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If the upper bounding technique (UBT)is NOT used,
the tableau is

ust be

and a 6x6 basis inverse matrix
maintained.

When using BT, onfy & Zx2 “working basis”
/5 Used.

3

when using the Upper Bounding Technique,

B onbasic variablo JRANE TSRS

— lower bound
ar

— upper bound

¢ a variable ENCAERUERERIER by

— increasing if it is at its lower bound
ar

— decreasing if it is at its upper bound
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when using the Upper Bounding Technique,

o choice of the :
e

<0 1f at lower bound e
reduced cost _ TR L TN
>Q if at upper bound  rnpiem

>0 1f at lower bound 7o~

. i st
4
O if at upper bound oo

relative prnfit{

when using the Upper Bounding Technique,

® Choice of the:

The variable entering the basis from one bound
(either lower or upper)is "blocked” whenever

it reaches its other bound
g a variable currently in the basis reaches
its lower bound

ar a variable currently in the basis reaches
its upper bound
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UI]sJ:Is Consider the LP

Bounding Maximize c¢x

Technique subjectto Ax=h
L= x= &4

£; might be, but need not be, zero |

Define a basis ("working basis”) B such that

-1 )
(AB) exists, 1.e, det (AB) = 0
and partition the non-basic variables into subsets
L={ilxi=4;} and U={ilx =&}

APxp + Alxp + Ay =1
APxp=b - Alxp - AYxy
x5 = (AP) " b - (AP ALy - (AF) A%y
The current basic solution 15

ST~ xy = &g
Fich-rle
W TFO e xp = L

BESIC _(WB\. (LB L, (LB, U
VETEh s xB = (A ) b (A ) AL (A ) ATLA
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Selection of

Variable to
Enter Basis

A nonbasic variable may be in
either set L (at lower bound)

or

The "relative profit” ("reduced cost” if mini-

8/27/97

set U (at upper bound)

mizing) specifies the change in the objective
function per unit /7crezse in the nonbasic

variable.
Change in _ _
Non | «x;if sign of | change in
basic| entering | cj=c;-naA' | objective
t . 1 ]
5€ basis
U q positive decrease
ecrease . .

negative increase

1 nerease positive increase
negative decrease

Selection of

Variable to
Enter Basis

suppose that a nonbasic
variable x; were Lo be
selected to enter the basis...
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Substitution | Effect on Basic :
Nonbasic | Rate inRow i | Variable Xy | orooc "
Yariable (8T in Row i
inlL positive decrease [Xg - Lk%"-ij
INCREASING | negative increase (Uy - Xk]/|mij|
in U positive increase Uy - Xk]/|c¢.--|
negative decrease [ Xy - Lk%"-ij

Selection of
Pivot Row

If "blocking value” is greater than U; - L,
then the nonbasic variable 1s moved from
L to U (or vice-versa), but the basis B is

unchanged!
When the nonbasic variable X; is
increasing from its LOWER BOUND:
By =1 - L;
The bound on
the increase is | g, = minimum { K '__Lk }
B, where: gy > (] Cij
B = mimmum {M}
oo < [ |D’.ij|
0 = minimum {B; , 6, , B

Pivot Row
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o blocking change in
'I:L 6 value partition:

- | By U - L j transfers fromLto U |
= Xp-L, | 1 enters B

= Hl —_—

= Clij /| k leaves B, enters L
=

= | 0, U - K j enters B

L

ﬂ':'j | Ul reprs| K leaves B, enters U

- When the nonbasic variable X; is
Selection of increasing from its LOWER BOUND

Pivot Row

When the nonbasic variable is
decreasing from its UPPER BOUND:

(B =U;- L
The bound on 0 . U, - X,
the decreaseis | "1~ ml&:‘fﬁlm ETE

8, where: <

B> = minimum {M}

oy < [

0 = minimum {B;, 6 , O]

