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Momentum Eq. 
• Newton’s 2nd law*: 
 

𝐷𝐷
𝐷𝐷𝐷𝐷

� 𝑉𝑉 𝜌𝜌𝜌𝜌𝑉𝑉�
=𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠

= �𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠 

• RTT: 
𝜌𝜌
𝜌𝜌𝐷𝐷
� 𝑉𝑉𝜌𝜌𝜌𝜌𝑉𝑉
𝐶𝐶𝐶𝐶

Rate of change
of momentum 

in the CV

+ � 𝑉𝑉 𝜌𝜌𝑉𝑉𝑅𝑅 ⋅ 𝜌𝜌𝑑𝑑
=𝑑𝑑�̇�𝑑𝐶𝐶𝐶𝐶

Net momentum
flux through the CS

= �𝐹𝐹𝐶𝐶𝐶𝐶

Net force
acting on the CV

 

 
For steady flow with uniform flow across discrete CS’s, 
 

�𝐹𝐹 = � �̇�𝑚𝑉𝑉 out −� �̇�𝑚𝑉𝑉 in 
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* The rate of change of 
the momentum (𝑚𝑚𝑉𝑉) of 
a particle is equal to the 
force (𝐹𝐹) acting on it. 

 
𝜌𝜌 𝑚𝑚𝑉𝑉
𝜌𝜌𝐷𝐷

= 𝐹𝐹 



Momentum Eq. Example 
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• Given: 
𝑄𝑄 = 0.1 m3/s 
𝑝𝑝 = 40 kPa at flange 
𝑊𝑊𝑛𝑛 = 200 N 
𝑉𝑉𝑤𝑤 = 0.012 m3 
 

• Find:  
Vertical anchoring force, 𝐹𝐹𝐴𝐴𝐴𝐴  



Momentum Eq. Example – Contd. 

10/22/2014 4 

• Control volume including: 
- Nozzle 
- Water in the nozzle 

 
• Momentum eq.: 
 

�𝐹𝐹 = �̇�𝑚𝑉𝑉 𝑜𝑜𝑜𝑜𝑜𝑜 − �̇�𝑚𝑉𝑉 𝑖𝑖𝑛𝑛 

 
�̇�𝑚 = 𝜌𝜌𝑄𝑄 = 𝜌𝜌𝑑𝑑𝑉𝑉 

 
𝑉𝑉 = 𝑉𝑉𝑥𝑥�̂�𝒊 + 𝑉𝑉𝐴𝐴𝒌𝒌� 

 



Momentum Eq. Example – Contd. 
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• �̇�𝑚𝑉𝑉 𝑖𝑖𝑛𝑛: 
�̇�𝑚𝑉𝑉𝑥𝑥 𝑖𝑖𝑛𝑛 = 𝜌𝜌𝑉𝑉1𝑑𝑑1 0   
�̇�𝑚𝑉𝑉𝐴𝐴 𝑖𝑖𝑛𝑛 = 𝜌𝜌𝑉𝑉1𝑑𝑑1 𝑉𝑉1       1    

 
 

• �̇�𝑚𝑉𝑉 𝑜𝑜𝑜𝑜𝑜𝑜: 
�̇�𝑚𝑉𝑉𝑥𝑥 𝑜𝑜𝑜𝑜𝑜𝑜 = 𝜌𝜌𝑉𝑉2𝑑𝑑2 𝑉𝑉2 cos 30∘  
�̇�𝑚𝑉𝑉𝐴𝐴 𝑜𝑜𝑜𝑜𝑜𝑜 = 𝜌𝜌𝑉𝑉2𝑑𝑑2 𝑉𝑉2 sin 30∘      2  

• Momentum flux through inlet and outlet: 



Momentum Eq. Example – Contd. 
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• ∑𝐹𝐹𝑥𝑥 = 𝐹𝐹𝐴𝐴𝑥𝑥 − 𝑝𝑝2𝑑𝑑2 cos 30∘ 
 
 

• ∑𝐹𝐹𝐴𝐴 = −𝐹𝐹𝐴𝐴𝐴𝐴 + 𝑝𝑝1𝑑𝑑1 − 𝑝𝑝2𝑑𝑑2 sin 30∘ −𝑊𝑊𝑛𝑛 −𝑊𝑊𝑤𝑤     3  

• Forces acting on the CV: 



