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The PRIMAL Simplex Method solves
Minimize c'x
subjectto Ax=b

The x20
[ by starting with a basis B which is feasible
|DUA%% in the above (primal) problem, ie, a basis B
R N for which the basic variables are positive: xg= (AB )-Ib 50
A'go rithm and works toward satisfying the optimality
criterion, namely 1
This Hypercard stack was prepared by nonnegative reduced costs: ¢ -r'A20 where m=cg (AP
Dennis L. Bricker ) \ o
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Fhat is, at each iteralion, the reduced

The DUAL Simplex Melhod does just the costs in the objective function row of

apposite, starting with a basis salisfyving the tableau are nonnegalive (i we are

the aplimalily criterion (dual reasibility/ minimizing/, while the right-hand-side
c-ntaso may include some negative values!

and pivoling to atiain primal reasibiliiy/

xg= (AB) b2 0
@Dennis Bricker, U. of Iowa, 1998 @Dennis Bricker, U. of Iowa, 1998
EFXATTPLE. Minimize 2X; + 3Xp+ 49Xz First, set up the simplex tableau.
subject to
Wy +2Ho+ Hz23 21 23 4 5|B
26y = o+ 3Hz24
¥120, ¥20, X520 12 34 0 0|0
. ] . . . . 01 21 71 0|3
First, we transtornm the inegqusalities (o equalities, - -
T - ' 02713 0 71|14
BN FRIING SRS VEEhes
Minimize 2Ky + 3Xp+ 4¥3 Typically, we would need to define artificial
subject to variables and proceed with Phase One in order
Ky +2Wa+ Kz —Hy =3 . o . . .
My - Kot Ba “¥g=4 to find an initial feasible basis for the primal
K120, %20, ¥320, Kg20,Kg2 0 problem.
@Dennis Bricker, U. of Jows, 1993 @Dennis Bricker, U. of Iows, 1998
£Even though this basic solution 1s nof feasible,
notice that the reduced cosits in the objective
Instead, let's make the surplus variables row are all nonnegative!
basic: -z1 23 4 5|B -z 1 2 3 45| B
12 34 o op0 Prerhere! 1%2,..3,..4.9,04 0
01 21 0|3 071 "2 11 0|3
02 13 0(1 0 "2 1 30174
J\/L So Lthis basic solulion is “dusal feasible” /
-z 1 2 345|B , _ _—
This worked becaisse the costs C are nonnegadive. In other situations,
1 2 3 400 note that we may have already solved an LP, and then need to solve
0 "1 -2 "1 1 0|-3 this solution L
0 -2 1 -3 01 _4} is not Minimize Cx
feasrblel? subjectto Ax=b=b

x=0
@Dennis Bricker, U. of Iows, 1998 @Dennis Bricker, U. of Iowa, 1998
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How can we pivol so as to improve ypon the
feasibility in the primal constrainis?

-z 1 2 3 45| B

1 2 3 4 00| 0

0 "1 "2 "1 1 0|"3

0 "2 1 "3 0174
Notice that i7 we pivol in a row with a NEGATIVE
right-fiand-side, and a negative elfement in that
column for the pivel element, tfis row will fiave

& POSITIVE right-fhand-side in the resulting
tableau!

@Dennis Bricker, U. of lowa, 1993

PIYOT IN COLUMN 1 E

By piveling on & negative element, we fiave
improved upon primal feasibility (by making
the right-hand-side positivel

21 2 3 4 5| B

10 4 1 0 1 4
00 2.5 0.5 1 "0.5 "1
01 0.5 1.5 0 0.5 2

Alsa, note that we still have qual feasibility: the
redguced costs in the objective row have remained

7123198 page 2
-2 1 2 3465 | B
1 2 3 4 00| O . .
0 "1 "2 ~110|3 Lels arbrirarily
0 -2 -3 0 1|4 & select the bottom

row for our pivet

=
L
<

Select a pivot location
in either columns 1, 2,
or 3, and notice the

result! o

@Dennis Bricker, U. of Tows, 1998

|PIVOT IN COLUMN ZE

when we pivol on a positive element, the
right-fhand-side remains negative:

-z 12 34 5| B

1 8 0 13 0 3| 12
050 "71 2|"11
0721 "30 1| "4

One of the reduced costs has become negalive
alsa, so in this case we have lost qual feasibility

nonnegative!
/7 yaw heve nat siresay done

£aG, ge heck & Uy he ather
<:-‘_'] LIVals 1a 588 WhHE! HEREEHS.

and made no gain in primal feasibifiiy!