-

Selection o

Pivot Row
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o blocking change in
'IL 6 value partition:
=) ] t fers fromL to U
_ _ j trans -
= % | Uj-L B unchanged
=3
= 8 U, - Xi j enters B
E 1 C; /2| k leaves B, enters U
=
= | 0, K - L j enters B
Clis
GI:L | Ul regni k leaves B, enters L

When the nonbasic variable is
oelection of | decreasing from its UPPER BOUND

Pivot Row

Examples, with output from APL workspace UBT

= I&rf[a;-;imize 18X + 25X
subject to { 30 < 5X; + 4%, < 55

12 24X -3X =4
2=X1=25,4=X><8

= Max 2x;+4x2+5x3+ 3xq

subjectto x| +3xXs +0xz+2x4< 24
9x] + 4x0 + 4x4 = 20
x;1=3,%x22= 4, X323 %423

Xj=0 ]
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Maximize 18X, + 253
subject to

30 « 535X +4X5 <55
-12 < 4X -3 =4

2=2Xi=5,4=X>=8

The ordinary simplex or revised simplex method
vwould require a tableau with 8 constraints,

and 8 slack &/or surplus variables (in addition
to X; and X,). That is, an 8x8 basis matrix

i5 required.

b dX) 3%, = 4
e SX | 44X, = 55
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Add slack variables to the < constraints to
create equalities. Then put upper bounds on

these slack variables:

Maximize 18X + 25X, + 0X35 + 0X4
subject to
5}{1+-4}{24—}{3 =35
4?(1-—3}{2 4—3{4:: ‘4

-

upper 2=aXi=5

& lower daXox8

bounds 0<X:<25
L D=X4<10

Constraints |

Using UBT,
only a 2x2
basis matrix

15 required,
i.e. a reduction
of nearly 94%
in the number
of elements in
the inverse
matrix!

Objective & Bounds |
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Current partition: Iteration 1 E

B 9 4 5 L= 3 U1 S———— :

0.75 1
6.5 with £

Basis inverse matrlix = [0.25 DJ

s

Basic solutlion= & 7.h 27758

anjeA
2jeIpaWdajulL =

punoq Jaddn =
anjea
ajelpawdaulL =

punoq Jamo|

v Xq=16

O RPN < ....... ... initial point

_ B =1{2,4}
1™ (Ra=0 L = {3}
U

. {feasible
.i Ef&gﬁyﬁ .

X =0 (1)
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T =CglaB)" =25, 0]

bimplex multipliers= 6.25 0

“n A :[13,25,(},{1]-[25/4,{1]{5 41 U]

C
LA 4 30 1

FEeduced costs= “13.25 0 TA. 25 0

Since we wish to minimize, we would choose to increase
either ¥y or Xz.. however, X; 15 already at its upper
bound (U={1}) and so we choose to enter X3 into the
basis.

Entering wvariakle 1s X[31 from set L
cubstitution Rates= 0.25 075

Er_/—The substitution rates indicate that
for each unit increase by X3, the
first basic variable (X,) will be

reduced by 0.25 and the second
(X4) will be reduced by 0.75.
X2 15 currently 7.5, and its lower bound is 4,
so that it must leave the basis when it is
decreased by 3.0, i.e., when X5 1S increased

Ffa-4
by =535 =14

Likewise, X4 can decrease by only 6.5 before it must
leave the basis, ie, X canincrease by only 6.5-0 _ 26,

0753 3
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Entering wvariabkle 15 X[3]1 from set L

rubstitution Rates= 0.25 0.7h

L—The substitution rates indicate that
for each unit increase by X3, the
first basic variable (X,) will be

reduced by 0.25 and the second
(¥4) will be reduced by 0.75.

Decreasing variables:
Block at wvalue: 14. DDD 2. 66?