Momentum Eq. Example – Contd. 
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• Vertical momentum eq. : 
 

�𝐹𝐹𝐴𝐴 = �̇�𝑚𝑉𝑉𝐴𝐴 𝑜𝑜𝑜𝑜𝑜𝑜 − �̇�𝑚𝑉𝑉𝐴𝐴 𝑖𝑖𝑛𝑛 

Using (1), (2) and (3), 
 
−𝐹𝐹𝐴𝐴𝐴𝐴 + 𝑝𝑝1𝑑𝑑1 − 𝑝𝑝2𝑑𝑑2 sin 30∘ −𝑊𝑊𝑛𝑛 −𝑊𝑊𝑤𝑤 = 𝜌𝜌𝑉𝑉2𝑑𝑑2 𝑉𝑉2 sin 30∘ − 𝜌𝜌𝑉𝑉1𝑑𝑑1 𝑉𝑉1  
 
or 
 

𝐹𝐹𝐴𝐴𝐴𝐴 = 𝑝𝑝1𝑑𝑑1 −𝑊𝑊𝑛𝑛 −𝑊𝑊𝑤𝑤 − 𝜌𝜌𝑄𝑄 𝑉𝑉2 sin 30∘ − 𝑉𝑉1        (4) 
 



Momentum Eq. Example – Contd. 
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With 𝑉𝑉1 = 𝑄𝑄 𝑑𝑑1⁄ , 𝑉𝑉2 = 𝑄𝑄 𝑑𝑑2⁄ , and 𝑊𝑊𝑤𝑤 = 𝛾𝛾𝑉𝑉𝑤𝑤 in (4), 
 
 

𝐹𝐹𝐴𝐴𝐴𝐴 = 𝑝𝑝1𝑑𝑑1 −𝑊𝑊𝑛𝑛 − 𝛾𝛾𝑉𝑉𝑤𝑤 − 𝜌𝜌𝑄𝑄
𝑄𝑄
𝑑𝑑2

sin 30∘ −
𝑄𝑄
𝑑𝑑1

 

 

= 40, 000 Pa 0.02 m2 − 200 N − 9790
N

m3 0.012 m3

− 999 
kg
m3 0.01 

m3

s
0.01 m3 s⁄

0.01 m2 × sin 30∘ −
0.01 m3 s⁄

0.02 m2  

 
 

∴ 𝐹𝐹𝐴𝐴𝐴𝐴 = 𝟒𝟒𝟒𝟒𝟒𝟒.𝟓𝟓 𝐍𝐍    (downward) 
 



Energy equation (Head form*) 
 

𝑝𝑝1
𝛾𝛾

+ 𝛼𝛼1
𝑉𝑉12

2𝑔𝑔
+ 𝑧𝑧1 + ℎ𝑝𝑝 =

𝑝𝑝2
𝛾𝛾

+ 𝛼𝛼2
𝑉𝑉22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

 

• ℎ𝑝𝑝 = �̇�𝑊𝑝𝑝

�̇�𝑑𝑔𝑔
  Pump head   (∴ �̇�𝑊𝑝𝑝 = �̇�𝑚𝑔𝑔ℎ𝑝𝑝 = 𝛾𝛾𝑄𝑄ℎ𝑝𝑝) 

• ℎ𝑜𝑜 = �̇�𝑊𝑡𝑡
�̇�𝑑𝑔𝑔

  Turbine head (∴ �̇�𝑊𝑜𝑜 = �̇�𝑚𝑔𝑔ℎ𝑜𝑜 = 𝛾𝛾𝑄𝑄ℎ𝑜𝑜) 

• ℎ𝐿𝐿   Head loss (ℎ𝐿𝐿 > 0) 
• 𝛼𝛼  Kinetic energy correction factor: 

    𝛼𝛼 = �
2.0             Lamina flow

1.04 ∼ 1.11 Turbulent flow
𝟏𝟏.𝟎𝟎                 𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔𝐔 𝐔𝐔𝐟𝐟𝐔𝐔𝐟𝐟
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*Energy per unit weight  



Energy Eq. Example 1 (Pump) 
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Given: 
𝑄𝑄 = 1000 gal per 10 min  
𝑝𝑝 = 2 atm in the tank 
�̇�𝑊𝑝𝑝 = 3 hp 

  
Find: Will this pump work? 



