net outflux of B
of Bsys in CV from CV across CS

where, B =mf, Vg =V — Vs,V = fluid velocity, Vs = CS velocity, and
dA = ndA where 7 is outward normal vector, V - dA = V - idA (- inlet, + outlet)

For a fixed control volume, Vy =V (Vg = 0):

Parameter B B RTT Equation
M 1 am_ 9 pavs [ pv-da
ass m dt ot CVP csp_ 4
d(mV d
Momentum mV 14 (m )——f vV d¥+f VpV -dA
E E E _ 29 f av + f V-dA
nergy e 7t 9t CVep Csep

2. Conservation of Mass - The Continuity Equation

dm _ 0 [ v+ [ ov-da=0
dt ot CVp Csp_ =

Special cases:
1) Steady flow: [, .pV -dA =0
2) Incompressible fluid (p =constant): [ V - dA = _%fcv av
3) V =constant over discrete dA: fcs pV -dA=YcspV-A

4) Steady one-dimensional flow in a conduit: Y,cspV -4 = 0=
p1Vi4, = p,V,A, =if p=constant, V;A; =V,4,0rQ; =Q,

Some useful definitions:

e Mass flux (mass flow rate) m= fA pV -dA (if p=constant, m = pQ)
e Volume flux (flow rate) Q= fAZ -dA (if V = constant, Q =V - A4)

e Average velocity V=Q/A
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3. Newton’s Second Law - Momentum Equation

d(my) _ 9

dt

=— Kpd¥+f
at-];'V CcS

VpV-dA=XF

=ma

where }F = Y'Fp + Y Fs = vector sum of all external forces acting on CV including body forces Y Fy (ex:

gravity force) and surface forces ) Fs (ex: pressure force, and shear forces, etc.)

Special cases:

9
1) Steady flow: .,

Vpd¥ =0

2) Uniform flow across A: [ VpV - dA = YVpV - dA

x-component:
pVi(—V14,)
+ p(=V; cos 6)(V,43)

y-component:
p(=V,sin0)(V,4,)

YE =R, +pi4
—p24;

ZFy = Ry — Wriiua
_WNozzle

X-component:
pVi(-=V,4,)
+ pV,(V24,)

y-component: 0

AV = AV, =@

pVE
p1+ > >

(v 2z, =2,p,=0)

W
\/

YE =Ry +pi4y
—p,A, cosb

=R, +ppA;sin6
_WFluiud - WNozzle

x-component:

pVi(=V14;)
+ p(V; cos 6)(V>4,)

y-component:
p(=V;sin0)(V,4,)

AV =4V, =0

E\u.-L;.‘I} o _ZS v
Sluice gate YF, = Foy x-component: Vi(y1b) = V,(y,b)
2 (b)  pVi(-V14D) —0
A
_Y%(yZb) +pV2(V24,) )2
F‘ 1
TeT T T Tt e y-component: 0 29 T
e b © 06 ey T XLk =0 v2
TEEE ALY RS
FOT oy

(“p1=p,=0)
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4. First Law of Thermodynamics - Energy Equation

dE a . :
E:afcvepdxl-'_fcsepz.dé: Q_W

o o V2 . . . . . .
where, e = Ul + ¢ + e, =u+ > + gz and W = Wsnare + Wiow = Wehate = Weurbine — I/Vpump
or

. 0 V2 V2
Q—Wsz—f pl—=+gz+u d¥+f pl—=+gz+u)V-dA
ot)ey \ 2 cs \ 2 -

Simplified Form of the Energy Equation (steady, one-dimensional pipe flow):

. V,Z VZ
Pin 2 4 +h, = Pout | Jout | et he+hy
Y 29 14 29
For non-uniform flows,
2 2
Pin y Qin >+ Zin + iy = Pout | ot 2‘”“ +Zoye +he + Ry
g 14 9 Thermal
Mechanical energy energy

e pump head h, = W, /mg = W,/pQg = W,/vQ

e turbine head h, = W, /mg

e headlossh, = (fi, —1;)/g — Q/mg >0

e : kinetic energy correction factor (& = 1 for uniform flow across CS)
e Vin energy equation refers to average velocity V

Hydraulic and Energy Grade Lines
e Hydraulic Grade Line: HGL = % +z

2

e Energy Grade Line: EGL = §+ z+ az—g

EGLip + hy = EGLyyt + hy + hy,

EGL and HGL —_ . T =
e~ EGL=HGLifV=0

EGL1 =EGLy + hp R S ceL ‘ L v2
forh,=l=0 ~o/ hh=f =5

<2

i.e., linear variation in L for D,
V, and f constant

e f= friction factor

f=f(Re)

HGURF: 7.4 . =
Gl and HGL in a l
straight pripe.

Dutism
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Chapter 6 Differential Analysis of Fluid Flow

1. Fluid Element Kinematics
Fluid element motion consists of translation, linear deformation, rotation, and angular deformation.

