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Chapter 5 Mass, Momentum, and Energy Equations 

1. Reynolds Transport Theorem (RTT)  ݀݀ݐܤ ൌ ݐ߲߲ න V஼௏ᇣᇧᇧᇤᇧᇧᇥ୲୧୫ୣ ୰ୟ୲ୣ ୭୤ ୡ୦ୟ୬୥ୣ ୭୤ ஻ೞ೤ೞ ୧୬ ஼௏݀ߩߚ
൅ න ߩߚ ோܸ ڄ ஼ௌᇣᇧᇧᇧᇤᇧᇧᇧᇥ୬ୣ୲ ୭୳୲f୪୳୶ ୭୤ ஻ ୤୰୭୫ ஼௏ ୟୡ୰୭ୱୱ ஼ௌܣ݀

 

where,  ܤ ൌ ோܸ  ,ߚ݉ ൌ ܸ െ ௌܸ , ܸ ൌ fluid velocity, ௌܸ ൌ ܵܥ velocity, and 

ܣ݀  ൌ ܸ ,ෝ is outward normal vector࢔ where ܣෝ݀࢔ ڄ ܣ݀ ൌ ܸ ڄ  (inlet, + outlet -) ܣෝ݀࢔

For a fixed control volume,  ࡾࢂ ൌ ࡿࢂ) ࢂ ൌ ૙): 

Parameter ࢼ ࡮ RTT Equation 

Mass  ݉ 1 
ݐ݀݉݀ ൌ ݐ߲߲ න V஼௏݀ߩ ൅ න ܸߩ ڄ ஼ௌܣ݀  

Momentum ܸ݉ ܸ 
݀൫ܸ݉൯݀ݐ ൌ ݐ߲߲ න V஼௏݀ߩܸ ൅ න ܸߩܸ ڄ ஼ௌܣ݀  

Energy ܧ ݁ 
ݐܧ݀݀ ൌ ݐ߲߲ න V஼௏݀ߩ݁ ൅ න ܸߩ݁ ڄ ஼ௌܣ݀  

2. Conservation of Mass – The Continuity Equation ݀݉݀ݐ ൌ ݐ߲߲ න V஼௏݀ߩ ൅ න ܸߩ ڄ ஼ௌܣ݀ ൌ 0 

Special cases: 
1) Steady flow: ׬ ܸߩ ڄ ஼ௌܣ݀ ൌ 0 

2) Incompressible fluid (ߩ =constant): ׬ ܸ ڄ ஼ௌܣ݀ ൌ െ డడ௧ ׬ ݀V஼௏  

3) ܸ = constant over discrete ݀׬ :ܣ ܸߩ ڄ ஼ௌܣ݀ ൌ ∑ ܸߩ ڄ ஼ௌܣ  

4) Steady one-dimensional flow in a conduit: ∑ ܸߩ ڄ ஼ௌܣ ൌ 0 ⇒ 

ଵߩ   ଵܸܣଵ ൌ ଶߩ ଶܸܣଶ     ⇒ if ߩ = constant, ଵܸܣଵ ൌ ଶܸܣଶ or ܳଵ ൌ ܳଶ 

Some useful definitions: 
• Mass flux (mass flow rate) ሶ݉ ൌ ׬ ܸߩ ڄ ஺ܣ݀       (if ߩ = constant , ሶ݉ ൌ  (ܳߩ

• Volume flux (flow rate)  ܳ ൌ ׬ ܸ ڄ ஺ܣ݀          (if ܸ = constant, ܳ ൌ ܸ ڄ  (ܣ

• Average velocity  തܸ ൌ  ܣ/ܳ
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3. Newton’s Second Law - Momentum Equation ݀൫ܸ݉൯݀ݐ ൌ ݐ߲߲ න V஼௏݀ߩܸ ൅ න ܸߩܸ ڄ ஼ௌᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥୀ ௠௔ܣ݀ ൌ  ܨ∑

where ∑ܨ ൌ ஻ܨ∑ ൅  :஻ (exܨ∑ including body forces ܸܥ ௌ = vector sum of all external forces acting onܨ∑

gravity force) and surface forces ∑ܨௌ (ex: pressure force, and shear forces, etc.) 

