
57:020 Mechanics of Fluids and Transport  Fall 2013 

EXAM2    Solutions 
 
Problem 1: Momentum equation (Chapter 5) 

Information and assumptions 
• 𝜌 = 1000 𝑘𝑔/𝑚3 
• �̇� = 25 𝑘𝑔/𝑠 
• 𝐴 = 10 𝑐𝑚 
• 𝑧2 − 𝑧1 = 70 𝑐𝑚 
• Frictionless flow 
• Weight of water and pipe is negligible 
• Pressure at section (2), 𝑝2 = 0 

Find 
• Determine inlet and outlet velocities 𝑉1and 𝑉2 
• Determine gage pressure at the inlet 𝑝1 
• The horizontal component of the anchoring force, 𝐹𝑥 

Solution 
 
(a) Continuity: 

𝑚1̇ = 𝑚2̇  
Where �̇� = 𝑉𝜌𝐴 
Therefore  

𝑉1 = 𝑉2 = 𝑉 
    

 
Solving for 𝑉 

𝑉 =
�̇�
𝜌𝐴

 

        (+2.5 point) 

𝑉 =
25

(1000) �𝜋(0.1)2
4 �

= 3.18 𝑚/𝑠 

        (+0.5 point) 
 

(b) Bernoulli equation: 

𝑝1 +
1
2
𝜌𝑉12 + 𝛾𝑧1 = 𝑝2 +

1
2
𝜌𝑉22 + 𝛾𝑧2 

      
where, 𝑝2 = 0, 𝑉1 = 𝑉2, and 𝑧2 - 𝑧1 = 0.7 m, thus 

𝑝1 = 𝛾(𝑧2 − 𝑧1) 
(+2.5 point) 

𝑝1 = (1000)(9.81)(0.7) = 6867 𝑃𝑎 
        (+0.5 point) 

 
 

 

 

2 

1 
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(c) 𝑥-momentum: 

𝐹𝑥 + 𝑝1𝐴1 = �̇�(−𝑉2) − �̇�(𝑉1) = −2�̇�𝑉 
      
or 

𝐹𝑥 = −2�̇�𝑉 − 𝑝1𝐴1 
(+3.5 points) 

 

𝐹𝑥 = −(2)(25)(3.18) − (6867)�
𝜋(0.1)2

4 � = −213 𝑁 

 (+0.5 point) 
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Problem 2: Energy equation (Chapter 5) 

Information and assumptions 
• Oil, 𝛾 = 48.0 𝑙𝑏/𝑓𝑡3, 𝜇 = 2.0 ∗ 10−5 𝑙𝑏. 𝑠/𝑓𝑡2 
• Head loss ℎ𝐿 = 41.3 𝑉�2/2𝑔 
• Flow rate 𝑄 = 1,600 𝑔𝑎𝑙/𝑚𝑖𝑛 
• kinetic energy correction factor α  is 1 
• 1 ℎ𝑝 = 550 𝑓𝑡. 𝑙𝑏/𝑠 

Find 
• Pump power �̇�𝑝 

 

Solution 
 
Energy equation 

 
𝑝1
𝛾

+
𝑉12

2𝑔
+ 𝑧1 + ℎ𝑝 =

𝑝2
𝛾

+
𝑉22

2𝑔
+ 𝑧2 + ℎ𝑡 + ℎ𝐿 

 
Where, 𝑧1 − 𝑧2 = 20 𝑓𝑡, 𝑝2 = 0, 𝑉2 = 0, ℎ𝑡 = 0. 
 

ℎ𝑝 = −
𝑝1
𝛾
−
𝑉12

2𝑔
+ (𝑧2 − 𝑧1) + 41.3

𝑉�2

2𝑔
 

 
(+6.5 points) 

 

ℎ𝑝 = −
(5)(144)

48
−

(4.6)2

(2)(32.2) + 20 + 41.3
(4.6)2

(2)(32.2) = 18.24 𝑓𝑡 

(+0.5 points) 
 

Thus, 
�̇�𝑝 = 𝛾𝑄ℎ𝑝 = 𝛾(𝑉𝐴)ℎ𝑝 

(+2.5 points) 
 

�̇�𝑝 = (48)(4.6)
(𝜋)(2 12⁄ )2

4
(18.24) = 87.86 

𝑓𝑡 ⋅ 𝑙𝑏𝑓
𝑠

= 0.16 ℎ𝑝 
(+0.5 point) 

 
  

(1) 

(2) 
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Problem 3: Exact solution of NS equation (Chapter 6)  

Information and assumptions 
• Pressure gradient in x-direction, 𝜕𝑝

𝜕𝑥
= 0 

• Steady, fully-developed, one dimensional and laminar 

Find 
• Velocity profile function 𝑢(𝑦) 
• If the liquid is SAE 30W oil (ρ = 891 kg/m3 and µ = 0.28 kg/m⋅s), ℎ = 10 mm, and 𝜃 = 30°, de-

termine the flow rate per unit width (into the paper) 

 

Solution 
 

(a) Navier-Stokes equation: 
 

