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Parametric Programming is the analysis

Parametric IProgramming of the variation of the solution of an LP when
on the somg element (right-hand-side, objective, etc.)
} _ varies.
Right-Hand-Side
©Dennis Bricker, U. of lowa, 1998
Consider the optimal value of the L as So we can evaluate z*(b') by solving the LP
a function of the right-hand-side vector, i.e., .
z*(b.) _ Max ®b
st. mMA<c
Z¥(b)= [ Min ¢ x Max 7b n:0
st. Axzxb : st. MA<c

x20Q | oydusinyiteory n 20 Notice that the feasible region of the dual
The function z* is "evaluated” for some LP is the same for every argument b'.
particular right-hand-side b’ by solving We know that a basic solution is optimal for
the LP (either the primal or the dual). an LP problem, and that there are a finite

(but possibly very large!) number of such
basic solutions.
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Suppose that we were to number the basic Therefore, z¥(b) = Maximum { zn*b }
feasible solutions of the dual LP: k=1,2,.K
{ n', n2 a3 ... =K}

That is, z*(b) is the maximum of a family of

K _ By _
where gach = ch(A ) for some dual linear functions, =ntb, k=1,2,... K

feasible basis B,

(K is a finite number, no greater than ("y').) which is a piecewise linear convex function!

In theory, then, we could evaluate z*¥(b) by
enumerating the K basic feasible solutions of
the dual, evaluating the dual objective nkb

at each, and selecting the maximum such value.
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Let us restrict our analysis of the function z*(b} Consider the solution of the LP

to a study of its behavior along a line (rather . " .

than everywhere in m-dimensional spacell Pz (1) = minimum ¢ x
s.t. Ax=b~+ Ad

That is, we assume an initial right-hand-side x20

vector (b1 is given, and a direction (di and

study the behavior of z*(b+ Adl considered as

& function of the scalar parameter A. Z*(}L) - maximum { Tk (b + A d) }
k=1,2,.K

where d is an m-vector and A 1is a scalar.

- maximum { m¥b + (mkd)d }e 27 sveions
)

k=12,.K intercept  siape
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""""" . intercep?  slope
minimum: = ¥y ~ % T n, n; | kb mkd Basis
subject to Dy + %, <8+ 21 0 0 0 0 0 345
-05 0 0 -4 -1 145
K+ 2% <7+ 7R -1 0 o | -8 -2 245
Xp 3+ 20 -0333 -0333 0 -5 -3 125 2
%120, %20 0 -1 0 -7 -7 135 =
0 -05 0 -35 -35 2 35 b
. -
= maximum { (8t 7ngt2mg)+ (2n+ Int2ngh ) 0 -1 ! -4 -5 123
st. 2ngk e <-1 05 0 -05|-55 -2 124 &
mt+ 2nt g < -1 0 0 -1 -3 -2 2 34
Ty < 0,m5¢ 0,m5<0 e
HERFOSIIVE BECEUSE {columns #1,3,4 are dependent & do not form a basis!)
af gireciion af < in

2he primsil
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Of the nine basic solutions, four are dual feasible. Therefore,
z¥(A) is the maximum of four linear functions:

inressitiel

-5-3A
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In this example with only nine basfc dual
solutions, [t was possiiie to enumerate alf
of them, test each for feasibfifty, and then
maximize the corresponding finear functions

nfh + (m*d)A

However, for most proffems, the number of
basic dual selutions 1s astronomical and
enumerating them s practicaliy fmpossibfe.

(UsUEHY, oy & few of Whese basic dual solutfons aotiually detertmine £%)
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The initial tableau:
CHENGE Ol

-—

-z 1 2345 | Bla

1 "1 "1 000 0|0 FHEEIS

0 2 1100 8|2 B+Ad

0 1 2010 7|7

0 0 1001 3|2
——

SIECK veristies

Let's start with A =0, and investigate the LP
as A increases.
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inressitial
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Let's consider again the parametric LP P2
ZYA) = minimum - x; - %,
subject to | 2% + %, <8+ 22
Ryt 2%, <7+ 7R
X, 3+ 27
%20, %20