&

@Dennis Bricker, U. of Iowa, 1998

PIYOT IN COLUMN SE

Notice that by piveting on g negaiive element,
we fizve improved ypon primal feasibifiiy:

-z 1 2 5 | B

0 "0.3333 "2.333 “0.3333| 71.667

3 4
1 "0.6667 4.333 0 0 1.333 |75.333
01
0 0.6667 "0.3333 1 0 "0.3333| 1.333

Unforiunately, we fiave lost dual feasibility: one
of the reduced costs in the objective row f1as
become negative!

@

@Dennis Bricker, U. of Jows, 1993

Selection of Pivot Column in the
Dual Simplex Method
7o improve primal reasibilily, while main—
taining dual feasibilily, perform a minimum
ratio test.

Frval i the coltnmn which miniinizes the ratio
C
]

W ror &if negative candidzle pivel elements 4
an

>

@Dennis Bricker, U. of Iows, 1998

@Dennis Bricker, U. of Iowa, 1998

OBSERVATIONS

Obviously, we need {o pivel on g negative element
in & row with a negative right-hand-side in order
to improve on primal feasibiliiy.

But we have seen that nol just any negative pivol
element will do... pivoling on some negative
elements will result in g loss of dual feasibility,
re., a negalive reduced cost!

How do we select the proper pivol column?

e

@Dennis Bricker, U. of Iows, 1998

DERIVATION |

Selection of Pivot Column in the
Dual Simplex Method

nonnegative ghread selected row
r for the pivel.
f# we choose ool

= = reduced costs, Suppose ihst we fizve
Cj | soveee |Cs &=

R — S for the pivol,
ay| *eeee+ |87 & the selected wirder what conditions
pivol row witl the reduced costs
ﬂ remain nonnegatives

candidate pivot
column

@Dennis Bricker, U. of Iowa, 1998
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in order {o mainiain dual feasibility, e,
nonnegative reduced costs, we must choose
the pivol column s such that

C.— éi- C s is nonnegative for all columns j!
] /é s
v

that 1s,
_ éj g _ 3 i =
Cj— %S s >0 = G > F_SCS forall j
ar a,
) Under what conditions will
pivot the reduced cost be nomn-
column A
negative?
@Dennis Bricker, U. of Iowa, 1998 @Dennis Bricker, U. of Iowa, 1998
Qur pivaet column (5) must satisty, for all 7, Consider a column j whose pivot row element éf. s
5 5 —j posiiive.

= J/é j 2 yés if a0 Then, since the reduced cost in that column, Ej .75

EIJ- 2 a 7R Cs = r r nonnegative, the ratio C % i is nonnegative, r.e.,
ar = = a
Cj C _ r
J/é i< Sés if . <o : _
" " P > 0 2 CS_S . So that

Recall that ar ar

Ci & C; are nonegative = — — .

] $ Cg < . e =] Therefore, we need
f > -
=8 . £ = /éﬁ $0 ]/éJz yés itoar 0 concern ourselves
ar 15 negative r with columns j such
that éi’ <0 7
@Dennis Bricker, U. of Iowa, 1998 @Dennis Bricker, U. of Iowa, 1998

/7 the pivol-row elfement of column j is negative,

ie How do we clivose the pivef column s so 85 o
-&.,

Al
ar < 0 satisty _ )
then since the reduced cost of column j 1s nonnegaiive, c J/ < c % R for alf j such that af, <o 4
re. = 3 = a
. Cj 2 O r
C i . Since column 5 15 among those columns with negative
clearly /6_] i< O and we must choose our pivot values in the pivef row, it is clear that we must the

r -
_ — .Gy . .
) column whose ratio ). islargest, ie
column 5 such that CZ i< C% s /é 2_
ar~ ar = C; =i
Cs/ = maximum { I/t @ <O}
2 a e

r

@Dennis Bricker, U. of Jows, 1993 @Dennis Bricker, U. of Iows, 1998
Cur criterion for selecting the pivel column, Lels continue with our example, appl/ying
_ o = the pivel selection rule which weve just
Cyés = maximum { ]/éj 2 g < O} derived.:
r
o . . 21 2 3 4 5 | B
s somelimes expressed in an equivalent
10 4 1 0 1 -4 Result of
0 0-2.50.5 1 —0.5|-1 ([ Hrstpivol
: * * {row 3,col. 1)