Element at 7, Element at 1, + 61
T
r |
e
/ | ! I —— ! T -
\ \ —— /
! | | | I | / /
( - | - Iy \ 4 / /
— | \ \ /
L— | IS /
| \ ) / ]
1 _—— -
General Translation Linear Rotation Angular
deformation deformation

motion

e Linear deformation(dilatation): V - V = if the fluid is incompressible, V-V = 0
e Rotation(vorticity): { = 2w = V X V = if the fluid is irrotational, VX V = 0

® Angular deformation is related to shearing stress: 7;; = 2ug;;

2. Mass conservation
dp

FTRAA (pv) =0

For a steady and incompressible flow: V-V =0

3. Momentum conservation

ov ~
p(a—?+K-VK) = —pgk -Vp + V.1
%i—’ body force due to Préssure  yiscous shear
= gravity force force force

surface force

For Newtonian incompressible fluid, V - 7;; = V2V = Navier-Stokes eq.

4. Navier-Stokes Equations

1) Cartesian coordinates

Continuity:
u dv  ow_
ax ' 8y = 9z
Momentum:
[Ou ou ou ou] _  adp [6 u 0%u ]
Plac P 8or T V%, TWal ™ " ox ax2+ 922
v 0%v  9%v  9%v
plortusirvivwi =St uls a—yz+ﬁ]
[ow aw ow ow] _ dp [62 ’w | 9*w
p.6t+uax+vay+waz]_ pg + K1 ax2+a 922
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2) Cylindrical coordinates:
Continuity:

19(rvy) | 10vg |, 0V, _
r or r 06 + 9z 0

Momentum:
I A e R
(";’:+ e RS ) B A u[rar( )+ e+ 5]

4. Exact solutions of NS Equations

Ex 1) Couette Flow (without pressure gradient)
Assumptions: laminar, steady, 2-D, incompressible, ignore
gravity, no pressure gradient

U
3} Movin
. . u )
e Continuity: —— =0 ) ! p|ateg
22 u
e Momentum: 0 = £=2
0y? b
e BC.:u(th)=U,u(0)=0 y
U Y { Fixed
=uy) = 4 plate
d U
Shear stress at the bottom wall: 7,, = p— “ =£
dy y=0 b

Ex 2) Circular pipe (with constant pressure gradient)
Assumptions: laminar, steady, incompressible, fully-developed, constant pressure gradient

e Continuity: 16(;:T) 0
o=_2r 19 (. 9v
e z-Momentum: 0 = P +u [r P (r o )]
e BC:v.(r=0)=0,v,(r=0)# oo,
v,(r=R)=0
1 a (a) (D)
— 1 (o R2
=v,() = - (52) ¢ = R?)
4
1) Flowrate: Q = fOR v,dA = ——(ZZ) = guﬁp —Z—Z = A_f
o5 _Q _ R*Ap
2) Mean velocity: V = Yl
. . R2?Ap =
3) Maximum velocity: Vg = v,(0) = —- =2V

4uf
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Chapter 7 Dimensional Analysis and Modeling

1. Buckingham Pi Theorem

For any physically meaningful equation involving k variables, such as

uy = f(up, uz, -, uy)

with minimum number of reference dimensions r, the equation can be rearranged into product of

k — r pi terms.

I = ¢(n2: I3, ""nk—r)

Methods for determining I1's
e Inspection
e Step-by-step method
e Exponent Method

Example - Exponent method:

Fp = MLT ™2
w=MLT!
V=LT?
L=1L

Number of piterms=k —r=4-3=1

It follows that

FD =f(#'V'L)

Il = Fou®vbLe

(MLT=2)(ML'T~H*(LT " HP(L)¢ = MOLOTO

1+a=0 (for M)
l—a+b+c=0 (for L)
—2—a—b=0 (for T)

sothata = —1,b = —1, ¢ = —1, and therefore

F
Thus, —2 = constant
WL

T VL
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2. Common Dimensionless Parameters for Fluid Flow Problems.
Variable velocity density gravity viscosity Surface compres Pressure Length

tension sibility change
Symbol %4 1o g u o K Ap L
Unit (SI) m/s kg/m3 m/s?>  N-s/m? N/m N/m? N/m? m
MLT LT ML3 LT™% ML'T™* MT™%2 ML'T™2 ML T2 L
FLT LT1 FT?L™* LT™? FTL™? FL?! FL™? FL™? L
Dimensionless Symbol Definition Interpretation
Groups
VL inertia f V2/L
Reynolds number Re e 1r'1er aloree P /
u viscous force  uV/L?
Froude number Fr —V inertia force _ p VE/L
gL gravity force 14
Weber number We pV2L inertia force _ pV?/L
o surface tension force o /L?
Mach number Ma v _ v indertia force
JK/p @ compressibility force
Euler number C Ap pressure force _ Ap/L
= pV2 inertia force ~ pV2/L

3. Similarity and Model Testing
If all relevant dimensionless parameters have the same corresponding values for model and prototype,

flow conditions for a model test are completely similar to those for prototype.
Mmodel = I—[prototype

Model Testing
1) Fr similarity Fr,, = Fr,,

Vin Vp

vILm B VILp

2) Re similarity Re,, = Re,,

=V, = Valj, Froude scaling, where @ = L,, /L,

3
Vmlm __ VpLp :>V_m — Vmlm __ az
Vin Vp Vp VpLy
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