Determine the optimal value function Z*(&) as
well as x(1) and x3(4) [i.e, the optimal
solution] for all values of A e(-co, +c0)
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The optimal tableau for A =0:

—z12 3 4 5 ] B|a
fmizd 4 0 0 0.333 0.333 0 | 5| 3
0410 0.667 ~0.333 0 | 3|1
0041 ~-0.333 0.667 0 | 2| 4
000 0.333 "0.667 1 | 1|2

{ihis calumn updsted auring
asch pivat)

The optimal solution of P(Q) is z*(0)= -5,
at x¥(0)=3,x5(0)=2,x3(0) =1,
x¥(0)=xx(0)=0
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Expressed as functions of A, the basic solution is:

212518|a z(1) = -5 + 31
100 O 5| 3 ®¥(A)=3- 14
040 0 3/"1 — Jx3M)=2+421
001 0 z| 4 xi(l)=1—2k
000 1| 1|2 5

xFA)=x3@A)=0
Note that these are linear functions of 4!
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We solve the inequalities

x¥(A)=3- 2 20

x¥(A)=2+4220

xE(A)=1-2220

I-A 20 => L¢3

2+4220 = L 2-Y,

1-2020 = A<+Y,

That is, the basic solution is feasible for all
rel-',+%1 (and, in particular, for 1= 0).

for A:
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Let us now increase A from its initial value (0)
to the upper limit for which the basis is feasible,
i.e., +Y . The basic solution then becomes

x¥(+%)=3 -4 =25
x$(+')=2+4(%) =40
x¥(+'5)=1-2(Y%) = 0
Any further increase in & would result in
infeasible (i.e., negative) values for x%!

©Dennis Bricker, U. of lowa, 1998

-z 12 3 4 5| B|aA
100 0.333 0.3330 | 5| 3
010 0.667 ~0.333 0 | 3|71
001 ~0.333 0.667 0 | 2| 4
000 0.333“1 1|2

333 (70.667)

-Z212 3 4 5 B |a
100 0.50 0.5 5.5(2
010 0.50 ~0.5 2.5|0
001 0 0 1 3 |2
000 "0.51 "1.5 | "1.5|3
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The optimality criterion (reduced cost > 0) is
independent of the parameter A , and so the
current basis remains optimal so long as the
basic variables

xFA)=3- 24
x5 () =2+ 42
xE(A)=1-22

remain feasible, i.e., nonnegative.

For what walves of N 7S w¥AJ2 07
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Plot of z(A) & xf(l) over the interval [-05, +05]:

2(A)=-5-3A K2 =2+ 42
T w¥A)=3-1 T4
\__;1\
P R S 2
2T ®EA) =1 -2
a4 .
t t A
- '\ -05 +05
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In order to increase the parameter A& further,
xg Mmust leave the basis, since it would other-
wise become negative. In order to remove xs

E

pivot:

212 3 4 5| B|aA
100 0.333 0.3330 | 5|3
010 0.667 "0.333 0 | 3|71
001 70.333 0.667 0 | 2| 4 _,
000 0.333 70.667 1 | 1 -26‘{}=b4

ival in this raw’
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For this basis, the basic solution is

-z12 4 | B |a

100"0 B .52 z(A)=-55-22
010 0 2.5]0 = | T(A)=239

00 1 0 3 2 X;(l)=3+21
000 1 “1.5(3 xF(L)=-15+32

Notice that as A increases, no basic variable
decreases. Since the optimality criterion (reduced
costs > O ) does not depend upon A, this basis is
optimal for all 4>0.5
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That is, if we solve the system of inequalities Let us now investigate P(&) for A< -05
Consider the tableau which was optimal for

x¥(A)=25 >0 = fnorestrictionon N7 -05<¢< A <+05
x¥(A)=3+2% 20 = 42715 z12 3 4 S5|B|a
xF(A)=-15+432 >0 = 1205 100 0.333 0.3330 | 5| 3
. o 010 0.667 "0.333 0 | 3|1
we see that it is satisfied for e [ 0.5, + oo ) 001 "0.333 0.667 0 2| 4
000 0.333 70.667 1 1|72