01 0.5 1.5 0 70.5| 2
Choosing the second row as the pivel row, and
applying the minimum ratio {est, we obiain

Frval i the coltrmn wiich minimizes the ratio
G B
—J. ror sl negative candidate pivoal elements 4 f,
|éJ| mimimum | ¥ | £ So we pivet o the
r 2505 25 alement -5

A

@Dennis Bricker, U. of Iows, 1998 @Dennis Bricker, U. of Iowa, 1998
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This resulls in g tableau which is bolh Summary of Dual Simplex Algorithm

primal and dual reasible, and thererore ® Start with a dual feasible basis, i.e., a solution which
satisfies the optimality criterion (nonnegative reduced

optimal. costs, if minimizing)
-2 1 2 3 4 5| B ® Select a pivot row from among those having infeasibility,
i.e, anegative value on the right-hand-side. If none, STOP.
1 00 1.8 1.6 0.2|°5.6 & camman rule-ar-thumil" 1s ta chaose the mast nagetive KHS)
001 0.2 0.4 0.2| 0.4 ® From among the columns having a negative value in the
010 1.4 0.2 "0.4| 2.2 pivot row, select that which yields the minimum ratio of
reduced cost to (absolute value of) candidate pivot element,
The optimal solution, therefore, is: ie, o 6]. FEOUCET CaST T currant ehiasy
- - - -\ =\ = minimurm -
=006, X;= 22, X3=04, X3=X,4=X5=0 F<0 |é{’| . cangigsie pival element in lotiesy
@Dennis Bricker, U. of ITows, 1998 @Dennis Bricker, U. of Tows, 1998
Primal Simplex Performed in Dual Tableau
Compar e the 5 eguen fe_ or dch.? / simp/. ‘?X pivols We see that the slack varisbles (columns 3, 4,&57
with the ordinary, primal simplex pivols can be used a8s an initial basis, so that (as before,
applied to the tableau of the DUAL problem. when using the dusl simplex methodl arirficial
variables are not necessary.
Maximize 3Y, + 4Y, -z 14 23 4 5|B .
subject to I 4 5| B .S‘mce_' we are
Yo+ 2Yp¢ 2 13 4000|0 HMAXImizing, the
2 - Yp¢ 3 o1 2100|2 0o olo salfution {5 im,gr‘a red
¥y + 3¥< 4 02 -101 0|3 0 0|2 by entering either
¥,20, ¥,20 01 300 1|4 1 0/3 i‘olumr_i 7 ar2(_mf/)
0 1|4 relative profits
F & 4, respectivelyl
@Dennis Bricker, U. of Iowa, 1998 @Dennis Bricker, U. of Iowa, 1998

7 /ting tabl 5
Let's choose fo pivel in column 2 (which has the ¢ FESUILIng t80/63U 15.

greatest relative profitl There are two
candidate pivol rows:

-2 1 2 3 45| B
/n which row do we pivol? | Minimum ratio test:
-2 1 2345|B 1 1 0 "2 0 0|74 1
Minimum Ratio Test: 0 0.51 0.500| 1 <— Y05 U
13 400 0|0 2 0 (2.50 0.51 0| 4 %4/25 < retic
01 1 0 0|2 <«<— -~ | € minimum ratio 0 70.5 1.5 0 1| 1 '
0 14 01 0|3 P pivot here!
0 300 1|4 < There is only one positive relative profit in this
) ) tablesu, 50 we must prvet in column *1 , and the
pivot herel We consider only POSITIVE minimum ratio test selfects the third row.
elements as potential pivot -
elements!
@Dennis Bricker, U. of Jows, 1993 @Dennis Bricker, U. of Iows, 1998

The tableau which results from this pivol satisiies

b} b e Dual Simplex pivots Primal Simplex pivots
£l aptlma/d_y’cona’itmns in primal tableau (FEEErrzzzzzzZy in dual tableau
e
Mo (M2 (M -Z 1 2 345|B Compare! 21 z345F
-2 1 2 3( 4& 5% B antinel 1 23 a00| o /;;zWW
& 4 saiuiicn: g é)-f :é jﬁ 0 :i
100 2.2 "0.4 0| 5.6 2=56 :
001 0.4 0.2 0| 0.2 Y =16
010 0.2 0.4 0f 1.6 Y‘ ' Tzt 2z 34 S|B
000 "1.4 0.2 1| 1.8 >, =0. %3@%.52%.5-2
01 70.5 1.5 0 "0.5| 2

The relative profits of the slack variables give us
the oplimal simplex multipiiers, since these relative

rofits are- ct-mA 7 X - = -
2 or, in this case, [0 0 0]- n 1 n 100 1.8 1.6 02|58
= ny= 2.2, np =0.4, n3=0 s is the solution of PR | i

e original problem!