Energy Eq. Example 1 (Pump) – Contd. 

 
 
 
 
 
 

𝑝𝑝1
𝛾𝛾

+
𝑉𝑉12

2𝑔𝑔
+ 𝑧𝑧1 + ℎ𝑝𝑝 =

𝑝𝑝2
𝛾𝛾

+
𝑉𝑉22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

 
with 𝑝𝑝1 = 0, 𝑉𝑉1 ≈ 𝑉𝑉2 ≈ 0, ℎ𝑜𝑜 = 0, 
 

0 + 0 + 0 + ℎ𝑝𝑝 =
𝑝𝑝2
𝛾𝛾

+ 0 + 𝑧𝑧2 − 𝑧𝑧1 + 0 + ℎ𝐿𝐿 

 

∴ ℎ𝐿𝐿 = ℎ𝑝𝑝 −
𝑝𝑝2
𝛾𝛾
− 𝑧𝑧2 − 𝑧𝑧1  
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(1) 

(2) 



Energy Eq. Example 1 (Pump) – Contd. 

ℎ𝐿𝐿 = ℎ𝑝𝑝 −
𝑝𝑝2
𝛾𝛾
− 𝑧𝑧2 − 𝑧𝑧1  

 

1) ℎ𝑝𝑝 = �̇�𝑊𝑝𝑝

𝛾𝛾𝛾𝛾
=

3 hp×550 ft⋅lb s⁄
1 hp

62.4 lb ft3⁄ 1000 gal
10 min × 1 ft3

7.48 gal×
1 min
10 s

= 119 ft  

 
 

2) 𝑝𝑝2 = 2 atm × 14.7 lb in2⁄
1 atm

× 144 in2

1 ft2
= 4,230 lb ft2⁄   

 
3) 𝑧𝑧2 − 𝑧𝑧1 = 20 ft 
 

∴ ℎ𝐿𝐿 = 119 ft  − 4,230 lb ft2⁄
62.4 lb ft3⁄ − 20 ft = 31.2 ft  > 0  

The given pump WILL work. 
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Energy Eq. Example 1 (Pump) – Contd. 
 

If 𝑝𝑝2 = 3 atm, 
 

𝑝𝑝2 = 3 atm × 14.7 lb in2⁄
1 atm

× 144 in2

1 ft2
= 6,350 lb ft2⁄   

 
 

∴ ℎ𝐿𝐿 = 119 ft  − 6,350 lb ft2⁄
62.4 lb ft3⁄ − 20 ft = −3 ft < 0  

 
The given pump WILL NOT work. 
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Energy Eq. Example 2 (Pump) 
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Given: 
𝑄𝑄 = 3.0 ft3/s 
ℎ𝐿𝐿  = 4 ft from (1) to (2) 
𝑉𝑉2 = 0 

 
Find:  

(a) Pump power 
(b) Head loss from (2) to (3) 



Energy Eq. Example 2 (Pump) – Contd. 
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(a) Pump power 
 

Energy equation from (1) to (2) 
 

𝑝𝑝1
𝛾𝛾

+
𝑉𝑉12

2𝑔𝑔
+ 𝑧𝑧1 + ℎ𝑝𝑝 =

𝑝𝑝2
𝛾𝛾

+
𝑉𝑉22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

 
with 𝑝𝑝1 = 𝑝𝑝2 = 0, 𝑉𝑉1 = 𝑉𝑉2 = 0, and ℎ𝑜𝑜 = 0, 
 

0 + 0 + 𝑧𝑧1 + ℎ𝑝𝑝 = 0 + 0 + 𝑧𝑧2 + 0 + ℎ𝐿𝐿 
or 

ℎ𝑝𝑝 = 𝑧𝑧2 − 𝑧𝑧1 + ℎ𝐿𝐿 
 

= 13 ft − 5 ft + 4 ft = 12 ft 
 

∴ �̇�𝑊𝑝𝑝 = ℎ𝑝𝑝 ⋅ 𝛾𝛾𝑄𝑄 = 12 62.4 3
1

550
= 𝟒𝟒.𝟏𝟏 𝐡𝐡𝐡𝐡 



Energy Eq. Example 2 (Pump) – Contd. 
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(b) Head loss 
 
Energy equation from (2) to (3) 
 

