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The simplex method assumes that vou have an
initial tableau with a basic feasible solution.

In the LP problems solved by the simplex method
thus far, we have used as the initial basic
variables the objective (-Z) and the slack
variables.

What 17 1he L P has no siack variahies wiich
we can use for his purpose ?
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o | Introducing “Artificial” Variables

% |Eliminating Artificial Variables

If an equation contains a slack wariable
(and if the RHS is :01), the slack variable

may be used as the basic variable in that row.

Otherwise,

[T necessary, multiply both sides by -1 to
get a nonnegative RHS

Then add an "artificial” variable which will be
eventually forced to zero, and use this new
variable as the initial basic variable for this
FOWy

&
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[ Lxample ) 4%, + %, 2 20

= 4X; + X, -5 =20
If the variable S were used as the basic variable
for this equation, we would obtain an infeasible
solution, S =-20.
Therefore, add an artificial variable (a):

= d¥, + ¥, -5 +a=20

Letting the wariable a be basic in this equation,
we obtain a "pseudo-feasible” solution with
a= 20,

Example:
Maximize z= 23X+ 2¥.— Xz + 4,
subject to

_}<1+><g_il><3+2}<43_*51
{5}{1"‘}{2_2}{3 = B
}{g _}{4:_1
u_}{1+}{2_}{3 =

Ai=0,]=1,2,3.4
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First modifty the 3rd constraint so as to have rhs:0;
- }ig + }{4 =]

Mext, add slack & subtract surplus wvariables Lo

convert inegualities to equations:

Marimize z= 33X, + 2X. — Xz + 4dX,

subject Lo X, 4+ ¥, - 4¥s + 2¥X, - S, =4 |
~ Xy ¥ ¥y =1
_}{1+}{2_}{3 = (J

Xi=0,j=1,2,3,4; S20,i=1,2

Stpisk | siack |

Maximize z= 33X, + 2X, — Xz + d¥,

subject to X+ Ko —d¥g + 22X, - S, |
3}<1+}<g_2}<3 +52=E]

_}{g"‘}{q =]

_}<1+}<2_}<3 =

Xi=0,j=1,2,3,4: S;z0,i=1,2

We can use (-Z) and S, as basic variables in the
objective row and the second constraint., The
other constraints need artificial variables!
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Wwe can now use (=Z), a;, S,, az, and a4 as the

basic variables in the respective equations, getting

a pseudo-feasible” solution with basic variables
f=0,a,=4,5,=6,a;=1,a,=0

and nonbasic variables = zero

Max z= 3}{1 + 2}{2 - }{3 + 51}{4
5.1, K+ Ko — ¥+ 28,4 - 5, t &y
K+ Ko — 2X3 + 95
- Mo+ Xy
—Ry T Ky - K3
Az 0,1=1,2,5,4; 5, =0,1=1,2; a;=0,4=1,3,
FLITCIA \F TN S
Max z= 33X, + 2x5, — Xz + 4X4
5.t —A Ky = AR+ 2R - Dy + &y
a
(
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Use of Single | 1 i5 possible to obtain 2
Artificial Variable |

‘nseudo-feasible” basic
solution using only a siergle artificial variable!

In this method, before adding the artificial variable,
pivol an arbitrary wvariable into the basis in each
constraint row (e.g., the slack or surplus variable

for that row, if there is one.) The result, in general,

i5 a basic fegsidle solution (with one or more
basic variables negative).

Example

MInimize —2Z2x) + Zio + ¥z + X4

s.1. K+ ZXo + Mg+ Kg LY
K= Ko+ X+ DX4 2 4
note the 5| 2 = Xo + X3 > 2

g{’*&ﬁf&f*—;‘f?ﬁﬁ Wi>0.1=1.2.3 4
IREETETes
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Conerd B rows o eousiions,
Minimize =7 =24 + Z2Xo + Kz + A4 g = (J
St :‘i] + 2K2+K3+}‘<4 +5] =/
:"i]—}l‘:g+>~‘:3+5><4 o
2?(1 - Kg + ><3 Z

=

2 0,1=1,2,3,4, 52> 0,1=1,2,3

_Z }{1 }{2 }{3 }{4 Sl SE 53 FhS

faniemi

0
0
0

CAO05E &7
initial basis (nof
IECEEST I
feasitifel’

ol \wariahies
inio fhe nasis;

nteasihie!
{2 hasie
WGBS Fe
negal e/
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For every row
having an infeasible
basic variable,
nsert —-A,

where A is the
artificial variable:
Z ¥, ¥y ¥; Hy 8, 8; 85 A rhs

Friiricial |
g i e |

-2 ¥y Hp Xy Hy B) 8; 85 A rhs Pivol the

| artificial
_ variable into
" the basis in
the row with
Maximum
infeasibility
(most negative
right-hand-side)

The resulting tableau gives a paeudo —feasible”
basic solution!
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Simplex Initial BFS

The choice of initial basic variables, except for -2,

15 arbitrary .