@Dennis Bricker, U. of Iows, 1998 @Dennis Bricker, U. of Iowa, 1998
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While the two procedures are equivalent
(dual simplex pivots in primal tableau,
and primal simplex pivots in the dual
tableau), in practice the effort may not
be at all the same:

The Dual Simplex Method is especially
usetul when re—oplimizing @ tableau after
changing the right-hand-side.

® For example, in a production planning problem which is

solved each week, but with different demands &/or

If n >> m, i.e., there are many more available resources (but same costs & profits).
y ’ ® During parametric programming, in which the right-

variables ,than constraints, the primal hand-side is varied to study the dependence of the optimal
tableau will be much smaller than the solution upon the right-hand-side
dual tableau, each including the slack

& surplus variables. /n these situations, the tableau after the

right-fiand-side is changed remains dual feasible!

@Dennis Bricker, U. of lowa, 1993 @Dennis Bricker, U. of Tows, 1998

Another example:
/F we were {o use the PRIMNAL simplex method,

Minimize 2K, + 3K,+ SKz+ OX4 we would have fo introduce artiticial variables
subject to and proceed with Phase One.
Hy + 2K+ 3Kz+ Ky 22
DM+ Np- Mg + 3Hg <3 /nstead, let'’s make columns 5 & 6 basic:
%120, %20, %520, %420
The initial tablesu: 2 12 34 56| B
-Z 12 34 56| B 1 23 56 o O
0 12 31 0 2
1 23 56 00| 0 0721 71 3 -3
0 12 31 710 2
0 721 713 01|73
@Dennis Bricker, U. of Iowa, 1998 @Dennis Bricker, U. of Iowa, 1998

7his is a tableau then, with an initial dusal reasible

The tableau which results is nof feasible basis, so that we can apply the DUAL simplex
(since Wg and Ry are both negativel method
_ Lets choose the bottom row (with the grestest
2 1 2 S 456| B primal infeasibilityl for the pivef row.
1 2 3 5 6 00| 0 -z 1 2 3 456 B There are twe
071 "2 "3 "1 10|72 2 7
candidate pivol
072 1 "1 3 01|°3 1 2 3 5 6 00| 0 columns. 559 the
0 _ 172 _3 110 _2 aual mininum
but the reduced costs are aif nonnegaiive, so 072 171 301|783 rafro test to
that (since we are MiINimizingl the optimality make the
conditions are satistied selection.
@Dennis Bricker, U. of Jows, 1993 @Dennis Bricker, U. of Iows, 1998

candraEies torpival colurin i X o
We have gained some primal feasibility (the

\L \L right-hand-side of the pivol row is now positivel
-z 1 2 3 456 B and maintained dual feasibility (the reduced costs
in the objective row remain nonnegaiivel
1 2 3 5 600 0 -
0 -1 "2 "3 "1 1 0| -2 . z1 2 S 45 6] B
0C2 1 71 30 1|73« piatron 10 4 4 9 o0 1 |-3
¢ M 00 2.5 2.5 2.5 1 70.5| 70.5
i {g— —?}= < 01 0.5 0.5 "1.5 0 ~0.5| 1.5
So we prvol in column *7 Next we choose the second row (whose basic

variable is negativel as the pivol row.

@Dennis Bricker, U. of Iows, 1998 @Dennis Bricker, U. of Iowa, 1998
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CHHIAFLES For pivol ol

ol

-z 2 3 4 6| B

5

4 9 o0 1 |-3 y
.5 "2.5 2.5 1 ~0.5| “0.5< A0
01 -0.5 0.5 “1.5 0 ~0.5| 1.5

1
10 4
00 "2

There are FOUR candidates for the pivel column

The minimum ratio test produces a {ie in the choice
of pivel column:

s 4 4 9 1L _ 4
mmmum %5 25 25 05 25

@Dennis Bricker, U. of Iowa, 1998

FPrvoting in row 2, column 2, yields the following

oplimal tableau,
-z1 2 3 4 5 6 | B
1000 5 1.6 0.2|73.8
0011 1 0.4 0.2| 0.2
0101 "1 0.2 "0.4| 1.6

with the optimal solution

Z= 38, ¥1= 16, X,= 02, X3=X4=X5=X¢=0

@

@Dennis Bricker, U. of Iowa, 1998

Two alternate optimal primal solutions:
Z= 38, %= 16, X,= 02, Kz=X4=K=K=0

Z= 38, K =14, %;=02, Kp=X4=Kg=Ke=0

The corresponding dual tableaus are
degenerate, with at least one zero
appearing on the RHS!

