
Reynolds Transport Theorem (RTT)
• RTT transforms the governing differential equations (GDE’s) from a 

system to a control volume (CV):
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• Fixed a CV,
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Momentum Equation
• RTT with 𝐵𝐵 = 𝑚𝑚𝑉𝑉 and 𝛽𝛽 = 𝑉𝑉,
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• Simplified form:

∑ �̇�𝑚𝑉𝑉 out − ∑ �̇�𝑚𝑉𝑉 in = ∑𝐹𝐹

or in component forms,

∑ �̇�𝑚𝑢𝑢 out − ∑ �̇�𝑚𝑢𝑢 in = ∑𝐹𝐹𝑥𝑥
∑ �̇�𝑚𝑣𝑣 out − ∑ �̇�𝑚𝑣𝑣 in = ∑𝐹𝐹𝑦𝑦
∑ �̇�𝑚𝑤𝑤 out − ∑ �̇�𝑚𝑤𝑤 in = ∑𝐹𝐹𝑧𝑧
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Note: If 𝑉𝑉 = 𝑢𝑢�̂�𝒊 + 𝑣𝑣�̂�𝒋 + 𝑤𝑤�𝒌𝒌
is normal to CS, �̇�𝑚 = 𝛽𝛽𝑉𝑉𝐴𝐴, 
where 𝑉𝑉 = 𝑉𝑉 .



Momentum Equation – Contd.
• External forces:

∑𝐹𝐹 = ∑𝐹𝐹body + ∑𝐹𝐹surface + ∑𝐹𝐹other

o ∑𝐹𝐹body = ∑𝐹𝐹gravity

• ∑𝐹𝐹gravity: gravity force (i.e., weight)

o ∑𝐹𝐹Surface = ∑𝐹𝐹pressure + ∑𝐹𝐹friction + ∑𝐹𝐹other

• ∑𝐹𝐹pressure: pressure forces normal to CS
• ∑𝐹𝐹friction: viscous friction forces tangent to CS

o ∑𝐹𝐹other: anchoring forces or reaction forces
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Note: Surface forces arise as the CV is isolated from its surroundings, similarly to 
drawing a free-body diagram. A well-chosen CV exposes only the forces that are to 
be determined and a minimum number of other forces



Example (Bend)
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Inlet (1):
�̇�𝑚1 = 𝛽𝛽𝑉𝑉1𝐴𝐴1
𝑢𝑢1 = 𝑉𝑉1
𝑣𝑣1 = 0

Outlet (2):
�̇�𝑚2 = 𝛽𝛽𝑉𝑉2𝐴𝐴2
𝑢𝑢2 = −𝑉𝑉2 cos 45∘
𝑣𝑣2 = −𝑉𝑉2 sin 45∘

�̇�𝑚𝑢𝑢 out − �̇�𝑚𝑢𝑢 in = 𝛽𝛽𝑉𝑉2𝐴𝐴2 −𝑉𝑉2 cos 45∘ − 𝛽𝛽𝑉𝑉1𝐴𝐴1 𝑉𝑉1
�̇�𝑚𝑣𝑣 out − �̇�𝑚𝑣𝑣 in = 𝛽𝛽𝑉𝑉2𝐴𝐴2 −𝑉𝑉2 sin 45∘ − 𝛽𝛽𝑉𝑉1𝐴𝐴1 0

Since 𝛽𝛽𝑉𝑉1𝐴𝐴1 = 𝛽𝛽𝑉𝑉2𝐴𝐴2,
�̇�𝑚𝑢𝑢 out − �̇�𝑚𝑢𝑢 in = − 𝛽𝛽𝑉𝑉2𝐴𝐴2 𝑉𝑉2 cos 45∘ + 𝑉𝑉1
�̇�𝑚𝑣𝑣 out − �̇�𝑚𝑣𝑣 in = −𝛽𝛽𝑉𝑉22𝐴𝐴2 sin 45∘

𝑢𝑢2
𝑣𝑣2

𝑢𝑢1



Example – Contd.
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∑𝐹𝐹𝑥𝑥:
1) Body force = 0
2) Pressure force = 𝑝𝑝1𝐴𝐴1 + 𝑝𝑝2𝐴𝐴2 cos 45∘
3) Anchoring force = −𝐹𝐹𝐴𝐴𝑥𝑥

∑𝐹𝐹𝑦𝑦:
1) Body force = −𝑊𝑊𝑤𝑤 −𝑊𝑊𝑒𝑒
2) Pressure force = 𝑝𝑝2𝐴𝐴2 sin 45∘
3) Anchoring force = −𝐹𝐹𝐴𝐴𝑧𝑧

Thus,
− 𝛽𝛽𝑉𝑉2𝐴𝐴2 𝑉𝑉2 cos 45∘ + 𝑉𝑉1 = 𝑝𝑝1𝐴𝐴1 + 𝑝𝑝2𝐴𝐴2 cos 45∘ − 𝐹𝐹𝐴𝐴𝑥𝑥
−𝛽𝛽𝑉𝑉22𝐴𝐴2 sin 45∘ = −𝛾𝛾𝑉𝑉𝑤𝑤 −𝑊𝑊𝑒𝑒 + 𝑝𝑝2𝐴𝐴2 sin 45∘ − 𝐹𝐹𝐴𝐴𝑧𝑧

∴ 𝐹𝐹𝐴𝐴𝑥𝑥 = 𝛽𝛽𝑉𝑉2𝐴𝐴2 𝑉𝑉2 cos 45∘ + 𝑉𝑉1 + 𝑝𝑝1𝐴𝐴1 + 𝑝𝑝2𝐴𝐴2 cos 45∘
𝐹𝐹𝐴𝐴𝑧𝑧 = 𝛽𝛽𝑉𝑉22𝐴𝐴2 sin 45∘ − 𝛾𝛾𝑉𝑉𝑤𝑤 −𝑊𝑊𝑒𝑒 + 𝑝𝑝2𝐴𝐴2 sin 45∘

𝑝𝑝2𝐴𝐴2 cos 45∘
𝑝𝑝2𝐴𝐴2 sin 45∘

𝑝𝑝2𝐴𝐴2
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