𝑝𝑝2
𝛾𝛾

+
𝑉𝑉22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑝𝑝 =

𝑝𝑝3
𝛾𝛾

+
𝑉𝑉32

2𝑔𝑔
+ 𝑧𝑧3 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

 
with 𝑝𝑝2 = 𝑝𝑝3 = 0, 𝑉𝑉2 = 0, and ℎ𝑝𝑝 = ℎ𝑜𝑜 = 0, 
 

0 + 0 + 𝑧𝑧2 + 0 = 0 +
𝑉𝑉32

2𝑔𝑔
+ 𝑧𝑧3 + 0 + ℎ𝐿𝐿 

 

ℎ𝐿𝐿 = 𝑧𝑧2 − 𝑧𝑧3 −
𝑉𝑉32

2𝑔𝑔
= 13 ft − 3 ft −

2 2

2 32.2
 

 
= 10 ft − 0.062 ft = 𝟗𝟗.𝟗𝟗𝟒𝟒 𝐔𝐔𝐟𝐟 



Example 3 (Turbine) 
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Given: 

𝑄𝑄 = 8 × 106  gal
min

× 1 ft3

7.48 gal
× 1 min

60 s
= 1.78 × 104  ft3 s⁄   

𝐻𝐻 = 600 ft  
 

Find: Maximum power output �̇�𝑊t possible 



Example 3 (Turbine) – Contd. 
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 𝑝𝑝1
𝛾𝛾

+ 𝐶𝐶12

2𝑔𝑔
+ 𝑧𝑧1 + ℎ𝑝𝑝 = 𝑝𝑝2

𝛾𝛾
+ 𝐶𝐶22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

 
With 𝑝𝑝1 = 𝑝𝑝2 = 0, 𝑉𝑉1 ≈ 0, and ℎ𝑝𝑝 = 0, 
 

 0 + 0 + 𝑧𝑧1 + 0 = 0 + 𝐶𝐶22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

or 

ℎ𝑜𝑜 = 𝑧𝑧1 − 𝑧𝑧2 −
𝑉𝑉22

2𝑔𝑔
− ℎ𝐿𝐿 

 

(1) 

(2) 



Example 3 (Turbine) – Contd. 
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The maximum power would occur if there were no loss (ℎ𝐿𝐿 = 0) and 
negligible kinetic energy at the exit (i.e, 𝑉𝑉2 ≈ 0; large diameter outlet). Thus,  
 
 

ℎ𝑜𝑜 = 𝑧𝑧1 − 𝑧𝑧2 −
𝑉𝑉22

2𝑔𝑔
− ℎ𝐿𝐿 = 600 ft 

 
 

∴ �̇�𝑊𝑜𝑜,max = ℎ𝑜𝑜 ⋅ 𝛾𝛾𝑄𝑄 = 600 ft 62.4 lb
ft3

1.78 × 104  ft
3

s
1 ft⋅lb s⁄
550 hp

  
 

= 𝟏𝟏.𝟒𝟒𝟏𝟏 × 𝟏𝟏𝟎𝟎𝟔𝟔 𝐡𝐡𝐡𝐡 



Example 4 (Turbine) 
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Given: 
�̇�𝑊𝑜𝑜 = 2500 ℎ𝑝𝑝  
 

Find: Power loss �̇�𝑊loss between sections (1) and (2) 



Example 4 (Turbine) – Contd. 
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𝑝𝑝1
𝛾𝛾

+
𝑉𝑉12

2𝑔𝑔
+ 𝑧𝑧1 + ℎ𝑝𝑝 =

𝑝𝑝2
𝛾𝛾

+
𝑉𝑉22

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝑜𝑜 + ℎ𝐿𝐿 

 
 𝑝𝑝1 = 60 lb in2⁄ 144 in2 ft2⁄ = 8,640 lb ft2⁄   
 

 𝑝𝑝2 = −
10 in.Hg 13.6 (1.94 slugs ft3) ⁄ 32ft s2⁄ 1 lb slugs⋅fts�

12 in. ft⁄
= −704 lb ft2⁄  

 

 𝑉𝑉1 = 𝛾𝛾
𝐴𝐴1

= 150ft3 s⁄
𝜋𝜋 3 ft 2 4⁄

= 21.22 ft s⁄   

 

 𝑉𝑉2 = 𝛾𝛾
𝐴𝐴2

= 150ft3 s⁄
𝜋𝜋 4 ft 2 4⁄

= 11.94 ft s⁄   

 