𝜌

⎝

⎜
⎛ 𝜕𝑢

𝜕𝑡�
=0

𝑠𝑡𝑒𝑎𝑑𝑦

+ 𝑢
𝜕𝑢
𝜕𝑥�
=0

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦

+ 𝑣⏟
=0

𝜕𝑢
𝜕𝑦

+ 𝑤⏟
=0

𝜕𝑢
𝜕𝑧

⎠

⎟
⎞

= −
𝜕𝑝
𝜕𝑥�
=0

+ 𝜌𝑔𝑥 + 𝜇

⎝

⎜
⎛ 𝜕2𝑢

𝜕𝑥2�
=0

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦

+
𝜕2𝑢
𝜕𝑦2

+
𝜕2𝑢
𝜕𝑧2�

𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒
𝑝𝑙𝑎𝑡𝑒 ⎠

⎟
⎞

 

 
 
Thus, 

0 + 𝑢 × 0 + 0 ×
𝜕𝑢
𝜕𝑦

+ 0 ×
𝜕𝑢
𝜕𝑧

= −0 + 𝜌𝑔 sin𝜃 + 𝜇
𝜕2𝑢
𝜕𝑦2

 

or 
𝑑2𝑢
𝑑𝑦2

= −
𝜌𝑔
𝜇

sin𝜃 

 
Integration yields, 

𝑑𝑢
𝑑𝑦

= −
𝜌𝑔
𝜇

sin𝜃 𝑦 + 𝐶1 

and 
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𝑢 = −
𝜌𝑔
𝜇

sin𝜃
𝑦2

2
+ 𝐶1𝑦 + 𝐶2 

 
B.C. 
𝑢 = 0 at 𝑦 = 0, 

0 = 0 + 0 + 𝐶2 
𝑑𝑢
𝑑𝑦

= 0 at 𝑦 = ℎ, 

0 = −
𝜌𝑔
𝜇

sin𝜃 ℎ + 𝐶1 

 
Thus, 

𝑢 =
𝜌𝑔
𝜇

sin𝜃 �ℎ𝑦 −
𝑦2

2 �
 

(+7 points) 
 
 
(b) Flow rate per unit width 
 

𝑞 = �
𝜌𝑔
𝜇

sin𝜃 �ℎ𝑦 −
𝑦2

2 �
𝑑𝑦

ℎ

0
=
𝜌𝑔ℎ3 sin𝜃

3𝜇
 

(+2.5 points) 
 

𝑞 =
(891)(9.81)(0.01)3(sin 30∘)

(3)(0.28)
= 0.0052 𝑚2/𝑠 

(+0.5 point) 
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Problem 4: Dimensional analysis (Chapter 7) 

Information and assumptions 
• 𝐷 = 𝑓(𝑑,𝜌,𝑉) 

• 𝑑𝑚 = 0.3 𝑓𝑡,  𝛾𝑚 = 53 𝑙𝑏
𝑓𝑡3

, 𝑉𝑚 = 5 𝑓𝑡/𝑠, 𝐷𝑚 = 1.4 𝑙𝑏 

• 𝑑 = 2 𝑓𝑡,  𝛾 = 1.94 𝑠𝑙𝑢𝑔/𝑓𝑡3, 𝑉 = 3 𝑓𝑡/𝑠 

Find 
• Find dimensionless parameters. 
• Find drag on the prototype. 

Solution 
(a) 

𝐷 = 𝑓(𝑑,𝜌,𝑉) 
 
where 𝐷 =̇ 𝐹, 𝑑 =̇ 𝐿, 𝜌 =̇ 𝐹𝐿−4𝑇2, and 𝑉 =̇ 𝐿𝑇−1 
 
 Thus 𝑘 − 𝑟 = 4 − 3 = 1 pi term required. By choosing 𝑑,𝜌,𝑉 as the repeating variables, 

 
Π = Dda𝜌𝑏𝑉𝑐 

and in terms of dimensions 
 

(𝐹)(𝐿)𝑎(𝐹𝐿−4𝑇2)𝑏(𝐿𝑇−1)𝑐 =̇ 𝐹0𝐿0𝑇0 
 
To be dimensionless it follows that 
 

𝐹:   
𝐿:  
𝑇:   

1 + 𝑏 = 0
𝑎 − 4𝑏 + 𝑐 = 0

2𝑏 − 𝑐 = 0
 

therefore, 𝑎 = -2, 𝑏 = -1, 𝑐 = -2. The pi term then becomes 
 

𝐷
𝜌𝑉2𝑑2

= Π1 = 𝐶𝐷 

 
(+7 point) 

 
(b) 

𝐷
𝜌𝑉2𝑑2

=
𝐷𝑚

𝜌𝑚𝑉𝑚2𝑑𝑚2
 

or 
 

𝐷 = �
𝜌
𝜌𝑚

� �
𝑉
𝑉𝑚
�
2
�
𝑑
𝑑𝑚

�
2

𝐷𝑚 

(+2.5 point) 
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∴ 𝐷 = �
1.94

53 32.2⁄ � �
3
5
�
2
�

2
0.3

�
2

(1.4) = 26.4 𝑙𝑏 

(+0.5 point) 
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