50 (es-a

0225 0753

the minimum ratio! |

Block at X041 at valus 2. 66B6T =

Jf'__n_Xdr: 16 nitial partition

initial pmnt

X, = B =12.,4]
,5'3'.;|1re[:tmn:::: l[_‘ i L = {31}
5 ;;:_ of move ;Y "eX3=0 U=1{1}

As Xz isincreased (while
A1 15 kept at 1ts upper bound

& nonbasic), both X, and X4
7 B will decrease.

i "~ [}{3 =25
14
o 1 T T T T ".-|
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_,f—xq = 16
initial pmnt
. B =1{2,4)
e ol L = {3)
cldirec jon: )
7 :li ﬁufrnuveﬂﬁff #?}{3__ﬂ U=1{1}
=] When Xs 1s increased to 8667,
AR G the solution is here (X4 reaches
iy \ its lower bound, zero)
3- wWhen X3 is increased to 14
T the solution is here (X; reaches its
7] i lower bound, 4)
E w [ Xs=25
I:I I I I '."-
o1 2 3 4 5 &
Xy

Current partition:
B= 2 3 ¢/ L= 4 ¢

o= 1

B={2,3}, |
L={4}, U={1}

o T0,33333
1 1.33333

Baslis inverse matriix = [

223,333

Bacic solution= 5 5.33333 8.66667 O with £ =
aimplex multipliers= 0 ~8.33333
Eeduced costs= F1.3333 0 0 8.33333

A e
r:fSin-':.E we are minimizing, we would
choose to decrease either X, or X, .
However, X, is already at its lower
bound, and so we choose to enter X,
into the basis (from set U).
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Entering wariable 1s X011 from set 1
oubstitution Rates= ~1.3333533 10.3333

The negative substitution rate indicates that the
first basic variable (X5 ) will also decrease as X
15 decreased, while the positive substitution rate

indicates that the second basic variable (X3 ) will
Increase as Xy 15 decreased.

Increasing varliables: 3
Block at walue:

Block at wvalue:

1.DODwfﬁ\\h__

1
Block at X[2]1 at wvalus 1 _—
xp-Lo 934

5
! 1
Decreasing variables: 2 2 10 3

4 4
3
X4=16
Ty ~ B ={2.3]
R0 L = {4}
S EXs=0 U=1{1}

As X115 decreased, X2 15 also
decreased, while ¥z 1s increased.

(while X, is kept at its lower
bound, zero)

PR
.
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T Xq=16
fidirections] . _ L = {4}
;fi;:ff'h_.:f_rs-.[;; ::n =X3=0

U=1{11}

When X; has decreased by 1 unit,
..... 'Jl{g reaches i1ts lower bound.

T

CK\L ¥When ¥X; has decreased by 1.581

units, Xz reaches its upper bound.

B

Current partition:

E=

Baslis inverse matriix

1 3 ¢

L=4 2 ¢/ 1=

0 0.25
1 1.25

Basic solution= 4 4 19 0 with £ = 172

pinplex nmultipliers= 0 4.5

Eeduced costs= 0 3s.h 0 ~4.h
Entering variliabkle 1s X041 from set L
mubstitution Rates= 0.2 ~1.2h

Increasing variables: 3
Block at wvalue: 4,800
Decreasing variables: 1
Block at wvalue: 2.000

BElock at X¥[3]1 at walus 4.8

page 16
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KT Re= 10 Partition
=N IO -
Ly —
A 1 R =0
Xo “ Fidirectiond]
° >, ppof movelisy o X3 0
s 7
4"; """" ’t As X, 15 Increased,
3 31 A eXe=0 first X; reaches its
=16
2] upper bound, and then
. X5 =250 X1 reaches its lower
. ‘ ., bound.
1] 1 2 3 4 ] &
X1

current partition:
B=14 s L= 2 ¢ 1= 3

Basis inverse matriz = 0.2 0
0.8

Basic solution= 2.3 4 25 4.8 with £ = 150.4

olnplex nultipliers= 3.6 0
Eeduced costs= o106 3.6 0O

‘F\-\\‘«‘_

The positive reduced cost
indicates that lowering X-
would improve the solution_.
but X- 15 already at its
lower bound.

The negative reduced
cost indicates that
increasing X3 would
improve the solution_.
but X is already at its
upper bound.
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T &m0

Since no change in the nonbasic variables will
yield an improved solution, the current solution
is optimal!