A

©@Denuis Bricker, U. of Tows, 1998
i 4
7he primal system fias I
F are feasible: 12

i
|= & basic solutions, of whicl
!

><2
I

Frimal o

Minimize 20x;+ 10x,
subject to: 41
Sxy+ X2 B

2%+ 2%,2 8

X]ZO, XZZO P!
VI

@Dennis Bricker, U. of Iows, 1998

7/23/98

Depending upon fiow the Lie 1s broken, we get
ditferent selutions:

-z 1 2 3 4 5 6| B
10 4 4 9 o0 1 |-3

0 0¢2.82.5>"2.5 1 "0.5| "0.5
01 °0.5 0.5 1.5 0 0.5/ 1.5

page 6

Select one of

the two possible
pivet elements

o before proceeding!

@Dennis Bricker, U. of Tows, 1998

Pivoting in row 2, column 3 yields the following

oplimal tableau:
-z1 23 4 5 6 | B
10 00 5 1.6 0.2 3.8
00 11 1 0.4 0.2 0.2
01 "1 0 "2 0.2 "0.6| 1.4

with the optimal solution

Z= 38, ¥y=14, K3=02, K=K4=Kg=K=0

&

@Dennis Bricker, U. of Iowa, 1998

Path folilowed by Dual Simpilex Methed
Consider the rollowing primal-dual pair of LFPs:

Frimal Lzl

Minimize 20x;+ 10x, Maximize By, + 8y,

subject to: subject to:
Syt X2 6 Sy + 2y,< 20
2%+ 2%,2 8 ¥+ 2y,< 10
%120, %220 ¥y 20, v220

@Dennis Bricker, U. of Iows, 1998

The dual system alse fizs six basic solutions, ¥ of
them feasible:

Lzl
Maximize By, + 8y,

subject to:
Sy + 2y,< 20
Y+ 2y,< 10

¥y 20, y220

VI I 5 10 ¥y

@Dennis Bricker, U. of Iowa, 1998
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Lels gpply the Dual Simplex Algorithm to the

primal problem:

Minimize 20x;+ 10x,
subject to:
5%y +

X2 6

2%+ 2%,2 8

%120, %20

/7 we start with the surplus variables in the basis,

3

oo,

NOTO |+~

NPO N

0
1
0

roo |&
0ooo |w

we will have a dual feasible tableau:

@Dennis Bricker, U. of Iowa, 1998

The path folfowed by the Dual Simplex Method is

(in X\ X,-spacel

@Dennis Bricker, U. of Iowa, 1998

PRIMAL S S DUAL

- =] )
extreme ] ]
pt. * LI T S lobj. |2y, v, v, ¥,
VI 4 14 < | 80 0 10 0-10
11 0 0 +| 60 10 0 -30 0
I 5 35 0 V|45 (¥ 25375 0 0 «—
v 0o 4 -2 40 |4| 0 5 100
111 12 0 0 -5 24 |44 0 066
VI 0o 0 -6 -8 0O (4|0 0 20 10

@Dennis Bricker, U. of Jows, 1993

optimal

7/23/98

page 7
| Seguence of fual Simplex Prvols: |I

-Z 1 2 3 4] B -Z 1 2 3 4 | B

1 20 10 0|0 1 0 6 4 0| 24

0 5 1 0|6 01 0.2 0| 1.2

0 2 2 0@8 0 0C1.6>70.4 1|75.6
-2 1 2 3 4| B -21 2 3 4 | B

1 20 10 0 0| O 1 00 2.5 3.75 |745
0@'1 1 0|76 01 070.25 0.125| 0.5

0 "2 "2 01|78 0 01 0.2570.625| 3.5

@Dennis Bricker, U. of Tows, 1998

In the dual space, the path followed by the dual

simplex algorithm is:

@Dennis Bricker, U. of Iowa, 1998

VI

I s