Special cases: 

1) Steady flow: 
డడ௧ ׬ V஼௏݀ߩܸ ൌ 0 

2) Uniform flow across ׬ :ܣ ܸߩܸ ڄ ஼ௌܣ݀ ൌ ܸߩܸ∑ ڄ  ܣ݀

Examples: 
Flow type ∑ࡲ ࢂ࣋ࢂ∑ ڄ ࡭ࢊ Continuity Eq. or 

Bernoulli Eq. 
Deflecting vane 

 

௫ܨ∑ ൌ ௫ܨ
௬ܨ∑  ൌ  ௬ܨ

x-component:ߩ ଵܸሺെ ଵܸܣଵሻ൅ ሺെߩ ଶܸ cos ሻሺߠ ଶܸܣଶሻ 
 
y-component: ߩሺെ ଶܸ sin ሻሺߠ ଶܸܣଶሻ 

ଵܸܣଵ ൌ ଶܸܣଶ ൌ ܳ

Nozzle 

 

௫ܨ∑ ൌ ܴ௫ ൅ ଵܣଵ݌
           െ݌ଶܣଶ 
௬ܨ∑  ൌ ܴ௬ െ ୊ܹ୪୳୧୳ୢ 
                    െ ୒ܹ୭୸୸୪ୣ 

x-component:ߩ ଵܸሺെ ଵܸܣଵሻ൅ ߩ ଶܸሺ ଶܸܣଶሻ 
 
y-component: 0 

ଵܣ ଵܸ ൌ ଶܣ ଶܸ ൌ ܳ
ଵ݌  ൅ ߩ ଵܸଶ2 ൌ ߩ ଶܸଶ2  

 ሺ׶ ଵݖ ൌ ,ଵݖ ଶ݌ ൌ 0ሻ 

Bend 

 

௫ܨ∑ ൌ ܴ௫ ൅ ଵܣଵ݌
           െ݌ଶܣଶ cos  ߠ
௬ൌܨ∑  ܴ௬ ൅ ଶܣଶ݌ sin ߠ
    െ ୊ܹ୪୳୧୳ୢ െ ୒ܹ୭୸୸୪ୣ 

x-component:ߩ ଵܸሺെ ଵܸܣଵሻ൅ ሺߩ ଶܸ cos ሻሺߠ ଶܸܣଶሻ 
 
y-component: ߩሺെ ଶܸ sin ሻሺߠ ଶܸܣଶሻ 

ଵܣ ଵܸ ൌ ଶܣ ଶܸ ൌ ܳ
 

Sluice gate 

 

௫ܨ∑ ൌ ܨீ ௐ
                   ൅ߛ ௬భଶ ሺݕଵܾሻ 

                  െ ߛ ௬మଶ ሺݕଶܾሻ 

௬ܨ∑               ൌ 0 

x-component:ߩ ଵܸሺെ ଵܸܣଵሻ൅ ߩ ଶܸሺ ଶܸܣଶሻ 
 
y-component: 0 

ଵܸሺݕଵܾሻ ൌ ଶܸሺݕଶܾሻൌ ܳ
 ଵܸଶ2݃ ൅ ଵൌݕ ଶܸଶ2݃ ൅ ଶݕ ൅ ݄௅

׶) ଵ݌ ൌ ଶ݌ ൌ 0) 
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4. First Law of Thermodynamics - Energy Equation ௗாௗ௧ ൌ డడ௧ ׬ V஼௏݀ߩ݁ ൅ ׬ ܸߩ݁ ڄ ஼ௌܣ݀ ൌ ሶܳ െ ሶܹ  
where, ݁ ൌ ݑු ൅ ݁௞ ൅ ݁௣ ൌ ݑු ൅ ௏మଶ ൅ and ሶܹ ݖ݃ ൌ ሶܹ ୱ୦ୟ୤୲ ൅ ሶܹ f୪୭୵ ൎ ሶܹ ୱ୦ୟ୤୲ ൌ ሶܹ ୲୳୰ୠ୧୬ୣ െ ሶܹ୮୳୫୮ 

or ሶܳ െ ሶܹ௦ ൌ ݐ߲߲ න ߩ ቆܸଶ2 ൅ ݖ݃ ൅ ቇݑු ݀V஼௏ ൅ න ߩ ቆܸଶ2 ൅ ݖ݃ ൅ ቇݑු ܸ ڄ ஼ௌܣ݀  

Simplified Form of the Energy Equation (steady, one-dimensional pipe flow): ݌௜௡ߛ ൅ ௜ܸ௡ଶ2݃ ൅ ௜௡ݖ ൅ ݄௣ ൌ ߛ௢௨௧݌ ൅ ௢ܸ௨௧ଶ2݃ ൅ ௢௨௧ݖ ൅ ݄௧ ൅ ݄௅ 