Recall that the lower limit of the parameter,
A > -, derives from x¥(A)20,ie,%x35(-"%)=0

A further decrease in A requires that X, beremoved
from the basis (by a dual simplex pivot)
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The new basic solution is:

-z 1 2 3 4 5 B| A
1 00 0.333 0.333 0 5| 3 2(0) = -7 =72
010 0.667 “0.333 0 | 3|71 i) B
0 0 1C0.333> 0.667 0 | 2| 4« mvatrow XFE(a)=7+71
0 00/0.333 70.667 1 | 1|72 xF(A)=-6-122
mi%ffz 3 45 B| A )=z
the cusl simples | To find the interval for which this basic solution is
pival yrejos 10 10 10 7| 7 feasible (& therefore optimal), solve
01 20 10 77 xF(A)=7+70 20 A2-1 that is,
00 " 31720 6|712 wX(A)=-6-122 20 = <A<-05 Ae[-1.0-05]
00 10 01 3 2 3
x¥(a)=3+22 20 Ax-15
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When A decreases to -1.0, x¥(A) decreases to 0 and must Summary of Parametric Analysis:
be removed from the basis to allow any further decrease in
the parameter. We therefore attempt another dual simplex
pivot: A {-oco,-11. [-1,-05]. [-05,+05]{ [+05, +o0)
-z1 23 45| B| A x¥ © 7+ 7h 3-a 25
~
*
10 10 10| 7| 7 X2 R 0 2ran g 3r2n
014 20 10 7 7 «— pival raw X3 :.g -6-12A 0 0
00 31 20 6|12 X% & 0 0 -15+ 3
00 140 01 3| 2 X 8 340n 5% 0

Because there is no negative element in the pivot row, x|
cannot be removed from the basis, and it is evident that
P( a)is infeasible for A<-10

©Dennis Bricker, U. of lowa, 1998 ©Dennis Bricker, U. of lowa, 1998
Flotof z vs L - Flot of x}F ws. A
3
intessible
________ L } A
1
=7 -TA -"]
*
-6.5 -2 K
24
a4 ¥ ¥
-1 -05
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Initial tableau:

N -z 12 3 4 568 B| &
Minimize xy + R, + 7xg + 3x,+ K + 2%, |
. 1 11 7 3 12 0|0
sublect to RIREEEHIE
Xyt 2%— Xz — Xg t Xgt 2x,= 16 -4 0103 3 10l 4|1
Xz = 3Kg— Kot SKg= 2 +A s )E
Optimal tableau =0
X, = 3xgt 3x4 + X = -4+ 4
% 20,j=1,2,..6 212 3 45 6 B | &
100 7 30 2| -12f 1.5
010 271071 6(-1.5
00171710 2 4 0.5
00071 2171 2l-0.5
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-z12 3 45 6 B | &
100 7 30 2| -12| 1.5
010 271071 671.5
00171710 2 4| 0.5
00071 2171 2l-0.5

Parametric Analysis E

Least Upper Bound (LUB): 4

Mini™6 2 -+ 71.5 70.5% = Min {4 43} “Zz 12 3 456 ) B| A
RHS at LUB is 710 0 6 O
Greatest Lower Bound (GLB): 78 1 2011 100 0[71.5
= Maxi 4 -+ 0.5} = Max {783 01072 101 6| 1.5
RHS at GLB is 716 18 0 6 0 21 3 7300 16(72.5
Range of parametess LAMBDA within which basis is feasible: 01073 310 41 1
L 78, ]
®©Dennis Bricker, U. of lowa, 1998 ©Dennis Bricker, U. of lowa, 1998
Dual Simplex Pivot l
-z 12 3 456 ) B| a
-z
120y 129 olns Con ool ol
0 21 3300/ 16(2.5 é -f 8 l% : 8 ? -2 % E
01073 310 41 1 0 21 3@00 16 [72.5 &—
0710 73 10 411
Parametric Analysis l
Least Upper Bgt_mc;. i%UB)=265§ Min 643
= Min{- + 2. = Min . -
= " tLRHS aTE:‘ LUg igLélﬁ 2.602.4 z L 2 3456 B 4
reatest Lower Bound (GLE): 1 2.67 0.333 12 00 0 5.33 |-2.33
= Maxig 4 = 1.5 13 = Max {4 43 0 70.333 0.333 "1 001 | ~0.667| 0.667
RHS at GLB 1s ~10 0 6 O L . 0 ~0.667 ~0.333 "1 1 00 | -5.33 | 0.833
Range of parameters LAMBEDA within which basis is feasible: 0o 1 1 0010 12 -1.5
]
s
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-z 1 2 3456 ) B | &
1 2.67 0.333 12 0 0 O 5.33 ([72.33 ;i i § #4 i ivle
0 -6.3%3 0333 T o601 -0lie7| 66k A dual simplex pivot in row *4 is not possible:
0 ~0.667 "0.333 "1 100 ~5.33 0.833
o 1 0010 12 1.5
-z 1 2 3456 ) B | &
1 2.67 0.333 12 0 0 0 5.33 |72.33
0 "0.333 0.333 1001 “0.667| 0.667
Parametric Analysis E 0 70.667 70.333 71100 ~5.33 0.833
o 1 1 0010 12 1.5