53 rhs

g =y o

4
4

}{3
X
¥

}{2
he
he

_Z }{1
}{2

_Z }{1

SIS
[E] . FHESSTET

Subtract artificial variable in rows 2&.3;

=

rh

4

A

15

_Z }{1 }{2 }{3

1

T3

"1

0.333 0
“1.67

3
1

0.333

"1
0

A7

1.33

~h

o0
oo
1 0
o1

SO




Simplex Initial BFS 8/27/97

page 10

Pivot in constraint row
¥

Right-hand-sides of constraints now non—-negative!

Example | Aoie that 3/ constraints are inegqualities

Maximize —-30x + 4¥, + LXg —7XK 4 -0Xs — 9¥g
5.1 X1 "Kg +‘K4"K5+'2H5 = ]
}ig _}<4+}<5+}<5 = -4
Xg*‘ﬁ3+‘%4+‘2%5"2X5 = -4

A2 0,1=1,2,54, 2,6
-Z }{1 }{2 }{3 }{4 }{5 }{E-} rhs

1 730 4 2 77
1 71 1

0 0
0 o 1 0 71
0 1

o1 1
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Wwe arbitrarily select
variables X, X, & X
for basic variables in
the 3 constraint rows,
and pivot them into the
basis

-7 }{1 }{2 }{3 }{4 }{5 }{EJ rhs
(. ::"ED 4 2 ~F "H 79
0 c__%:)-; o 1 -1 2
i Clx0 "1 1 01
0 0 T¢in 1 2 -2

¥

-z }{1 }{2 }{3 }{4 HE‘ }{EZ' rhs

o0 77 714 83
0 0 3

o0
1 0 71 1 1
o1 2 1 73

-Z ¥y Hp ¥y Hq Hg Xy rhs Subtract the artificial
0 0 77 "14 83 2 wvariable from rows
0 o -1 1 1 . 2 & 3 (which have
0 1 & 1 73 . I
infeasibilities)

4

-7 }{1 }{E }{3 }{"-1 :‘{5 }{6 iy rhs

-7 714 83
0 o3

~1 1 1
2 1 ~3
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-Z Ky Hp Hy H4 Hg Ky A rhs Pivot in the

. constraint row
with rmaximum
infeasibility

4

The resulting
tableau is
‘pseudo-feasible”,
with nonnegative

rhs.
&)

Forcing

Artificial ¥Yariables
from the Solution:

"Big-M" method

Two-Phase method

&
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‘ *Big-M" Method |

To eliminate an artificial variable from the solution,
we can attach a very high cost (M) to the

variable if we are minimizing, or a very large
penalty (=M1 if we are maximizing the objective.

1T M 15 sufficiently large and it there is a feasible
solution of the LP, then the artificial variable(s)
will be zero in the optirmal solution.

&

‘ *Big-*\" MMethod |

Drawbacks;

& we don't know #0007 how large M oshould be.

& using very large values for M may lead to
numerical difficulties (round-off, etc.) in a
computer implementation of the simplex method,
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Example revisited:

a,, az, & a, are artificial variables:

page 14

Az 0,1=1,2,5,4; 5;=0,1=1,2; a;=0,1=1,5,4

-Ma; for i=1,3,4 is added to the objective,

where M is some large number.

&

‘ Two-IFhase *ethod I

while 1n the "Big-I"" method, we simultaneously
consider the original objective and the objective
of eliminating the artificial variables, in this
method we first eliminate the artificial variables
(Phase One) and then optimize our original
objective function ( Phase Two ).