For non-uniform flows, ݌௜௡ߛ ൅ ௜௡ߙ ௜ܸ௡ଶ2݃ ൅ ௜௡ݖ ൅ ݄௣ ൌ ߛ௢௨௧݌ ൅ ௢௨௧ߙ ௢ܸ௨௧ଶ2݃ ൅ ௢௨௧ݖ ൅ ݄௧ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ୑ୣୡ୦ୟ୬୧ୡୟ୪ ୣ୬ୣ୰୥୷ ൅ ݄௅ด୘୦ୣ୰୫ୟ୪ୣ୬ୣ୰୥୷  

• pump head ݄௣ ൌ ሶܹ௣ ሶ݉ ݃⁄ ൌ ሶܹ௣ ⁄݃ܳߩ ൌ ሶܹ௣ ⁄ܳߛ   

• turbine head ݄௧ ൌ ሶܹ ௧ ሶ݉ ݃⁄   

• head loss ݄௅ ൌ ሺݑොଶ െ ොଵሻݑ ݃⁄ െ ሶܳ ሶ݉ ݃⁄ ൐ 0 

ߙ) kinetic energy correction factor : ߙ • ൌ 1 for uniform flow across ܵܥ) 

• ܸ in energy equation refers to average velocity തܸ  

Hydraulic and Energy Grade Lines 

• Hydraulic Grade Line: ܮܩܪ ൌ ௣ఊ ൅  ݖ

• Energy Grade Line: ܮܩܧ ൌ ௣ఊ ൅ ݖ ൅ ߙ ௏మଶ௚ ܮܩܧ௜௡ ൅ ݄௣ ൌ ௢௨௧ܮܩܧ ൅ ݄௧ ൅ ݄௅ 
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Chapter 6 Differential Analysis of Fluid Flow 

1. Fluid Element Kinematics 
Fluid element motion consists of translation, linear deformation, rotation, and angular deformation. 

 

• Linear deformation(dilatation): ׏ ڄ ܸ ⇒ if the fluid is incompressible, ׏ ڄ ܸ ൌ 0 

• Rotation(vorticity): ߦ ൌ 2߱ ൌ ׏ ൈ ܸ ⇒ if the fluid is irrotational, ׏ ൈ ܸ ൌ 0  

• Angular deformation is related to shearing stress: ߬௜௝ ൌ ௜௝ߝߤ2   

2. Mass conservation  ߲ݐ߲ߩ ൅ ׏ ڄ ൫ܸߩ൯ ൌ 0 

For a steady and incompressible flow: ׏ ڄ ܸ ൌ 0 

3. Momentum conservation ߩ ൬߲ܸ߲ݐ ൅ ܸ ڄ ൰ᇣᇧᇧᇧᇤᇧᇧᇧᇥ௔ܸ׏ ൌ െ݃ߩ ෠݇ᇣᇤᇥୠ୭ୢ୷ ୤୭୰ୡୣ ୢ୳ୣ ୲୭୥୰ୟ୴୧୲୷ ୤୭୰ୡୣ
െ݌׏ถ୮୰ୣୱୱ୳୰ୣ ୤୭୰ୡୣ ൅ ׏ ڄ ߬௜௝ᇣᇤᇥ୴୧ୱୡ୭୳ୱ ୱ୦ୣୟ୰୤୭୰ୡୣᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥୱ୳୰୤ୟୡୣ ୤୭୰ୡୣ

 

For Newtonian incompressible fluid, ׏ ڄ ߬௜௝ ൌ  .ଶܸ    ⇒  Navier-Stokes eq׏ߤ

4. Navier-Stokes Equations 

1) Cartesian coordinates 
Continuity: 

 
డ௨డ௫ ൅ డ௩డ௬ ൅ డ௪డ௭ ൌ 0 

Momentum: 

ߩ  ቂడ௨డ௧ ൅ ݑ డ௨డ௫ ൅ ݒ డ௨డ௬ ൅ ݓ డ௨డ௭ቃ ൌ െ డ௣డ௫ ൅ ߤ ቂడమ௨డ௫మ ൅ డమ௨డ௬మ ൅ డమ௨డ௭మቃ 

ߩ  ቂడ௩డ௧ ൅ ݑ డ௩డ௫ ൅ ݒ డ௩డ௬ ൅ ݓ డ௩డ௭ቃ ൌ െ డ௣డ௬ ൅ ߤ ቂడమ௩డ௫మ ൅ డమ௩డ௬మ ൅ డమ௩డ௭మቃ 

ߩ  ቂడ௪డ௧ ൅ ݑ డ௪డ௫ ൅ ݒ డ௪డ௬ ൅ ݓ డ௪డ௭ ቃ ൌ െ డ௣డ௭ െ ݃ߩ ൅ ߤ ቂడమ௪డ௫మ ൅ డమ௪డ௬మ ൅ డమ௪డ௭మ ቃ 
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2) Cylindrical coordinates: 
Continuity: 