Least Upper Bound (LUB): 8

= Min{-12 + ~1.5% = Min £83%

RHS at LUB is ~21.3 4.67 1.33 0 The LP is infeasible for A > 8
Greatest Lower Bound (GLB): 6.4

= Max{0.667 5.33 + 0.667 0.833% = Max {1 6.4}

RHS at GLB is ~16 3.6 0 2.4
Range of par*gmeter*s LAMBDA within which basis is feasible:

[
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Let's return to the optimal tableau for A =0

Dual Simplex Pivot
-z12 3 45 6 B | & )
100 7 30 2| "12|1.5 212 3 45 6) B | &
8(1)?-%-%8% g(i)g 100 7_30_2 T12) 1.5
0001 21 -1 2|-0.5 010 2 01 6171.5
001 "1 0 2 4| 0.5 ¢&—
00071 171 2170.5
Parametric Analysis E
Least Upper Bound (LUB): 4
R;SMig{I:T?IB_'Z + 1‘(1)3 t;0(.)53- = Min €4 4%
a is - _
Greatest Loweﬁ B?ugd (SL?;: 'g . z1 2 3465 6) B| &
= Maxi~4 = 0. = Max £~
RHS at GLB is -16 18 0 6 514 2801 2=
Range of parameters LAMBDA within which basis 1s feasible: 00 -1 110 -2 -41-0.5
[ -8 _ .
’ 00 2301 3 10| 0.5
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“Zz1 2 345 6] B| &
10 3 400 8 o3
01 "1 300 73 2|2 A
00"1 110 "2 “4170.5
00 27301 3 10| 0.5 _g
~0.5
0.5 ¢&—
Parametric Analysis E
Least Upper Bound (LUB): ~8
= Min{~2 4 + “2 "0.5% = Min €1 8%
RHS at LUB is ~16 18 0 6 1 3 4 B | A
Greatest Lower Bound (GLB): ~20
= Max{~10 + 0.5} = Max €{°20% 10 5.67 00 1.33 12 13.3 3.67
RHS at GLB is ~40 42 6 0 01 1 00 1 01 12 “1.5
Range of parameters LAMBEDA within which basis is feasible: 00 70.333 01 0.333 71 “0.667(70.333
[ 20, 781 00 "0.667 1 0 "0.333 "1 ~3.33 | T0.167

®©Dennis Bricker, U. of lowa, 1998

-z1 2 34 5 &y B | &
10 5.67 00 1.33 12 || 13.3 | 3.67
01 1 00 1 0 12 ;1.5
00 -0.333 01 0.333 -1 || -0.667|-0.333
00 -0.667 1 0 -0.333 -1 | -3.33 [-0.167

Parametric Analysis E

Least Upper Bound (LUB): ~20

Min{~12 0.667 3.33 + 1.5 ~0.333 ~0.1673

= Min § 8 "2 "203%

RHS at LUB is "60 42 6 0
No Lower Bound

Range of parameters LAMBDA within which basis is feasible:
L - - ]

1.8E308 ,
Ka

ie,- CO
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