&

Max z= 33X, + 2¥o — Kz + d¥,4 -Ma,-Mas;—Ma, |

5.t _}{1+}<g_q}{3+2}{4_51 + a, =
3K+ Ko — 2X3 + 5S4 =

~ Aot Ka tas =1

—Rq T Ky - K3 +a4=D
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‘ Two-IFhase *ethod I

Example:
Maximize 2= 3K, + 22X, — Xz + 4dx,
subject to

_}{1+}{g_d}{3+2}{43jq
<3}<1+}<2_2}<3 = 6
}{g _}{d=_1
u_}<1+}{2_}{3 =)

Az 0,1=1,2,5,4

Max z= 33X, + 2x5, — Xz + 4X4
5.t —H XKy =AMz + 2Ky - oy + ay =4
3K+ Ky = 2% + 5, =6 |
9

We can use (-7), a;, S,, asz, and a4 as basic
variables initially,
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we need to find a basic solution which has
dy = dz =dag = ':',
so we introduce a new ("Phase One”) objective:

Min W = 4, + as + ay
_E+3}<1+2}<g—}{3+4>{4
s.t. _}<1 + }{2_51}{3_'_ 2}{4—51 + A, = 4
3}{1 + }{2_2}{3 + 52 =F
A2t Ay tag =1
_}<1+}{2_}{3 +514:':'

After "Phase One” is completed, i1.e., all
artificial variables are removed from the
basis, then we discard the Phase One
objective and the artificial variables, and
use the current basic solution as the initial
basic feasible solution for "Phase Two",
which optimizes the original objective.

page 16
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-7 Ay As Az Ag Sy Szrhs we add Phase-1 row

1 3 2 71 4 o 0] 0F . o s
3 _% % :51 % _% ? . with -W and artificial
5 h -1 6 i 0 @ variables:

I 1 "1 0 0o 0

_W _Z }{1 HE HS }{4 51 52 a1 33 54 FI"IS
1 0 0 0 o0 o 0o 1 1 1 0
o1 3 2 "1 4 o0 0 0 0 0
o 0 "1 1 "4 2 "1 o 1 0 0 4
o 0 3 1 ~2 0 o 1 0 0 0Q &l
O PR S | o 1 o o 0 1 0 1
o 0 "1 1 "1 0 o o 0 0 1 0

We choose
W, =7, a, ,
So, @z, and ag
as the initial
variables

(Eivaiing is
reguired 1o
2LINale 1he
FrLitieiE!
SIE S P Firsd
oS
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1 o 2 71 E 73 1
1 3 2 71 4 0

0o 71 1 74 1

o | 5 k olnce we are

. minimizing W,
we Sselect X, or
X4 Lo enter the
hasis.
Let's choose X,

=

pan ) o s
pon Rl ol e [
bl ol e o [ )

Note 2hat
SR LT
i fast js Fero
i fasd row J

Mext we enter
A4 1nto the
basis,
replacing as

o B e e ]

e R oawy Lan ] Do
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A1

enters the
hasis,

]

Finally

rhs

as a,

8/27/97

HE HE Hq B1 52 a'l

"

Simplex Initial BFS

- -7

zero )l

— U7
03 O
U o
o &
M
A v
0 =

are now
nonbasic

(

replacing a,
All

3

can now drop

rh

R
4]
4]
4]
Lhe artificial wvariables

Lhe FPhase One
objective row and
from the tableau

We

1
7
1.
5
0.
0.
3

dy

ds
1
5
-1
4
0
-1

&5

1

~4.5
0.

2

0

0

S

5. rhs

Sz
0

9.5 0 4.5 0 4.
K, S

Ry
0

5
0
5.5 0 4.5 0
0.
2
0
0.

3
HE HS

&

;
0

SOC— b

K, X
0
0
H1

=t=f=p oy e | |o|aooo |

H1
0
0

HOo O B o :
- || B

-l
? NE ?
o|-|lococoo | = |alo|loocoo |
E: | . =

cooo |

=W -7
1
0
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7 M, K, ¥z ®4 S S, rhs WeENOW have an
-13 ¢ 1nitial basic feasible

. solution for the
original problem,
Wwe begin "Phase Two”",
which optimizes the

7 ¥, ¥, ¥z ¥, S S, rhs Original objective.

0 9.5

paw b oS e YN

0 0.5

pan i o [
b ol e )
nm [ I
b B R

_Z }{1 }{2 }{3 }{4 51 52 PhS

This 15 the optirmal tableau for Phase Two,
1.e., the optimal solution is

£ =32,
Xy=2,X,= 4, X2= 2, X4=5
51 :52:':3'

Ka