 
ଵ௥ డሺ௥௩ೝሻడ௥ ൅ ଵ௥ డ௩ഇడఏ ൅ డ௩೥డ௭ ൌ 0 

Momentum: 

ߩ   ቀడ௩ೝడ௧ ൅ ௥ݒ డ௩ೝడ௥ ൅ ௩ഇ௥ డ௩ೝడఏ െ ௩ഇమ௥ ൅ ௭ݒ డ௩ೝడ௭ ቁ ൌ െ డ௣డ௥ ൅ ௥݃ߩ ൅ ߤ ቂଵ௥ డడ௥ ቀݎ డ௩ೝడ௥ ቁ െ ௩ೝ௥మ ൅ ଵ௥మ డమ௩ೝడఏమ െ ଶ௥మ డ௩ഇడఏ ൅ డమ௩ೝడ௭మ ቃ  

ߩ   ቀడ௩ഇడ௧ ൅ ௥ݒ డ௩ഇడ௥ ൅ ௩ഇ௥ డ௩ഇడఏ ൅ ௩ೝ௩ഇ௥ ൅ ௭ݒ డ௩ഇడ௭ ቁ ൌ െ డ௣డఏ ൅ ఏ݃ߩ ൅ ߤ ቂଵ௥ డడ௥ ቀݎ డ௩ഇడ௥ ቁ െ ௩ഇ௥మ ൅ ଵ௥మ డమ௩ഇడఏమ ൅ ଶ௥మ డ௩ೝడఏ ൅ డమ௩ഇడ௭మ ቃ  

ߩ   ቀడ௩೥డ௧ ൅ ௥ݒ డ௭డ௥ ൅ ௩ഇ௥ డ௩೥డఏ ൅ ௭ݒ డ௩೥డ௭ ቁ ൌ െ డ௣డ௭ ൅ ௭݃ߩ ൅ ߤ ቂଵ௥ డడ௥ ቀݎ డ௩೥డ௥ ቁ ൅ ଵ௥మ డమ௩೥డఏమ ൅ డమ௩೥డ௭మ ቃ  

4. Exact solutions of NS Equations 

Ex 1) Couette Flow (without pressure gradient) 
Assumptions: laminar, steady, 2-D, incompressible, ignore 
gravity, no pressure gradient 

• Continuity: 
డ௨డ௫ ൌ 0 

• Momentum: 0 ൌ ఓ డమ௨డ௬మ  

• B.C.: ݑሺ݄ሻ ൌ ሺ0ሻݑ ,ܷ ൌ 0 

ሻݕሺݑ ⇒ ൌ ௎௕  ݕ

Shear stress at the bottom wall: ߬௪ ൌ ߤ ௗ௨ௗ௬ቚ௬ୀ଴ ൌ ఓ௎௕  

Ex 2) Circular pipe (with constant pressure gradient) 
Assumptions: laminar, steady, incompressible, fully-developed, constant pressure gradient 

• Continuity:  
ଵ௥ డሺ௥௩ೝሻడ௥ ൌ 0 

• z-Momentum:  0 ൌ െ డ௣డ௭ ൅ ߤ ቂଵ௥ డడ௥ ቀݎ డ௩೥డ௥ ቁቃ 

• B.C.: ݒ௥ሺݎ ൌ 0ሻ ൌ ݎ௭ሺݒ ,0 ൌ 0ሻ ് ݎ௭ሺݒ ,∞ ൌ ܴሻ ൌ 0 

ሻݎ௭ሺݒ ⇒ ൌ ଵସఓ ቀడ௣డ௭ቁ ሺݎଶ െ ܴଶሻ 

1) Flow rate: ܳ ൌ ׬ ோ଴ܣ௭݀ݒ ൌ െ గோర଼ఓ ቀడ௣డ௭ቁ ൌ గோర୼௣଼ఓℓ ׶         െ డ௣డ௭ ൌ ୼௣ℓ  

2) Mean velocity: തܸ ൌ ொ஺ ൌ ோమ୼௣଼ఓℓ  

3) Maximum velocity: ௠ܸ௔௫ ൌ ௭ሺ0ሻݒ ൌ ோమ୼௣ସఓℓ ൌ 2 തܸ  
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Chapter 7 Dimensional Analysis and Modeling 