Optimal Aolution

1 1 2 3 4

X011 | 2.800 4.000 25.000 4.800 |

Dhjective £= 150.4
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Max 2x; +4x2+3xz+ Ix4

subject to
X1 +3x2+6xz+2x4= 24
9x] + 4%z + 4 x4 = 20
" 0=zx;23
- 3 0=x2=1
L7l Lanar ROl 4 0< x5 3
0= x4 3

&

Iteration 1

current partition:
E= 5 & f 0 L=1 2 3 4 do U= ammiy

Basis inverse matrix = [1 Y
I

Basic solution= O O 0 O 24 20 with £ = 0O
olmplex nultipliers=s O 0

Eelative profits=s 2 4 65 3 0 0

Entering wvariable 1s X031 from set L A= E||:|= 3-0
substitution Rates= & O :

Decreasing variables: a]
Block at walus: 4,000

Yariakle does NOT enter basis,
but moves to opposite hound



Upper Bounding Technique 8/27/97 page 20

Current partition: Iteration 2 §
E = 5 El ."I L = 1 2 4 -"I T_T = 3 o o

Basls lnverse matrix = [ L D} basis Inverse matrix
0 1 i
15 grchanged?
Basic solution= 0 0 3 0 6 20 with £ = 16

almplex multipliers= 0 0
Eelative profits=s 2 4 65 3 0 0

Entering variliable is XC[21 from set L
oubstitution Eates= 3 4

Decreasing variables: a] f
Block at walue: 2 .000 5,000

Block at X051 at wvalus 2

vaErighie 2 repfaces 5,
g & enters L/

Current partition: Tteration 3 ¥
B= 2 6 4 L=1 4 5 ¢ 1= 3 Sttt — .

0,333533 0
T1.33333 1

Baslic soluticon= 0 2 3 0 0 12 with £ = 23

Basis inverse matrlx =

Rpimplex multipliers= 1.33333 0
Eelative profits= 0.6666607 O 73 0,333333 ~1.33333 ©

Entering variabkle 15 X[3]1 from set 1
mrubstitution REates= 2 78

Increasing varliables: 2

Block at value: 1.000 3
Decreasing varliables: f ) ]
Block at walue: 1.500 variable 2 15 replaced

by varighife 3 i B,
Elock at X021 at values 1 FT variaghlfe 2 anfoers
sal f




Upper Bounding Technique 8/27/97 page 21

current partiticn: Iteration 4
B = 3 El ."l L - 1 4 5 ."l U - 2 e e T

Baslis inverse matrixz =

D.168AR7 0

0] 1
Basiec solution= 04 2 0 0 4 with £ = 26

Rimplex multipliers= 0.833333 0
Eelative profits= 1.16667 1.5 0 1.33333 ~0.833333 0

Entering variable 1s X[41 from s=t L
mrubstitutlion Rates= 0.3332333 4

Decreasing varliables: 3 f
Block at wvalue: b.000 1.000

Block at X061 at value 1

Variable O is
replaced i 8 by
varighio . and
arfors sef [

current partition:

Tteration 5 B

B= 3 4 ¢/ L=158w#n s U= 2 Skt ettt
Basls inwverse mnatrlx =

D.16p067Y  T0.0833333

0] 0,25

Basic solution= 0 4 1.66667 1 0 0 with £ = 27.3333
oinplex nultipliers= 0.833333 0.333333

Eelative profits= 0.5 0.166667 O O ~0,833333 'D.HHEHHEJJfFj)

variable 6is |
in L and cannot |
be decreased |

variable 115 |
in L and cannot|
be decreased |

variable 5 is |
in L and cannot|
be decreased |

variable 215 |
in U and cannot &
be increased
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Optimal partition: B={3, 4}, L={1,56},U={2}

1 Goluti

1 1 2 a 4 5 2
AL11 0. 000 4,000 1.667 1.000 0. 000 0,000

Objective Z= 27.3333