 ℎ𝑜𝑜 = �̇�𝑊𝑡𝑡
𝛾𝛾𝛾𝛾

=
2500 hp 550 ft⋅lb s⁄

hp

62.4 lb ft3⁄ 150ft3 s⁄
= 146.9 ft  

 
 ℎ𝑝𝑝 = 0  



Example 4 (Turbine) – Contd. 
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Solve Energy eq. for ℎ𝐿𝐿 with ℎ𝑝𝑝 = 0, 
 

ℎ𝐿𝐿 =
𝑝𝑝1 − 𝑝𝑝2

𝛾𝛾
+

𝑉𝑉12 − 𝑉𝑉22

2𝑔𝑔
+ 𝑧𝑧1 − 𝑧𝑧2 − ℎ𝑜𝑜 

 
or 

ℎ𝐿𝐿 =
8640 − −703

62.4
+

21.222 − 11.942

2 × 32.2
+ 10 − 146.9  

 
= 149.7 + 4.8 + 10 − 146.9 = 17.6 ft 

 

∴ Power loss = ℎ𝐿𝐿 ⋅ 𝛾𝛾𝑄𝑄 = 17.6 62.4 150
1

550
= 𝟑𝟑𝟎𝟎𝟎𝟎 𝐡𝐡𝐡𝐡 



Hydraulic and Energy Grad Lines 
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• A way of graphical representation of the level of mechanical energy 
in a flow: 

 
 

HGL ≡
𝑝𝑝
𝛾𝛾

+ 𝑧𝑧 

 

EGL ≡
𝑝𝑝
𝛾𝛾

+ 𝑧𝑧 +
𝑉𝑉2

2𝑔𝑔
      = HGL +

𝑉𝑉2

2𝑔𝑔
 

 



Hydraulic and Energy Grad Lines – Contd. 

10/22/2014 24 

• HGL: If a piezometer is tapped 
into a pipe (i.e., a pressure tap), 
the liquid would rise to a height 
of 𝑝𝑝 𝛾𝛾⁄  above the pipe center, 
i.e. HGL = 𝑧𝑧 + 𝑝𝑝 𝛾𝛾⁄ . 
 

• EGL: If a stagnation tube is 
inserted into a pipe, the liquid 
would rise to a height of 
𝑝𝑝 𝛾𝛾⁄ + 𝑉𝑉2 2𝑔𝑔⁄  above the pipe 
center, i.e., EGL = 𝑧𝑧 + 𝑝𝑝 𝛾𝛾⁄ +
𝑉𝑉2 2𝑔𝑔⁄ . 
 

• For ideal frictionless (Bernoulli-
type) flows, EGL is horizontal 
and its height remains 
constant. 

(An example of ideal frictionless flow) 



Hydraulic and Energy Grad Lines – Contd. 
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EGL and HGL in a straight pipe (friction flow) 

• The EGL and HGL coincide with the 
free surface for stationary bodies 
since the velocity is zero and the 
static pressure (gage) is zero. 
 

• The EGL is always a distance 𝑉𝑉2 2𝑔𝑔⁄  
above the HGL. 
 

• At a pipe exit, the pressure head is 
zero (atmospheric pressure) and the 
HGL coincides with the pipe outlet. 
 

• The head loss causes the EGL and 
HGL to slope down in the direction 
of flow. 



Hydraulic and Energy Grad Lines – Contd. 
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• The EGL and HGL 
approach each other as 
the velocity decreases, 
and they diverge as the 
velocity increases. 
 

• The height of HGL 
decreases as the 
velocity increases, and 
vice versa. 



Hydraulic and Energy Grad Lines – Contd. 
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• A steep jump occurs in 
EGL and HGL whenever 
mechanical energy is 
added to the fluid (e.g., 
by a pump). 
 
 
 

• A steep drop occurs in 
EGL and HGL whenever 
mechanical energy is 
removed from the fluid 
(e.g., by a turbine).  



Hydraulic and Energy Grad Lines – Contd. 
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• The pressure (gage) of a fluid is zero at locations where the HGL 
intersects the fluid. 

• The pressure in a flow section that lies above the HGL is negative 
(vacuum), and the pressure in a section that lies below the HGL is 
positive. 

• Situations where the pressure drops below the vapor pressure of the 
liquid cause cavitation.  
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