1. Buckingham Pi Theorem 
For any physically meaningful equation involving ݇ variables, such as ݑଵ ൌ ݂ሺݑଶ, ,ଷݑ ڮ ,  ௞ሻݑ

with minimum number of reference dimensions ݎ, the equation can be rearranged into product of  ݇ െ pi terms. Πଵ ݎ ൌ ߶ሺΠଶ, Πଷ, ڮ , Π௞ି௥ሻ 

Methods for determining મԢ࢙ 
• Inspection 

• Step-by-step method 

• Exponent Method 

Example – Exponent method:  ܨ஽ ൌ ݂ሺߤ, ܸ, ஽ܨ ሻܮ ൌሶ ߤ ଶିܶܮܯ ൌሶ ܸ ଵܶିଵିܮܯ ൌሶ ܮ ଵିܶܮ ൌሶ  ܮ

Number of pi terms = ݇ െ ݎ ൌ 4 െ 3 ൌ 1 Π ൌ  ௖ܮ௔ܸ௕ߤ஽ܨ

It follows that ሺିܶܮܯଶሻሺିܮܯଵܶିଵሻ௔ሺିܶܮଵሻ௕ሺܮሻ௖ ൌ ଴ܶ଴                 1ܮ଴ܯ ൅ ܽ ൌ 0 (for ܯ) 1 െ ܽ ൅ ܾ ൅ ܿ ൌ 0 (for ܮ)      െ2 െ ܽ െ ܾ ൌ 0 (for ܶ) 

so that ܽ ൌ െ1, ܾ ൌ െ1, ܿ ൌ െ1, and therefore 

Π ൌ  ܮܸߤ஽ܨ

Thus, 
ிವఓ௏௅ ൌ constant 
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2. Common Dimensionless Parameters for Fluid Flow Problems. 
Variable velocity density gravity viscosity Surface 

tension 
compres
sibility 

Pressure 
change 

Length 

Symbol ܸ ܭ ߪ ߤ ݃ ߩ Δܮ ݌ 

Unit (SI) m/s kg/mଷ m/sଶ N ڄ s/mଶ N/m N/mଶ N/mଶ m ିܶܮ ࢀࡸࡹଵ ିܮܯଷ ିܶܮଶ ିܮܯଵܶିଵ  ܮ ଶିܮܨ ଶିܮܨ ଵିܮܨ ଶିܮܶܨ ଶିܶܮ ସିܮଶܶܨ ଵିܶܮ ࢀࡸࡲ ܮ ଵܶିଶିܮܯ ଵܶିଶିܮܯ ଶିܶܯ

 

Dimensionless 
Groups 

Symbol Definition Interpretation 

Reynolds number Re ߤܮܸߩ  
inertia forceviscous force ൌ ଶܸߩ ܸߤ⁄ܮ ⁄ଶܮ  

Froude number Fr ඥܸ݃ܮ inertia forcegravity force ൌ ଶܸߩ ߛ⁄ܮ  

Weber number We ܸߩଶߪܮ  
inertia forcesurface tension force ൌ ଶܸߩ ߪ⁄ܮ ⁄ଶܮ  

Mach number Ma ܸඥܭ ⁄ߩ ൌ ܸܽ
 ඨ indertia forcecompressibility force 

Euler number C୮ 
Δܸߩ݌ଶ 

pressure forceinertia force ൌ Δ݌ ଶܸߩ⁄ܮ ⁄ܮ  

 

3. Similarity and Model Testing 
If all relevant dimensionless parameters have the same corresponding values for model and prototype, 
flow conditions for a model test are completely similar to those for prototype. Π୫୭ୢୣ୪ ൌ Π୮୰୭୲୭୲୷୮ୣ 

Model Testing  
1) Fr similarity Fr௠ ൌ Fr௣ 

 
௏೘ඥ௚௅೘ ൌ ௏೛ඥ௚௅೛   ⇒ ௠ܸ ൌ ߙ√ ௣ܸ Froude scaling, where ߙ ൌ ௠ܮ ⁄௣ܮ  

2) Re similarity Re௠ ൌ Re௣ 

 
௏೘௅೘ఔ೘ ൌ ௏೛௅೛ఔ೛    ⇒ 

ఔ೘ఔ೛ ൌ ௏೘௅೘௏೛௅೛ ൌ   యమߙ
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